’■Vi' 


rNLB 


ELEMENTS 


O  F 


GEOMETRY  km  TIUGONOMETRY, 


-6^ 


PROM  THE  WORKS  OP 


A.  M.  LEGENDRE. 


ADAKfED  TO  THE  COURSE  OF  MATHEMATICAL  INSTRUCrnON  m 

THE  UNITED  STATES, 


BY  CHAKLES  DAYIES,  LL.D., 

jkJTDOR  OF  ARITHMETIC,  ALGERKA,  PRACTICAL  MATHEMATICS  FOR  PRACTICAL  MEW, 
ELEMENTS  OF  DESCRIPTIVE  AND  OP  ANALYTICAL  GEOMETRY,  ELEMENTS 
OP  DIFFERENTIAL  AND  INTEGRAL  CALCULUS,  AND  SHADF^, 

SHADOWS,  AND  PERSPECTIVE. 


NEW  YORK  : 

BARNES  &  BURR,  PUBLISHERS,  51  &  53  JOHN  ST. 

CHICAGO:  GEORGE  SHERWOOD,  118  LAKE  ST. 
CINCINNATI:  RICKEY  AND  CARROLL. 

ST.  LOUIS :  KEITH  AND  WOODS. 


1864 


0 


Habics’ 

ijitrst  0f  iPatljcmatics* 


3®art)tcs’  3Prfmar])  ^ntt)mi;ftc  and  ^TablesBook — Designed  for  Beginners ; 
containing  the  elementary  tables  oi  Addition,  Subtraction,  Idultiplicatiou, 
Division,  and  Denominate  Numbers  ;  with  a  large  number  oi  easy  and  prac¬ 
tical  questions,  both  mental  and  written. 

©abtes’  JFtrst  Slessons  I'n  — Combining  the  Oral  Method  with  the 

Method  of  Teaching  the  Combinations  of  Figures  by  Sight. 

IBabics’  Jiixtellectual  Slritijmetic — An  Analysis  of  the  Science  of  Numbers,  with  ' 
especial  reference  to  Mental  Training  and  Development. 

*  Dabic.s*  Kcto  Sdj^el  ^i1tf)inetic — ^Analytical  and  Practical. 

*  to  Babies’  Hein  .Sdjool  Stn't^metic. 

Babies’  ®;rammar  of  Slritljmetic — An  Analysis  of  the  language  of  Numbers 

•  and  the  Science  of  Figures. 

Babies’  Neb)  23iiiibei*siti)  ^rillimetic— Embracing  the  Science  of  Numbers,  and 
their  Applications  according  to  the  most  Improved  Methods  of  Analysis  and 
Cancellation. 

Be?  to  Babies’  Hcto  SHnibersit?  ^riti)inetic. 

Babies’  SSlcmentar?  Sllgebra— Embracing  the  First  Principles  of  the  Science. 

Be?  to  Babies’  Slementar?  ^Ijjebra. 

Babies’  Blementar?  ^Geomctr?  and  STrisonometr? — With  Applications  in 
Mensuration. 

Babies’  iRUatiicnxatics— -With  Drawing  and  Mensuration  applied  to 

,  the  Mechanic  Arts. 

Babies’  SUnibcrsit?  ^Iflebra — Embracing  a  Logical  Development  of  tho 
Science,  with  graded  examples. 

Babies’  Bourbon’s  ^Iflcbra— Including  Sturm’s  and  Horner’s  Theorems, 
and  practical  examples. 

Babies*  Sesenbre’s  ®eometr?  anb  STriflonometr?— Kevised  and  adapted  to 
the  course  of  Mathematical  Instruction  in  the  United  States. 

Babies’  Blements  of  Surbe?iniB  and  jX^abiijation — Containing  descriptions 
of  the  Instruments  and  necessary  Tables. 

Babies’  0nal?tical  CKeometr? — Embracing  the  Equations  of  the  Point,  the 
Straight  Line,  the  Conic  Sections,  and  Surfaces.of  the  first  and  second  order. 

Babies*  Bi'fferential  and  Kntearal  Calculus. 

Babies’  Bcscriptibe  Ceometr?— With  its  application  to  Spherical  Trigonome- 
•  try.  Spherical  Projections,  and  Warped  Surfaces. 

Babies*  Sbabes,  Sbabobos,  and  53^^^^pt^ctibe. 

Scabies*  Jloflic  anb  SHtilit?  ef  ^Hatl)ematics~With  the  best  methods  of  In- 
3'.iruction  Explained  and  Illustrated. 

Babies’  anb  ^eclt’s  ifHatljcmatical  Bfctionar?  anb  C?cIopcbia  of  ifllatt)e=> 
mat''cal  Scieme — Comprising  Definitions  of  all  the  terms  employed  in 
Mathematics— an  Analysis  of  each  Branch,  and  of  the  whole,  as  forming  a 
single  Science.  < 


ENl'KREI),  according  to  Act  of  Congress,  in  tho  year  one  thou.sand  eight  himdied  ai\a 
sixty-two.  by  CHARLES  DAVIES,  in  the  Clerk's  Office  of  the  District  Conrt  (»f  tho 
United  States  for  the  Southern  District  of  New  York. 


% 


WnuAM  Denyse,  S'rEKEOTTPEit  AND  Elkctrotytek,  183  William  Street,  New  York. 


'  ■  ‘  'Sr 


PREFACE. 

_  i 


Of  the  various  Treatises  on  Elementary  Geometry 
which  have  appeared  during  the  present  century,  that 
of  M.  Legendre  stands  preeminent.  Its  peculiar  merits 
have  won  for  it  not  only  a  European  reputation,  but 
have  also  caused  it  to  be  selected  as  the  basis  of  many 
of  the  best  works  on  the  subject  that  have  been  pub¬ 
lished  in  this  country. 

\ 

In  the  original  Treatise  of  Legendre,  the  propositions 
are  not  enunciated  in  general  terms,  but  by  means  of 
the  diagrams  employed  in  their  demonstration.  This 
departure  from  the  method  of  Euclid  is  much  to  be 
regretted.  The  propositions  of  Geometry  are  general 
truths,  and  ought  to  be  stated  in  general  terms,  without 
reference  to  particular  diagrams.  In  the  following  work, 
each  proposition  is  first  enunciated  in  general  terms,  and 
afterwards,  with  reference  to  a  particular  figure,  that 
figure  being  taken  to  represent  any  one  of  the  class  to 
which  it  belongs.  By  this  arrangement,  the.  difficulty 
experienced  by  beginners  in  comprehending  abstract  truths, 
is  lessened,  without  in  any  manner  impairing  the  gener¬ 
ality  of  the  truths  evolved. 

The  term  solid^  used  not  only  by  Legendre,  but  by 
many  other  authors,'  to  denote  a  limited  portion  of  space, 
seems  calculated  to  introduce  the  foreign  idea  of  matter 
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into  a  science,  which  deals  only  with  tlie  abstract  pro¬ 
perties  and  relations  of  figured  space.  The  term  volume^ 
has  been  introduced  in  its  place,  under  the  belief  that 
it  corresponds  more  exactly  to  the  idea  intended.  Many  \ 
other  departures  have  been  made  from  the  original  text, 
the  value  and  utility  of  which  have  been  made  manifest 
in  the  practical  tests  to  which  the  work  has  been  sub¬ 
jected. 

In  the  present  Edition,  numerous  changes  have  been 
made,  both  in  the  Geometry  and  in  the  Trigonometry.  The 
definitions  have  been  carefully  revised — the  demonstrations 
have  been  harmonized,  and,  in  many  instances,  abbreviated — 
the  principal  object  being  to  simplify  the  subject  as  much  as 
possible,  without  departing  from  the  general  plan.  These 
changes  are  due  to  Professor  Peck,  of  the  Department  of 
Pure  Mathematics  and  Astronomy  in  Columbia  College.  For 
his  aid,  in  giving  to  the  work  its  present  permanent  form,  I 
tender  him  my  grateful  acknowledgements. 


Columbia  College, 
New  Yobk,  AprD,  1862. 
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INTEODUCTION. 

1.  QuANTrrY  is  anything  that  can  be  increased,  diminished, 
and  measured. 

To  measure  a  thing  is  to  find  how  many  times  it  contains 
some  other  thing  of  the  same  kind,  taken  as  a  stdndavd.  The 
assumed  standard  is  called  the  u7iU  of  ^neasiire,  » 

2.  Since  the  unit  of  measure  is  of  the  same  kind  as  the- 
thing  measured,  there  are  as  many  kinds  of  units  as  there 
are  specie^  of  quantity.  In  Geometry,  there  are  four  species 
of  quantity,  called  Geometrical  Magnitudes,  viz.,  lines,  sur¬ 
faces,  VOLUMES,  and  angles:  hence,  there  are  four  kinds  of 
units  of  measure,  viz.,  Units  of  Leiigtli^  Units  of  Surface^  Uiits 
of  Yolmne^  and  Units  of  Angular  3Ieasu7'e. 

3.  Geometry  is  that  branch  of  Mathematics  which  treats 
of  the  properties  and  relations  of  Geometrical  Magnitudes. 

4.  In  Geometry,  the  quantities  considered  are  generally 
represented  by  pictorial  symbols.  .  The  operations  to  be 
performed  upon  them,  and  the  relations  between  them,  are 
indicated  by  signs,  as  in  Analysis. 
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The  following  are  the  principal  signs  employed  : 

The  Sign  of  Addition^  +  ,  called  plus  : 

Thus,  M  indicates  that  JB  is  to  be  added  to  A. 

The  Sign  of  Subtraction^  —  ,  called  minus  : 

Thus,  A  —  indicates  that  B  is  to  be  subtracted 

from  A. 

The  Sign  of  Multiplication^  X  : 

Thus,  A  y.  B^  indicates  that  A  is  to  be  multiplied 

by  B. 

The  Sign  of  Division^  —  : 

A  . 

Thus,  A~B^  or,  ^ ,  indicates  that  A  is  to  be 

divided  by  B. 

The  Exponential  Sign  : 

Thus,  A^  ,  indicates  that  A  is  to  be  taken  three  times 
as  a  factor,  or  raised  to  the  third  power. 

The  Radical  Sign^ 

Thus,  .y/^  indicate  that  the  square  root  of 

and  the  cube  root  of  B^  are  to  be  taken. 

When  a  compound  quantity  is  to  be  operated  upon  as  a 
single  quantity,  its  parts  are  connected  by  a  vinculum  or 
by  a  parenthesis  : 

Thus,  A  B  X  (7,  indicates  that  the  sum  of  A  and 

B  is  to  be  multiplied  by  G ;  and  {A  +  B)  -f.  G,  indi¬ 
cates  that  the  sum  of  A  and  B  is  to  be  divided  by  C. 

A  number  written  before  a  quantity,  shows  how  many 
times  it  is  to  be  taken. 

Thus,  3(M  +  J?),  indicates  that  the  sum  of  A  and  B 
is  to  be  taken  three  times. 

The  Sign  of  Equality^  —  ; 

Thus,  A  B  (7,  indicates  that  A  is  equal  to  the 

sum  of  B  and  G. 
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The  expression,  A  =  C,  is  called  an  equation.  The 

part  on  the  left  of  the  sign  of  equality,  is  called  the 
member  ;  that  on  the  right,  the  second  member. 

.  The  Sign  of  Inequality.^  <  : 

Thus,  y/3  <  indicates  that  the  square  root  of  A 

I 

is  less  than  the  cube  root  of  B.  The  opening  of  the  sign 

is  towards  the  greater  quantity. 

\ 

The  sign,  .  * .  is  used  as  an  abbreviation  of  the  word 
hence.,  or  consequently. 

5.  The  general  truths  of  Geometry  are  deduced  by  a 
course  of  logical  reasoning,  the  premises  being  definitions  and 
principles  previously  established.  The  course  of  reasoning' 
employed  in  establishing  any  truth  or  principle,  is  called  a 
demonstration. 

6.  A  Theorem  is  a  truth  requiring  demonstration. 

V.  An  Axiom  is  a  self-evident  truth. 

8.  A  Problem  is  a  question  requmng  a  solution. 

9.  A  Postulate  is  a  problem  whose  solution  is  self- 
evident. 

Theorems,  Axioms,  Problems,  and  Postulates,  are  all  called 
Propositions. 

10.  A  Lemma  is  an  aiUxUiary  proposition. 

/ 

11.  A  Corollary  is  an  obvious  consequence  of  one  or 
more  propositions. 

12.  A  Scholium  is  a  remark  made  upon  one  or  more 
propositions,  with  reference  to  their  connection,  their  use, 
theii  extent,  or  their  limitation. 
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13.  An  Hypothesis  is  a  supposition  made,  either  in  the 
statement  of  a  proposition,  or  in  the  course  of  a  demonstra¬ 
tion, 

14.  Two  magnitudes  are  equals  when  they  are  equal  in 
measure. 

When  they  may  be  so  placed  as  to  coincide  through¬ 
out  their  whole  extent,  they  are  equal  in  all  their  parts,  - 


O 
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/ 

ELEMENTARY  PRINCIPLES. 

DEFINITIONS. 

1.  Geometry  is  that  branch  of  Mathematics  which  treats 
of  the  properties  and  relations  of  Geometrical  Magnitudes. 

2.  A  Point  is  that  which  has  position,  but  not  magni¬ 
tude.  ^ 

g'  Line  is  that  which  has  length,  but  neither  breadth 
nor  thickness. 

Lines  are  divided  into  two  classes,  straight  and  curved. 

4.  A  StRxVIGht  Line  is  one  which  does  not  change  its 
direction  at  any  point. 

5.  A  Curved  Line  is  one  which  changes  its  direction  at 
every  point. 

The  word  Zwe,  alone,  is  used  for  straight  line;  and  the 
word  curve.)  alone,  for  curved  line. 

"  6.  A  line  made  up  of  straight  lines,  not  lying  in  the  same 

direction,  is  called  a  broken  line. 

Y.  A  Surface  is  that  which  has  length  and  breadth, 
without  thickness. 
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Surfaces  are  divided  into  two  classes,  'plauQ  and  curved 
mrfaces. 

8.  A  PLA.NE  is  a  surface,  sucli,  that  if  any  two  of  its 
points  be  joined  by  a  straight  line,  that  line  will  lie  wholly 
in  the  surface. 


9.  A  CiTEVED  SuEFACE  IS  a  surface  which  is  neither  a 
plane  nor  composed  of  planes. 


10.  A  Plane  Angle  is  the  amount  of  divergence  of  two 
lines  lying  in  the  same  plane. 

Thus,  the  amount  of  divergence  of  the 
lines  AB  and  AG^  is  an  angle.  The 
lines  AB  and  AG  are  called  and 

their  common  point  A,  is  called  the  ver¬ 
tex.  An  angle  is  designated  by  naming  its  sides,  or  some- 
■  times  by  simply  naming  its  vertex  ;  thus,  the  above  is  called 
the  angle  BAG^  or  simply,  the  angle  A. 


11.  When  one  straight  line  meets 
another  the  two  angles  which  they  form 
are  called  adjacent  angles.  Thus,  the  ^ 
angles  ABB  and  BBG  are  adjacent. 

12.  A  Right  Angle  is  formed  by  one 
straight  line  meeting  another  so  as  to 
make  the  adjacent  angles  equal.  The  first 

line  is  then  said  to  be  perpendicular  to  the  second. 

13.  An  Oblique  Angle  is  formed  by 
one  straight  line  meeting  another  so  as 
to  make  the  adjacent  angles  unequal. 


B 


D 
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Oblique  angles  are  subdivided  into  two  ,  classes,  acute 
cmgles^  and  obtuse  angles. 

t 

14.  An  Acute  Angle  is  less  than  a 
right  angle 
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15.  An  Obtuse  Angle  is  greater  than 
a  right  angle. 

16.  Two  straight,  lines  are  parallel^ 
when  they  lie  in  the  same  plane  and  can¬ 
not  meet,  how  far  soever,  either  way,  both 
may  he  produced.  They  then  have  the  sarnie,  divection. 

17.  A  Plane  Figure  is  a  portion  of  a  plane  hounded 
hy  lines,  either  straight  or  curved. 

18.  A  Polygon  is  a  plane  figure  hounded  hy  straight 

lines.  * 

The  hounding  lines  are  called  sides  of  the  polygon.  The 
broken  line,  made  up  of  all  the  sides  of  the  polygon,  is  called 
the  pevwiet&r  of  the  polygon.  The  angles  formed  hy  the 
sides,  are  called  angles  of  the  polygon. 

19.  Polygons  are  classified  according  to  the  number  of 
their  sides  or  angles. 

A  Polygon  of  three  sides  is  called  a  triangle ;  one  of 
four  sides,  a  quadrilateral  /  one  of  five  sides,  a  pentagon  / 
one  of  six  sides,  a  hexagon  /  one  of  seven  sides,  a  hepta¬ 
gon ;  one  of  eight  sides,  an  octagon ;  one  of  ten  sides,  a 
decagon  y  one  of  twelve  sides,  a  dodecagon^  &c. 

20.  An  Equilateral  Polygon,  is  one  whose  sides  are 
all  equal. 

An  Equiangular  Polygon,  is  one  whose  angles  are  all 
equal. 

A  Regular  Polygon,  is  one  which  is  both  equilateral 
and  equiangular. 

21.  Two  polygons  are  equilateral  or  mutually  equilateral,^ 
when  their  sides,  taken  in  the  same  order,  are  equal,  each 
to  each  :  that  is,  following  their  perimeters  in  the  same 
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direction,  the  first  side  of  the  one  is  equal  to  the  first  side 
of  the  other,  the  second  side  of  the  one,  to  the  second 
side  of  the  other,  and  so  on. 


22.  Two  polygons  are  equiayigular,  or  mutually  equi¬ 
angular^  when  their  angles,  taken  in  the  same  order,  are 
equal,  each  to  each. 

23.  A  Diagoh-al  of  a  polygon  is  a  line  joining  the  ver¬ 
tices  of  two  angles,  not  consecutive. 

24.  A  Base  of  a  polygon  is  any  one  of  its  sides  on 
which,  the  polygon  is  supposed  to  stand. 

% 

25.  Triangles  may  be  classified  with  reference  either  to 
their  sides,  or  their  angles. 

I 

When  classified  with  reference  to  their  sides,  there  arp 
two  classes :  scalene  and  isosceles. 


1st.  A  Scalene  Tkiangle  is  one  which 
has  no  two  of  its  sides  equal. 


2d.  An  Isosceles  Triangle  is  one  which 
has  two  of  its  sides  equal. 


When  all  of  the  sides  tire  equal,  the 
triangle  is  equilateral. 

When  classified  with  reference  to  their  angles,  there  are 
are  two  classes  :  right-angled  and  oblique-angled. 

1st.  A  Right-angled  Triangle  is  one 
that  has  one  right  angle. 

The  side  opposite  the  right  angle,  is  called  the  hypother 
nuse. 

2d.  An  Oblique-angled  Triangle  is 
one  whose  angles  are  all  oblique. 
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If  one  angle  of  an  oblique-angled  triangle  is  obtuse,  the 
trial!  de  is  said  to  be  obtuse-angled.  If  all  of  the  angles 
are  acute,  the  trianglq  is  said  to  be  acute-angled. 

26.  Quadrilaterals  are  classilied  with  reference  to  the  rel¬ 
ative  directions  of  their  sides.  There  are  then  two  classes: 
the  first  class  embraces  those  which  have  no  two  sides  par* 
allel  ;  the  second  class  embraces  those  which  have  two  sides 

parallel. 

Quadrilaterals  of  the  first  class,  are  called  trapeziums.  ’ 

Quadrilaterals  of  the  second  class,  are  divided  into  two 
species  :  trapezoids  and  parallelograms. 

27.  A  Trapezoid  is  a  quadrilateral 
which  has  only  two  of  its  sidqs  parallel. 

28.  A  Parallelogram  is  a  quadrilateral  which  has  its 
opposite  sides  parallel,  two  and  two. 

There  are  two  varieties  of  parallelograms  :  rectangles 
and  rhomboids. 

1st. .  A  Rectangle  is  a  parallelogram 
whose  angles  are  all  right  angles. 


A  Square  is  an  equilateral  rectangle. 


2d.  A  Rhomboid  is  a  parallelogram 
whose  angles  are  all  oblique. 


A  Rhombus  is  an  equilateral  rhomboid. 
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GEOMETRY. 


AXIOMS. 

1.  Things  which  are  equal  to  the  same  thing,  are  equal 

to  each  other.  ♦ 

2.  If  equals  be  added  to  equals,  the  sums  will  be  equal. 

3.  If  equals  be  subtracted  from  equals,  the  remainders 
will  be  equal. 

4. '  If  equals  be  added  to  unequals,  the  sums  will  be 
unequal. 

5.  If  equals  be  subtracted  from  unequals,  the  remainders 
will  be  unequal. 

6.  If  equals  be  multiplied  by  equals,  the  products  will  be 
equal. 

7.  If  equals  be  divided  by  equals,  the  quotients  will  be 
equal. 

8.  The  whole  is  greater  than  any  of  its  parts. 

9.  The  whole  is  equal  to  the  sum  of  all  its '"parts. 

10.  All  right  angles  are  equal. 

11.  Only  one  straight  line  can  be  drawn  between  two 
points. 

12.  The  shortest  distance  between  any  two  points  is  mea¬ 
sured  on  the  straight  line  which  joins  them. 

13.  Through  the  same  ^oint,  only  one  line  can  be  drawn 
parallel  to  a  given  line. 

**  \ 

POSTULATES. 

1.  A  stiaight  line  can  be  drawn  between  any  two  points 

2.  A  straight  line  may  be  prolonged  to  any  length. 

3.  If  two  lines  are  unequal,  the  length  of  the  less  may 
be  laid  off  on  the  greater 
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4.  A  line  may  be  bisected ;  that  is,  divided  into 
equal  parts. 

5.  All  angle  may  be  bisected. 

6.  A  perpendicular  may  be  drawn  to  a  given  line,  either 
from  a  point  without,  or  from  a  point  on  the  line. 

7.  A  iine  may  be  drawn,  making  with  a  given  line  an 
angle  equal  to  a  given  angle. 

8.  A  line  may  be  drawn  through  a  given  point,  parallel 
to  a  given  line. 


NOTE. 


In  making  references,  the  following  abbreviations  are  employed,  viz.  : 
A.  for  Axiom  ;  B.  for  Book  ;  C.  for  Corollary  ;  D.  for  Definition  ;  I. 
for  Introduction  ;  P.  for  Proposition  ;  Prob.  for  Problem  ;  Post,  for 
Postulate  ;  and  S.  for  Scholium.  In  referring  to  the  same  Book,  the 
number  of  the  Book  is  not  given ;  in  referring  to  any  other  Book,  the 
number  of  the  Book  ts  given. 
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^  ^  GEOMETRY. 

PROPOSITION  I.  THEOREM. 

If  a  straight  line  meet  another  straight  line^  the  sum  of  the 
adjacent  angles  will  he  equal  to  two  right  angles. 

Let  D  G  meet  M at  G  i 
then  will  the  sum  of  the  angles 
DGA  and  DGB  be  equal  to 
two  right  angles. 

At  (7,  let  GE  be  drawn  per¬ 
pendicular  to  AB  (Post.  6)  ;  then, 
by  definition  (D.  12),  the  angles 
EGA  and  EGB  will  both  be  right  angles,  and  conse^ 
quently,  their  sum  will  be  equal  to  two  right  angles. 

The  angle  DGA  is  equal  to  the  sum  of  the  angles 
EGA  and  EGD  (A.  9)  ;  hence, 

EGA  -f-  BGB  =  EGA  -f  EGB  -f  DGB  ; 

I 

But,  EGB  +  BGB  is  'equal  to  EGB  (A.  9)  ;  hence, 
BGA  +  BGB  zrz  EGA  +  EGB. 

The  sum  of  the  angles  EGA  and  EGB^  is  equal  to 
two  right  angles ;  consequently,  its  equal,  that  is,  the  sum 
of  the  angles  BGA  and  BGB^  must  also  be  equal  to  two 
right  angles  ;  which  was  to  he  proved. 

Gor.  1.  If  one  of  the  angles  BGA.,  BGB.,  is  a  right 
angle,  the  other  must  also  be  a  right  angle. 

Gor.  2.  The  sum  of  the  an¬ 
gles  BA  (7,  GAB,  BAE,  EAF, 
formed  about  a  given  point  on 
the  same  side  of  a  straight  line 
BE,  is  equal  to  two  right  an¬ 
gles.  For,  their  sum  is  equal  to 


E  '  D 
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the  sum  of  the  angles  EAB  and  EAF\  which,  from  the 
proposition  just  demonstrated,  is  equal  to  two  right  angles. 


DEFINITIONS. 


If  two  straight  lines  intersect  each  other,  they  form  four 
angles  about  the  point  of  intersection,  which  have  received 
different  names,  with  respect  to  each  other. 

1°.  Adjacent  Angles  are 
those  which  lie  on  the  same  side 
of  one  line,  and  on  opposite  sides 
of  the  other  ;  thus,  A.  GJE  and 
EGB^  or  AGE ^  and  AGD^  are 

adjacent  angles. 

2°.  Opposite,  or  Vertical  Angles,  are  those  which  lie 

on  opposite  sides  of  both  lines ;  thus,  A  GE  and  I)  GB^ 
or  AGjD  and  EGB^  are  opposite  angles.  From  the  pro¬ 
position  just  demonstrated,  the  sum  of  any  two  adjacent 
angles  is  equal  to  two  right  angles. 


PKOPOSITION  II.  THEOREM. 

If  two  straight  lines  intersect  each  other ^  the  opposite  or 

vertical  angles  will  he  egual. 


Let  AB  and  BE  intersect 
at  G  :  then  will  the  opposite 
or  vertical  angles  be  equal. 

The  sum  of  the  adjacent  angles 
A  GE  and  A  GB^  is  equal  to 


two  right  angles  (P.  I.)  :  the  sum 

of  the  adjacent  angles  A  GE  and  EGB^  is  also  equal  to 
two  right  angles.  But  things  which  are/  equal  to  the  same 
thing,  are  equal  to  each  other  (A.  1)  ;  hence, 
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ACE  ^  ACD  =:  ACE  ^  ECB  \ 

Taking  from  both  the  common 
angle  A  CE  (A.  3),  there  re¬ 
mains, 

ACE  =  ECB. 

In  like  manner,  we  find, 

ACB  +  ACE  ^  ACB  +  JDCB  ; 
and,  taking  away  the  common  angle  ACB,  we  have, 

ACE  =  BCB. 

Hence,  the  proposition  is  proved. 


Cor.  1.  If  one  of  the  angles  about  (7  is  a  right  angle, 
all  of  the  others  will  be  light  angles  also.  For,  (P.  L,  C.  1), 
each  of  its  adjacent  angles  'will 
be  a  right  angle  ;  and  from  the 
proposition  just  demonstrated,  its 

opposite  angle  will  also  be  a  right  A - 1;:;; - B 

angle. 


] 

3 

c 

Cor.  2.  If  one  line  BE.,  is  ^ 

perpendicular  to  another  AB.,  then  will  the  second  line  AB 

be  perpendicular  to  the  first  BE.  For,  the  angles  BCA 

and  BCB  are  right  angles,  by  definition  (D.  12)  ;  and 

^  _ 

from  what  has  just  been  proved,  the  angles  A  CE  and 

B  CE  are  also  right  angles.  Hence,  the  two  lines  are 

mutually  perpendicular  to  each  other. 


Cor.  3.  The  sum  of  all  the 
angles  ACB,  BCB,  BCE,  ECF, 
EGA,  that  can  be  formed  about 
a  point,  is  equal  to  four  right 
angles. 
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For,  if  two  lines  bo  drawn  through  the  point,  mutually 
perpendicular  to  each  other,  the  sum  of  the  angles  Avhich 
they  form  will  be  equal  to  four  right  angles,  and  it  will 
also  be  equal  to  the  sum  of  the  given  angles  (A.  9).  Hence, 
the  sum  of  the  given  angles  is  equal  to  four  right  angles. 


PROPOSmOK  III.  THEOREM. 


If  two  straight  lines  ha^e  two  pouits  in  common^  they  will 
coincide  throughout  their  whole  extent,  and  form  one  and 


the  same  line.  ' 

Let  A  and  B  be  two  points 
common  to  two  lines  :  then  will 
the  lines  coincide  throughout. 

Between  A  and  B  they  must 
coincide  (A.  11).  Suppose,  now,  that  they  begin  to  separate 
at  some  point  C,  beyond  AB,  the  one  becoming  A  CE., 
and  the  other  A  Cl).  If  the  lines  do  separate  at  C,  one 
or  the  other  must  change  direction  at  this  point ;  but  this 
is  contradictory  to  the  definition  of  a  straight  line  (D.  4) . 
hence,  the  supposition  that  they  separate  at  any  point  is 
absurd.  They  must,,  therefore,  coincide  throughout;  which 


was  to  he  proved. 

Cor.  Two  straight  lines  can  intersect  in  only  one  point. 


_ The  method  of  demonstration  employed  above,  is 

called  the  reductio  ad  dbsurdum.  It  consists  m  assuming  an 
hypothesis  which  is  the  contradictory  of  the  proposition  to 
be  proved,  and  then  continuing  the  reasoning  until  the 
asstimca  hvpothesis  is  shown  to  be  false.  Its  contradictory  is 
thus  proved  to  be  true.  This  method  of  demonstration  is 

oft.on  used  in  Geometry. 
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PROPOSITION  IV.  THEOREM. 

If  a  straight  line  meet  two  other  straight  lines  at  a  com¬ 
mon  pomt^  maliing  the  sum  of  the  contiguous  angles 
equal  to  two  right  a7igles^  the  two  lines  met  will  foimi 
one  and  the  same  straight  line. 


Let  DC  meet  AG  and  BG 

at  G,  making  the  sum  of  the 

angles  BGA  and  DGB  equal 

to  two  right  angles  :  then  ^  will 

GB  be  the  prolongation  of  AG. 

For,  if  not,  suppose  GB  to  be  the  prolongation  of  A  (/ , 

then  will  the  sum  of  the  angles  BGA  and  BGE  be 

\ 

equal  to  two  right  angles  (P.  I.)  :  We  shall,  consequently, 
have  (A.  1), 

BGA  +  BGB  BGA  +  BGE  ; 

Taking  from  both  the  common  angle  B  GA,  there  re¬ 
mains, 

BGB  =  BGE, 


which  is  impossible,  since  a  part  cannot  be  equal  to  the 
whole  (A.  8 ).  I'lence,  GB  must  be  the  prolongation  of 
A  G  ;  which  loas  to  be  pn'oved. 


PROPOSITION  V.  THEOREM.  '  \ 

/ 

If  two  triangles  have  two  sides  and  the  included  angle  of 
the  one  equal  to  two  sides  and  the  included  angle  of 
the  other,  each  to  each,  the  triangles  will  he  equal  hi  all 
their  parts. 

In  the  triangles  ABG  and  BEE,  let  AB  be  equal 

♦ 
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to  DE^  A  G  to  EE,  and  the  angle  A  to  the  angle  D : 
then,  will  the  triangles  he  equal  in  all  their  parts. 

For,  let  AEG  he 
applied  to  EEF^  in 
such  a  manner  that  the 
anorle  A  shall  coincide 
with  the  angle  />, 
the  side  AB  taking 
the  direction  DE^  and 

the  side  AG  the  direction  DF.  Then,  because  AB  is 
equal  to  BE,  the  vertex  B  will  coincide  with  the  vertex 
E\  and  because  AG  is  equal  to  BE,  the  vertex  G  will 
coincide  with  the  vertex  F ;  consequently,  the  side  B  G 
will  coincide  with  the  side  EE  (A.  11).  The  two  triangles, 
therefore,  coincide  throughout,  and  are  consequently  equal  in 
all  their  parts  (I.,  D.  14)  ;  which  was  to  he  proved. 


PEOPOSITION  VI.  THEOREM. 

s 

If  two  tria7igles  have  two  angles  a7id  the  mcluded  side  of  the 
one  equal  to  tioo  angles  and  the  included  side  of  the  other, 
each  to  each,  the  triangles  xoill  he  equal  in  all  their  parts* 


In  the  triangles 


to  the  side  EE',  then 

will  the  triangles  be  equal  in  all  their  parts. 


For,  let  ABG  be  applied  to  BEE  in  such  a  manner 
that  the  angle  B  shall  coincide  with  the  angle  E,  the  side 
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BC  taking  the  direction  EF^  and  the  side  BA  the  direo 
tion  ED.  Then,  because  BC  is  equal  to  EF.^  the  vertex 

i 

C  will  coincide  with  the  vertex  Fi  and  because  the  aufirle 
C  is  equal  to  the  angle  the  side  CA  will  take  the 


direction  ED.  Now,  the  vertex  A  being  at  the  same  time 
on  the  lines  ED  and  ED.,  it  must  be  at  their  intersection 
D  (P.  IIL,  C.)  :  hence,"  the  triangles  coincide  throughout,' 
and  are  therefore  equal  in  all  their  parts  (I.,  D.  14 )  ; 
which  was  to  he  proved. 


PROPOSITION  VII.  THEOREM. 


The  sum  of  any  two  sides  of  a  triangle  is  greater  than  the 
,  third  side. 


Let  AB  (7  be  a  triangle  :  then  will 
the  sum  of  any  two  sides,  as  AB.,  BC., 
be  greater  than  the  third  side  AC. 


For,  the  distance  from  A  to  (7,  _ \q 

measured  on  any  broken  line  AB,  BC, 

is  greater  than  the  distance  measured  on  the  straight  line 
AC  (A.  12)  :  hence,  the  sum  of  AB  and  BC  is  greater 
than  AC  ;  which  was  to  be  proved. 

Cor.  If  from  both  members  of  the  inequality, 

AC  <AB  BC, 

we  take  away  either  of  the  sides  AB,  BC,  .  as  BC,  for 
example,  there  will  remain  (A.  5), 


AC  -  BC  <  AB) 


that  is,  the  difference  heticeen  any  two  sides  of  a  triangle  is 
less  than  the  third  side.  . 

Scholium.  In  order  that  any  three  given  lines  may  re- 
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present  the  sides  of  a  triangle,  the  sura  of  any  ttt'O  must  be 
greater  than  the  third,  and  the  difference  of  any  two  must 

be  less  than  the  third. 

K 

.  / 

PROPOSITION  VIII.  THEOREM. 

If  from  any  point  within  a  triangle  two  straight  lines  he 
drawn  to  the  extremities  of  any  side,  their  sum  will  be 
less  than  that  of  the  two  remaining  sides  of  the  triangle. 

Let  0  be  any  point  within  the  triangle  BAC,  and  let 
the  lines  OB,  OG,  be  drawn  to  the 
extremities  of  any  side,  as  BG  : 
then  will  the  sum  of  BO  and  OG 
be  less  than  the  sum  of  the  sides 
BA  and  A  G. 

Prolong  one  of  the  lines,  as  B  0, 
till  it  meets  the  side  AG  m  I>\  then,  from  Prop.  VII.,  w© 

shall  have, 

0  (7  <C  OB  dr  B  G  j 

adding  BO  to  both  members  of  this  inequality,  recollecting 
that  the  sum  of  BO  and  OB  is  equal  to  BB,  we  have 

BO  +00  <  BD  +  BO. 

From  the  triangle  BAB,,  we  have  (P.  VII.), 

BB  <  BA  +  AB-, 

adding  BO  to  both  members  of  this  inequality,  recollecting 
that  the  sum  of  AB  and  75(7  is  equal  to  AOr  we  have, 

BB  +  BO  <  BA  +  AO. 

But  it  was  shown  that  BO  +  OG  is  less  than  BB  BG , 
still  more,  then,  is  BO  OG  less  than  BA  -h  AG  ;  which 
was  to  be  proned. 


A 
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PROPOSITION  IX.  THEOREM. 


^  If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides  of 
•  the  other^  each  to  each^  and  the  included  angles  unequal^  the 
third  sides  will  he  unequal q  and  the  greater  side  will  belong 
to  the  triangle  ichich  has  the  greater  included  angle. 


In  the  triangles  BAG  and  DEF.^  let  AB  be  equal  to 
BE.,  AG  to  BE.,  and  the  angle  A  greater  than  the  an- 
gle  B :  then  will  BG  be  greater  than  EE, 


Let  the  line  AG  be  drawn,  making  the  angle  GA G 
equal  to  the  angle  B  (Post.  ;  make  AG  equal  to  BE., 
and  draw  GG.  Then  will  the  triangles  AGG  and  BEE 
have  two  sides  and  the  included  angle  of  the  one  equal  to 
two  sides  and  the  included  angle  of  the  other,  each  to  each; 
consequently,  GG  is  equal  to  EF  (P.  V.). 

N'ow,  the  point  G  may  be  without  the  triangle  ABG, 
it  may  be  on  the  side  BG.,  or  it  may  be  within  the  tri¬ 
angle  ABG.  Each  case  will  be  considered  separately. 


1°.  When  G  is 
without  the  triangle 
ABG. 

In  the  triangles  GIG 
and  -  {.IB.,  we  have, 
(P.  VII.), 


A  D 


GlAlGyGG,  and  BI^IAyAB-, 


whence,  by  addition,  recollecting  that  the  sum  of  BI  and 
IG  is  equal  to  BG,  and  the  sum  of  GI  and  lA,  to  GA, 
we  have, 

AG  BG  >  AB  4-  GG 
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Or,  since  AG  =  AB,  and  GC  EF,  we  have, 

AB  ^  BG  >  AB  4-  EF. 

Taking  away  the  common  part  AB^  there  remains  (A.  6), 

BG  >  EF.  , 


2°.  When  G  is  on  BG. 

In  this  case,/  it  is  obvious 
that  GG  is  less  than  BG  \  or, 
since  GG  —  EF,  we  have, 

BG  >  EF 


3°.  When  G  is  within  the  triangle  ABG. 


From  Proposition  VIII.,  we  have, 

BA  +  BG  y  GA  GG  \ 

or,  since  GA  =.  BA,  and  GG  —  EF, 
we  have, 

BA  BG  >  BA  A  EF 


Taking  away  the 
there  remains, 


common  part  AB, 


BG  >  EB\ 


Hence,  in  each  case,  BG  is  greater  than  EF\  which  teas 
to  he  proved. 

Gojiversely  ,*  If  in  two  triangles  ABG  and  DEF,  the 
side  AB  is  equal  to  the  side  JDE,  the  side  AG  to  JDF, 
and  BG  greater  than  EF,  then  will  the  angle  BAG  be 

greater  than  the  angle  EDF. 

For,  if  not,  BAG  must  either  be  equal  to,  or  less  than, 
EDF.  In  the  former  case,  BG  would  be  equal  to  EF 
(P.  V.),  and  in  the  latter  case,  BG  would  be  less  than 
EF‘,  either  of  which  would  be  contrary  to  the  hypothesis 
hence,  BAG  must  be  greater  than  EDF. 
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PEOPOSmON  X.  THEOREM. 

If  tido  triangles  hare  the  three  sides  of  the  one  equal  to  the 
three  sides  of  the  other ^  each  to  each^ .  the  triangles  will  he 
equal  in  all  their  parts. 

Ill  the  triangles  A.11  G  and  let  AS  be  equal  to 

DE,,  AC  to  and  BG  to  EF :  then  will  the  tri¬ 

angles  be  equal  ii^  all  their  parts. 

For,  since  the  sides 
AB^  A  (7,  are  equal  to 
J)E^  BE,)  each  to  each, 
if  the  angle  A  were 
greater  than  7>,  it  would 
follow,  by  the  last  Pro¬ 
position,  that  the  side 
BG  would  be  greater  than  EF\  and  if  the  angle  A  ,were 
less  than  Z>,  the  side  BG  would  be  less  than  EF.  But 
BG  is  equal  to  EF,,  by  hypothesis  ;  therefore,  the  angle  A 
can  neither  be  greater  nor  less  than  I)  :  hence,  it  must  be 
equal  to  it.  The  two  triangles  have,  therefore,  two  sides  and 
the  included  angle  of  the  one  equal  to  two  sides  and  the  inclu¬ 
ded  angle  of  the  other,  each  to  each  ;  and,  consequently,  they 
are  equal  in  all  their  parts  (P.  V.)  ;  which  teas  to  he  proved. 

Scholium.  In  triangles,  equal  in  all  their  parts,  the  equal 
sides  lie  opposite  the  equal  angles;  and  conversely. 

PROPOSITION  XI.  THEOREM. 

In  an  isosceles  triangle  the  angles  opposite  the  equal  sides  are 

equal. 

Let  BAG  be  an  isosceles  triangle,  having  the  side  AB 
equal  to  the  side  A  G :  then  will  the  angle  G  be  equal  to 
the  angle  B. 


4 


BOOK  I. 


31 


Join  the  vertex  A  and  the  middle  point  J)  of  the  base 
BC.  Then,  AB  is  equal  to  AG^  by  hypothesis,  AD  t 

common,  and  BD  equal  to  DC,  by 
construction  :  hence,  the  triangles  BAD, 
and  DAG,  have  the  three  sides  of  the 
one  equal  to  those  of  the  other,  each  to 
each  ;  therefore,  by  the  last  Proposition, 
tlie  angle  B  is  equal  to  the  angle  G ; 
which  was  to  be  proved. 

Gor.  1.  An  equilateral  triangle  is  equiangular. 

Got.  2.  The  angle  BAD  is  equal  to  DA  C,  and  BDA 
to  GDA  :  hence,  the  last  two  are  right  angles.  Conse¬ 
quently,  a  line  drawn  from  the  vertex  of  an  isosceles  triangle 
to  the  middle  of  the  base,  bisects  the  vertical  angle,  and  is  per- 
pendicular  to  the  base, 

PEOPOSITION  XII.  THEORE]M. 

If  two  angles  of  a  triangle  are  equal,  the  sides  opposite  to 
them  are  also  equal,  and  consequently,  the  triangle  is  isos¬ 
celes. 

In  the  triangle  AB  G,  let  the  angle 
AB  G  be  equal  to  the  angle  A  GB  ; 
then  will  AG  be  equal  to  AB,  and 
consequently,  the  triangle  will  be  isosceles. 

For,  if  AB  and  AG  are  not  equal, 
suppose  one  of  them,  as  AB,  to  be  the 

greater.  On  this,  take  BD  equal  to  A  G  (Post.  3),  and 
draw  DG.  Then,  in  the  triangles  ABG,  DBG,  we  have 
the  side  BD  equal  to  A  G,  by  construction,  the  side  B  G 
common,  and  the  included  angle  AGB  equal  to  the  included 
angle  DB  G,  by  hypothesis :  hence,  the  two  triangles  are  equal 
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in  all  their  parts  (P.  V.).  But  this  is  impossible,  because  a 
part  cannot  be  equal  to  the  whole  (A.  8)  :  hence,  the 
hypothesis  that  MJ?  and  AG  are  unequal,  is  false.  They 

must,  therefore,  be  equal ;  which  was  to  he  proved, 

\ 

Cor,  An  equiangular  triangle  is  equilateral. 


PEOPOSITION  XIII.  THEOEEM. 

Tn  any  triangle^  the  greater  side  is  opposite  the  greater  angle , 

and<f  conversely,^  the  greater  angle  is  opposite  the  greater 

side.  \ 

/ 

In  the  triangle  AJBG.,  let  the  angle 
ACB  be  greater  than  the  angle  ABC\ 
then  will  the  side  AB  be  greater  than 
the  side  A  G. 

For,  draw  (7Y>,  making  the  angle 
BCD  equal  to  the  angle  B  (Post.  7) : 
then,  in  the  triangle  BGB^  we  have  the  angles  BGB  and 
DB  G  equal :  hence,  the  opposite  sides  BB  and  JD  G  are 
equal  (P.  XII.).  In  the  triangle  ACB.,  we  have  (P.  VII.), 

AB  A  BG  >  AG 

or,  since  BG  —  BB^  and  AB  +  BB  =  AB^  we  have, 

AB  >  AC  ; 

which  was  to  he  proved. 

Conversely  :  Let  AB  be  greater  than  A  G :  then  will  the 
angle  AGB  be  greater  than  the  angle  ABC. 

For,  if  AGB  were  less  than  ABC.,  the  side  AB  would 
be  less  than  the  side  A  (7,  from  what  has  just  been  proved  ; 
if  AGB  were  equal  to  ABC.,  the  side  AB  would  be 
equal  to  AG,  by  Prop.  XII.;  but  both  conclusions  are  contrary 


A 


I 


I 


book  I.  33 

« 

to  the  hypothesis :  hence,  Cl^  can  neither  be  less  than,  , 
nor  equal  to,  ABC  \  it  must,  therefore,  be  greater;  which 

was  to  he  proved. 


PROPOSITION  XIV.  THEOREM. 

\ 

From  a  given  point  only  one  perpendicular  can  he  drawn  to 

a  given  straight  line. 

Let  be  a  given  point,  and  AB 
a  perpendicular  to  BE :  then  can  no 
other  perpendicular  to  BE  be  drawn 
from  A. 

For,  suppose  a  second  perpendicular 
AC  to  be  drawn.  Prolong  AB  till 
BE  is  equal  to  AB.,  and  draw  CE. 

Thenf  the  triangles  ABC  and  FBC  will  have  AB  equal 
to  BE.,  by  construction,  CB  common,  and  the  included 
angles  ABC  and  FBO  equal,  because  both  are  right  an¬ 
gles  :  hence,  the  angles  A  CB  and  FCB  are  equal  (P.  V.) 
But  ACB  is,  by  a  hypothesis,  a  right  angle  :  hence, 
FCB  must  also  be  a  right  angle,  and  consequently,  the  line 
ACF  must  be  a  straight  line  (P.  IV.). ^  But  this  is  impos¬ 
sible  (A.  11).  The  hypothesis  that  two  perpendiculars  can 
be  drawn  is,  therefore,  absurd  ;  consequently,  only  one  such 
perpendicular  can  be  drawn  ;  which  was  to  he  proved. 

If  the  given  point  is  on  the  given  line,  the  proposition 
is  equally  true.  For,  if  from  A  two  perpendiculars  AS 
and  AC  could  be  drawn  to  BE, 
we  should  have  BAE  and  CAE 
each  equal  to  a  right  angle  ;  and 
consequently,  equal  to  each  other  ; 
which  is  absurd  (A.  8). 
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PROPOSITION  XV.  THEOREM. 

If  from  a  point  without  a  straight  line  a  perpendicular  he 
let  fall  on  the  line^  a7id  oblique  lines  he  drawn  to  differ- 
e7it  points  of  it : 

1°.  The  perpendicxdar  loill  he  shorter  than  any  oblique  line: 

2°.  A.ny  two  oblique  lines  that  meet  the  given  lixie  at  points 
equcdly  distant  from  the  foot  of  the  perpendicular^  wiU 
be  equal: 

3°.  Of  two  oblique  lines  that  meet  the  given  Ime  at  points 
unequally  distant  froxn  the  foot  of  the  perpendicular^  the  one 
which  meets  it  at  the  greater  distance  xoill  be  the  loxiger. 

Let  M  be  a  given  point,  DE  a 
given  straight  line,  AB  a  perpendicular 
to  BE^  and  AD^  A  (7,  AE  oblique 
Unes,  BG  being  equal  to  BE^  and  BD  D 
greater  than  BQ.  Then  will  AB  be 
less  than  any  of  the  oblique  lines,  AG 
will  be  equal  to  AE^  and  AB  greater 
than  A  G. 

Prolong  AB  until  BE  is  equal  to  AB^  and  draw 
EG,  FB. 

1°.  In  the  triangles  ABG^  FBG^  we  have  *the  side 

AB  equal  to  BF^  by  construction,  the  side  BG  common, 
and  the  included  angles  ABG  and  FBG  equal,  because  both 
are  right  angles :  hence,  FG  is  equal  to  AG  (P.  V.). 
But,  AF  is  shorter  than  AGF  (A.  12)  :  hence,  AB,  the 
half 'of  AF,  is  shorter  than  AG.  the  half  of  AGF',  which 
was  to  be  proved. 

2°.  In  the  triangles  ABG  and  ABE,  we  have  the 

side  BG  equal  to  BE,  by  hypothesis,  the  side  AB  com¬ 
mon,  and  the  included  angles  ABG  and  ABE  equal, 
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because  both  arc  right  angles  :  hence,  AC  is  equal  to  AJ^ ; 
which  was  to  he  proved. 


3°.  It  may  be  shown,  as  in  the  first  case,  that  AD  is 
equal  to  DF.  Then,  because  the  point  G  lies  within  the 
triangle  ADF^  the  sum  of  the  lines  AD  and  DF  will  be 
greater  than  the  sum  of  the  lines  AG  and  GF  (P.  VIIL)  : 
hence,  AD^  the  half  of  ADF^  is  greater  than  AG.,  the 

half  of  A  CF  ;  which  loas  to  he  proved. 

/ 

Gor.  1.  The  perpendicular  is  the  shortest  distance  from  a 
point  to  a  line. 

Cor.  2.  From  a  given  point  to  a  giten  straight  line,  only 
two  equal  straight  lines  can  be  drawn  ;  for,  if  there  could 
be  more,  there  would  be  at  least  two  equal  oblique  lines  on 
the  same  side  of  the  perpendicular  ;  which  is  impossible. 


PROPOSITION  XVI.  THEOREM. 

If  a  perpendicidar  he  drawn  to  a  given  straight  line  at  its 
middle  point : 

1°.  Any  point  of  the  perpendicular  will  he  equally  distant 
from  the  extremities  of  the  line: 

2°.  Any  point.,  without  the  perpendicidar.,  will  he  unequally 
distant  from  the .  extremities. 


I 


Let  AB  be  a  given  straight  line,  G 
its  middle  point,  and  EF  the  perpendicular. 
Then  will  any  point  of  EF  be  equally  dis¬ 
tant  from  A  and  B  \  and  any  point  without 
EF.,  will  be  unequally  distant  from  A  and  B.  ^ 
1°.  From  any  point  of  EF.,  as  7>,  draw 
the  lines  DA  and  DB.  Then  will  DA 
and  DB  be  equal  (P.  XV.)  :  hence,  D  is 
equally  distant  from  A  and  B  ;  which  was 


to  he  proved. 
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2°.  From  any  point  without  EF^  as  Y,  draw  lA  and 
IB,  One  of  these  lines,  as  Yd,  will  cut  EF  in  some^ 
point  I) ;  draw  BB.  Then,  from  what 
has  just  been  shovvm,  BA  and  BB  will 
be  equal  ;  but  IB  is  less  than  the  sum 
of  IB  and  BB  (P.  VII.)  ;  and  because 
the  sum  of  IB  and  BB  is  equal  to  the 
sum  of  IB  and  BA^  or  Y4,  we  have 
IB  less  than  lA  :  hence,  I  is  unequally 
distant  from  A  and  B  ;  which  was  to  he 
pi'oved. 

Cor,  If  a  straight  line  EF  have  two  of  its  points  E 
and  F  equally  distant  from  A  and  Y,  it  will  be  perpen¬ 
dicular  to  the  line  AB  at  its  middle  point. 


PEOPOSITIOIST  XVII.  TIIEOKEM. 

If  two  right-angled  triangles  have  the  hypothenuse  and  a  side 
of  the  one  equal  to  the  hypothenuse  and  a  side  of  the 
other^  each  to  each^  the  triangles  will  he  equal  in  all  theif 
parts. 

Let  the  right-angled  tri¬ 
angles  ABC  and  BEF  have 
the  hypothenuse  A  G  equal 
to  BF,  and  the  side  AB 
equal  to  BE :  then  will  the 
triangles  be  equal  in  all  their  parts. 

K  the  side  BG  is  equal  to  EF^  the  triangles  will  be 
equal,  in  accordance  with  Proposition  X.  Let  us  suppose  then, 
that  B C  and  EF  are  unequal,  and  that  BG  is  the 
longer.  On  B  G  lay  off  B  G  equal  to  EF^  and  draw 
AG,  The  triangles  ABG  and  BEF  have  AB  equal  to 
BE^  by  hypothesis,  BG  equal  to  EF^  by  construction,  and 
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the  angles  B  and  E  equal,  because  both  are  right  angles; 
consequently,  AG  is  equal  to  BE  (P.  V.)  But,  AQ  is 
equal  to  BF^  by  hypothesis  :  hence,  A  G  and  A  C  are  equal, 
which  is  impossible  (P.  XY.).  -The  hypothesis  that  BG  and 
EF  are  unequal,  is,  therefore,  absurd  :  hence,  the  triangles 
have  all  their  sides  equal,  each  to  each,  and  are,  consequently, 
equal  in  all  of  their  parts  ;  which  was  to  he  proved.  ^ 


PROPOSITION  XVIII.  THEOREM. 


If  two  straight  lines  are  perpendicular  to  a  third  line^  they 

will  he  parallel. 


be  perpendicular  to  AB : 


D 


tet  the  two  lines  AG^  BB^ 
then  will  they  be  parallel. 

For,  if  they  could  meet  in  a 
point  0,  there  would  be  two 
perpendiculars  0^,  OB.,  drawn 
from  the  same  point  to  the  same 
straight  line ;  Avhich  is  impossible  (P.  XIY.)  :  hence,  the 
lines  are  parallel ;  which  was  to  he  proved. 
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DEFINITIONS. 

If  a  straight  line  EF  inter¬ 
sect  two  other  straight  lines  AB 
and  (7A>,  it  is  called  a  secant., 
with  respect  to  them.  The  eight 
angles  formed  about  the  points  of 
intersection  have  different  names, 
with  respect  to  each  other. 

1°.  Interior  angles  on  the  saiie  side,  are  those  that 
lie  on  the  same  side  of  the  secant  and  within  the  other  two 
lines.  Thus,  BGH  and  GIIB  are  interior  angles  on  the 
same  side. 
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2°.  Exteriok  angles  on  the  same  side,  are  those  that  lie 
on  the  same  side  of  the  secant  and  without  the  other  two 
lines.  Thus,  EQB  and  BHF 
are  exterior  angles  on  the  same 
side. 

3°.  Alternate  angles,  are 
those  that  lie  on  opposite  sides 
of  the  secant  and  within  the 
other  two  lines,  but  not  adja¬ 
cent.  Thus,  AGII  and  GIID 
are  alternate  angles. 

4°.  Alternate  exterior  angles,  are  those  that  lie  on 
Qpposite  sides  of  the  secant  and  without  the  othei  two  lines. 
Thus,  AGE  and  EIID  are  alternate  exterior  angles. 

5°.  Opposite  exterior  and  interior  angles,  are  those 
that  lie  on  the  same  side  of  the  secant,  the  one  within  and 
the  other  without  the  other  two  lines,  but  not  adjacent.  Thus, 
EGB  and  GHD  are  opposite  exterior  and  interior  angles. 

PKOPOSITION  XIX.  THEOEEM. 

If  two  stTciight  lincs^  meet  ct  thivd  lino^  mciJcing  the  sum  of 

the  interior  angles  on  the  same  side  equal  to  two  nghZ 

angles^  the  two  lines^  will  he  parallel. 

Let  the  lines  KC  and  HB  meet  the  line  BA,  maldng 
the  sum  of  the  angles  BA  G  and  ABB  equal  to  two  right 
angles  :  then  will  KC  and  KB  be  parallel. 

Through  G,  the  middle  point 
of  AB,  draw  GF  perpendhmlar 
to  KG,  and  prolong  it  to  E. 

The  sum  of  the  angles  GBE 
and  GBB  is  equal  to  two  right 
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angles  (P.  I.)  ;  the  sum  of  the  angles  FAG  and  GBD  is 
equal  to  two  right  angles,  by  hypothesis  :  hence  (A.  l), 

GBE  GBD  FAG  +  GBD. 


Taldng  from  both  the  common  part  GBD,  we  have  the 
angle  GBE  equal  to  the  angle  FAG.  Again,  the  angles 
BGF  and  AGF  are  equal,  because  they  are  vertical  an¬ 
gles  (P.  11.)  :  hence,  the  triangles  GFB  and  GFA  have 
two  of  their  angles  and  the  included  side  equal,  each  to  each ; 
they  are,  therefore,  equal  in  all  their  parts  (P.  VI.) :  hence, 
the  angle  GFB  is  equal  to  the  angle  GFA.  But,  GFA 
is  a  right  angle,  by  construction  ;  GFB  must,  therefore,  be 
a  right  angle  :  hence,  the  lines  FG  and  HD  are  both  per¬ 
pendicular  to  FF,  and  are,  therefore,  parallel  (P.  XVIII.)  ; 
which  loas  to  he  proved. 
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Cor.  1.  If  two  lines  are  cut  vby  a  third  line,  making  the 
alternate  angles  equal  to  each  other,  the  two  lines  will  be 
parallel. 

Let  the  angle  HGA  be  equal 
to  GHD.  Adding  to  both,  the 
angle  IIGB,  we  have, 

HGA  +  HGB  =  GHD  -f  HGB. ' 

But  the  first  sum  is  equal  to 
two  right  angles  (P.  I.)  :  hence, 
the  second  sum  is  also  equal  to  two  right  angles  ;  therefore, 
from  what  has  just  been  shown,  AB  and  CD  are  parallel. 


Cor.  2.  If  two  lines  are  cut  by  a  third,  making  the  oppo¬ 
site  exterior  and  interior  angles  equal,  the  two  lines  will  be 
parallel.  Let  the  angles  FGB  and  GHD  be  equal  :  Now, 
FGB  and  AGH  are  equal,  because  they  are  vertical  (P.  II.)  ; 
and  consequently,  AGH  and  GHD  are  equal  :  hence,  from 
Cor.  1,  AB  and  CD  are  parallel. 
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PROPOSITION  XX.  THEOREM. 

1,"  a  straight  line  intersect  two  parallel  straight  lineSy  the  sum 

of  the  interior  angles  on  the  same  side  will  he  equal  to 

two  right  angles. 

Let  the  parallels  ABy  (7Z>,  be  cut  by  the  secant  line 
FE  :  then  will  the  sum  of  IIGB  and  GIIB  be  equal  to 
two  right  angles. 

For,  if  the  sum  of  HGB 
and  GIIB  is  not  equal  to 
two  right  angles,  let  IGL  be 
drawn,  making  the  sum  of  II GL 
and  GIIB  equal  to  two  right 
angles ;  then  IL  and  CB  will 
be  parallel  (P.  XIX.)  ;  and  consequently,  we  shall  have  two 
lines  GBy  GLy  drawn  through  the  same  point  G  and  par¬ 
allel  to  CBy  which  is  impossible  (A.  13)  :  hence,  the  sum 
of  HGB  and  GIIBy  is  equal  to  two  right  angles  ;  which 
was  to  he  proved. 

In  like  manner,  it  may  be  proved  that  the  sum  of  HGA 
and  GllCy  is  equal  to  two  right  angles. 

Cor.  1.  If  IIGB  is  a  right  angle,  GIIB  will  be  a  right 
angle  also  :  hence,  if  a  line  is  perpendicular  to  one  of  two 
parallelSy  it  is  perpendicular  to  the  other  also. 

Cor.  2.  If  a  straight  line  meet  two  parallelSy  the  alternate 
angles  will  he  equal. 

For,  if  AB  and  CB  are  E 

parallel,  the  sum  of  BGII  and 
GIIB  is  equal  to  tAvo  right 
angles  ;  the  sum  of  BGII  and 
HGA  is  also  equal  to  tAvo  right  /II 

angles  (P./I.)  :  hence,  these  sums 
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are  equal.  Taking  away  the  common  part  JBGIT^  there  re¬ 
mains  the  angle  GIID  equal  to  UGA,  In  like  manner, 
it  may  he  shown  that  JBGS  and  GHG  are  equal. 

Cor,  3.  If  Oj  straight  line  meet  two  parallels,,  the  opposite 
exterior  a7id  interior  angles  will  he  equal.  The  angles  DUG 
and  UGA  are  equal,  from  what  has  just  been  shown.  The 
angles  IIGA  and  .  are  equal,  because  they  are  verti¬ 

cal  :  hence,  DUG  and  BGE  are  equal.  In  like  manner, 
it  may  be  shown  that  CUG  and  AGE  are  equal. 

Scholium.  Of  the  eight  angles  formed  by  a  line  cutting 

* 

two  parallel  lines  obliquely,  the  four  acute  angles  are  equal, 
and  so,  also,  are  the  four  obtuse  angles. 

PEOPOSITION  XXL  THEOREM. 

If  two  straight  lines'  intersect  a  third  line,^  maJcmg  the  sum 
of  the  mterior  angles  on  the  same  side  less  than  two  right 
angles.,  the  two  lines  will  meet  if  sufficiently  produced. 

t 

Let  the  two  lines  CD,,  ID,,  meet  the  line  EF,,  making 
the  sum  of  the  interior  angles  UGL.,  GUD,,  less  than  two 
right  angles  :  then  will  IL  and  CD  meet  if  sufficiently  pro¬ 
duced. 

For,  if  they  do  not  meet, 
they  must  be  parallel  (D.  16). 

But,  if  they  were  parallel,  the 
sum  of  the  interior  angles  UGL,, 

GUD,,  would  be  equal  to  two 
right  angles  (P.  XX.),  which  is 
contrary  to  the  hypothesis  :  hence, 

IL,  CD,  will  meet  if  sufficiently  produced  ;  which  was  to  he 
proved. 
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Cor.  It  is  evident  that  IL  and  CD,  will  meet  on  that 
side  of  EF,  on  which  the  sum  of  the  two  angles  is  less 
than  two  right  angles. 


PROPOSITION  XXII.  THEOREM. 

If  two  strcii(fht  Ihics  clt&  parallel  to  a  third  line,  they  arc 

parallel  to  each  other. 

Let  AB  and  CD  be  respectively 
parallel  to  EF\  then  will  they  be  par¬ 
allel  to  each  other. 

For,  draw,  BB,  perpendicular  to 
FF\  then  will  it  be  perpendicular  to 
AB,  and  also  to  CD  (P.  XX.,  C.  1) : 
hence,  AB  and  CD  are  perpendicu¬ 
lar  to  the  same  straight  line,  and  consequently,  they  are  par¬ 
allel  to  each  other  (P.  XVIII.)  ;  which  wa^  to  he  proved. 
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PROPOSITION  XXIII.  THEOREM. 

Two  parallels  aie  everywhere  equally  distant. 

Let  AB  and  CD  be  parallel :  then  will  they  be  every¬ 
where  equally  distant. 

From  any  two  points  of  AB,  as 
F  and  F,  draw  FH  and  EG 
perpendicular  to  CD  ;  they  will  also  be 
perpendicular  to  AB  (P.  XX.,  C.  1), 
and  will  measure  the  distance  between 
AB  and  CD,  at  the  points  F  and  E.  Draw  also  FG. 
The  lines  FH  and  EG  are  parallel  (P.  XYIIT.)  :  hence, 
the  alternate  angles  HFG  and  FGE  are  equal  (P.  XX.,  C.  2). 
The  lines  AB  and  CD  are  parallel,  by  hypothesis :  hence, 


0 
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thr  alternate  angles  EFG  and  FGII  are  equal.  The  tri- 
andes  FGF  and  FGH  have,  therefore,  the  angle  IIGF 
equal  to  GFF,  GFII  equal  to  FGF,  and  the  side  FG 
coiumon  5  they  are,  therefore,  equal  in  all  their  parts  (P.  VI.)  i 
hence,  FF  is  equal  to  FG  ;  and  consequently,  AB  and 
GJ)  are  everywhere  equally  distant  \  which  was  to  he  pvoved. 


PROPOSITION^  XXIV.  THEOREM. 


If  tloo  angles  have  their  sides  parallel^  and  lying  either  in 
the  same^  or  in  opposite  directions^  they  will  he  egual. 

P.  Let  the  angles  ABC  and  DFF  have  their  sides 
parallel,  and  lying  in  the  same  direction  :  then  will  they  be 
equal. 

Prolong  FF  to  L.  Then,  because 
J)F  and  AL  are  parallel,  the  exterior 
angle  BFF  is  equal  to  its  opposite  in¬ 
terior  angle  ABF  (P.  XX.,  C.  3)  ;  and 
because  BG  and  LF  are  parallel,  the 
exterior  angle  ABF  is  equal  to  its  op¬ 
posite  interior  angle  ABG  :  hence,  BFF  is  equal  to 
ABG  \  which  was  to  he  proved. 


A 


C 


2°.  Let  the  angles  ABG  and  GIIF 
have  their  sides  parallel,  and  lying  in  op¬ 
posite  directions  :  then  will  they  be  equal. 

Prolong  GIB  to  M.  Then,  because 
KH  and  BM  are  para)llel,  the  exterior 
angle  GHK  is  equal  to  ils  opposite  interior  anglp  II3IB ; 
and  because  FM  and  B  G  are  parallel,  the  angle  FMB 
IS  equal  to  its  alternate  angle  3IBG  (P.  XX.,  C.  2)  :  hence, 
GFF  is  equal  to  AB  G ;  which  was  to  he  proved. 

Gor.  The  opposite  angles  of  a  parallelogram  are  equal. 
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PROPOSITION  XXV.  THEOREM. 

2h  any  tviangle^  the  sutii  of  the  tliTee  wngles  is  eyucil  to  two 

right  angles. 

^  Let  CBA  be  any  triangle  :  then  will  the  sum  of  the 
angles  (7,  -4,  and  be  equal  to 

two  right  angles. 

For,  prolong  GA  to  and  draw 
AJE  parallel  to  BG. 

Then,  since  AE  and  GB  are 
parallel,  and  GJD  cuts  them,  the,  ex 
terior  angle  DAE  is  equal  to'  its 
opposite  interior  angle  G  (P.  XX.,  C.  3).  In  like  manner, 
since  AE  and  GB  are^  parallel,  and  AB  cuts  them,  the 
alternate  angles  AB  G  and  BAE  are  equal  :  hence,  the 
sum  of  the  three  angles  of  the  triangle  BAG.^  is  equal  to 
the  sum  of  the  angles  GAB^  BAE^  EAD  ;  but  this  sum 
is  equal  to  two  right  angles  (P.  I.,  C.  2) ;  consequently,  the 
sum  of  the  three  angles  of  the  triangle,  is  equal  to  two 
right  angles  (A.  1)  ;  which  was  to  he  'proved. 

\ 

Gor.  1.  Two  angles  of  a  triangle  being  given,  the  third 
will  be  found  by  subtracting  their  sum  from  two  right  angles. 

Gcr.  2.  If  two  angles  of  one  triangle  are  respectively 
equal  to  two  angles  of  another,  the  two  triangles  are  mutually 
equiangular. 

Gor.  3.  In  any  triangle,  there  can  be  but  one  right  angle ; 
for  if  there  were  two,  the  third  angle  would  be  zero.  Xor 
can  a  triangle  have  more  than  one  obtuse  angle. 

Gor.  4.  In  any  right-angled  triangle,  the  sum  of  the  acute 
angles  is  equal  to  a  right  angle. 

I  ' 


B 


BOOK-  I. 


45 


Cor.  5.  Since  every  equilateral  triangle  is  also  equiangular 
(P.  XI.,  0.  1),  eacli  of  its  angles  will  be  equal  to  the  third  part 
of  two  right  angles  ;  so  that,  if  the  right  angle  is  expressed 
by  1,  each  angle,  of  an  equilateral  triangle,  will  be  expressed 
by  ' 

Cor.  G.  In  any  triangle  ABC,  the  exterior  angle  BAD 
is  equal  to  the  sum  of  the  interior  opposite  angles  B  and 
C.  For,  AE  being  parallel  to  BG^  the  part  BAE  is 
equal  to  the  angle  -S’,  and  the  other  part  BAE.,  is  equal 
to  the  angle  C. 

PROPOSITION  XXVI.  THEOREM. 

The  sum  of  the  interior  angles  of  a  •polygon  is  equal  to 
two  right  angles  taken  as  many  times  as  the  polygon  has 
sides.,  less  two. 


D 


Let  AB  CBE  be  any  polygon  :  tnen^ will  the  sum  of  its 

interior  angles  A,  B,  (7,  Z>,  and  E,  be  equal  to  two  right 

angles  taken  as  many  times  as  the  polygon  has  sides,  less 

* 

two. 

From  the  vertex  of  any  angle  A.,  draw 

diagonals  A  (7,  AD.  The  polygon  will  be 
*  > 
divided  into  as  many  triangles,  less  two,  as 

it  has  sides,  having  the  point  A  for  a 

common  vertex,  and  for  bases,  the  sides  of 

the  polygon,  except  the  two  which  form  the 

angle  A.  It  is  evident,  also,  that  the  sum  of  the  angles  of 

these  triangles  does  not  differ  from  the  sum  of  the  angles  of 

the  polygon  :  hence,  the  sum  of  the  angles  of  tlie  polygon  is 

equal  to  two  right  angles,  taken  as  many  times  as  there  are 

triangles  ;  that  is,  as  many  times  as  the  polygon  has  sides, 

less  two  j  which  was  to  be  proved. 
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Cor.  1.  The  sum  of  the  interior  angles  of  a  quadrilateral 
i*s  equal  to  two  right  angles  taken  twice  ;  that  is,  to  four 
right  angles.  K  the  angles  of  a  quadrilateral  are  equal,  each 
will  be  a  right  angle. 

Cor.  2.  The  sum  of  the  interior  angles  of  a  pentagon  is 
equal  to  two  right  angles  taken  three  times  ;  that  is,  to  six 
right  angles  :  hence,  when  a  pentagon  is  equiangular,  each 
angle  is  equal  to  the  fifth  part  of  six  right  angles,  or  to 
of  one  right  angle. 

Cor.  3.  The  sum  of  the  interior  angles  of  a  hexagon  is 
equal  to  eight  right  angles  :  hence,  in  the  equiangular 
hexagon,  each  angle  is  the  sixth  part  of  eight  right  angles, 
or  of  one  right  angle. 

Cor.  4.  In  any  equiangular  polygon,  any  interior  angle  is 
equal  to  twice  as  many  right  angles  as  the  figure  has  sides, 
less  four,  divided  by  the  number  of  angles. 


PEOPOSITION  XXVII.  THEOEEM. 

Th^  sum  of  the  exterior  angles  of  a  'polygon  is  equal  to 

four  right  angles. 


Let  the  sides  of  the  polygon  ABCDE 
be  prolonged,  in  the  same  order,  forming 
the  extei’ior  angles  a,  5,  c,  (^,  e  ;  then  will 
the  sum  of  these  exterior  angles  be  equal 

to  four  right  angles. 

For,  each  interior  angle,  together  with 
the  corresponding  exterior  angle,  is  equal 
to  two  right  angles  (P.  I.)  :  hence,  the  sum  of  all  the  inte¬ 
rior  and  exterior  angles  is  equal  to  two  right  angles  taken 


\ 
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as  many  times  as  the  polygon  has  sides.  But  the  sum  of 
the  interior  angles  is  equal  to  two  right  angles  taken  as 
many  times  as  the  polygon  has  sides,  less  two  :  hence,  the 
sum  of  the  exterior  angles  is  equal  to  two  right  angles  taken 
twice  ;  that  is,  equal  to  four  right  angles  ;  which  was  to  be 
proved. 

.  PROPOSITION  xxvni.  THEOREM. 

In  any  parallelogram^  the  opposite  sides  are  equals  each  to 

each. 

Let  AB  CJD  be  a  parallelogram  :  then 
will  AB  be  equal  to  Z^(7,  and  AI)  to 
BC. 

For,  draw  the  diagonal  BB.  Then, 
because  AB  and  1)G  are  parallel,  the 
angle  DBA  is  equal  to  its  alternate 
^ngle  BDG  (P.  XX.,  C.  2)  :  and,  because  AD  and  BG 
are  parallel,  the  angle  BDA  is  equal  to  its  alternate  angle 
DBG.  The  triangles  ABD  and  GDB^  have,  therefore, 
the  angle  DBA  equal  to  GDB.,  the  angle  BDA  equal 
to  DB  6^,  and  the  included  side  DB  common  ;  consequently, 
they  are  equal  in  all  of  their  parts  :  hence,  AB  is  equal 
to  D (7,  and  AD  to  BG  \  which  was  to  be  proved. 

Gor.  1.  A  diagonal  of  a  parallelogram  divides  it  into  two 
equal  triangles. 

Gor.  2.  Two  parallels  included  between  two  other  par 
ad  els,  are  equal. 

Gor.  3.  If  two  parallelograms  have  two  sides  and  the 
Ui^inded  angle  of  the  one,  equal  to  two  sides  and  the  included 

angle  of  the  other,  each  to  each,  they  will  be  equal. 

/ 
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PROPOSITION  -  XXIX.  THEOREM. 

If  the  opposite  sides  of  a  quadrilateral  are  equals  each  to 
each^  the  figure  is  a  parallelogram. 

In  the  quadrilateral  ABCD^  let  A3 
be  equal  to  Y>(7,  and  AD  to  3Q  \ 
then  will  it  be  a  parallelogram. 

Draw  the  diagonal  DB.  Then,  the  , 

triangles  ADB  and  GBD^  will  have 
the  sides  of  the  one  equal  to  the  sides  of  the  other,  each  to 
each  ;  and  therefore,  the  triangles  will  be  equal  in  all  of  their 
parts :  hence,  the  angle  ABD  is  equal  to  the  angle  CDB 
(P.  X.,  S.)  ;  and  consequently,  AB  is  parallel  to  DC  (P. 
XIX.,  C.  1).  The  angle  DBQ  is  also  equal  to  the  angle 
BDA^  and  consequently,  BG  is  parallel  to  AD  :  hence, 
the  opposite  sides  are  parallel,  two  and  two  ;  that  is,  the 
figure  is  a  parallelogram  (D.  28)  ;  which  was  to  be  proved. 


PROPOSITION  XXX.  THEOREM. 


If  two  sides  of  a  quadrilateral  are  equal  and  parallel^  ike 

figure  is  a  parallelogram. 

N 

In  the  quadrilateral  ABGD^  let  AB 
be  equal  and  parallel  to  DG :  then  will 
the  figure  be  a  parallelogram. 

Draw  the  diagonal  DB.  Then,  be-  A 
cause  AB  and  D  G  are  parallel,  the 
angle  ABD  is  equal  to  its  alternate  angle  CDB.  Now, 
the  triangles  ABD  and  GDB^  have  the  side  DG  equal 
to  AB^  by  hypothesis,  the  side  DB  common,  and  the 
included  angle  ABD  equal  to  BDG,  from  what  lias  just 


BOOK  I. 


49 


been  shown  :  hence,  the  triangles  are  equal  in  all  their  parts 
(P.  V.)  ;  and  consequently,  the  alternate,  angles  ADB  and 
DBG  are  equal.  The  sides  BG  and  AD  a?re,  therefore, 
parallel,  and  the  figure  is  a  parallelogram  ;  which  was  to  he 
proved. 

Gor.  If  two  points  be  taken  at  equal  distances  from  a 

line,  and  on  the  same  side  of  it,  the  line  joining  them  will 

» 

be  parallel  to  the  given  line. 

PROPOSITION  XXXI.  THEOREM. 

The  diagonals  of  a  parallelogram  divide  each  other  into 
equal  parts^  or  mutually  bisect  each  other. 

Let  ABGD  be  a  parallelogram,  and 
A  (7,  BD.^  its  diagonals  :  then  will  AE 
be  equal  to  ^(7,  and  BE  to  ED. 

For,  the  triangles  BEG  and  AED.^ 
have  the  angles  EBG  and  ADE  equal 
(P.  XX.,  C.  2),  the  angles  EGB  and  DAE  equal,  and  the 
included  sides  B  G  and  AD  equal  :  hence,  the  triangles 
are  equal  in  all  of  their  parts  (P.  VI.)  ;  consequently,  xtE  is 
equaPto  EG.^  and  BE  to  ED  \  which  was  to  he  proved. 

Scholium.  In  a  rhombus,  the  sides  AB.^  B  C',  being 

equal,  the  triangles  AEB.,  EBG.,  have^  the  sides  of  the 
one  equal  to  the  corresponding  sides  of  the  other  ;  they  are, 
therefore,  equal  :  hence,  the  angles  AEB.,  BEG.,  are  equals 
and  therefore,  the  two  diagonals  bisect  each  other^  at  righfc^ 
angles. 


/ 
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•  BATIOS  AND  PROPORTIONS, 

DEFINITIONS. 

1.  The  Ratio  of  one  quantity  to  another  of  the  same 
kind,  is  the  quotient  obtained  by  dividing  the  second  by  the 
first.  The  first  quantity  is  called  the  Antecedent,  and  the 
second,  the  Consequent. 

2.  A  Proportion  is  an  exi^ression  of  equality  between 
two  equal  ratios.  Thus, 

^  -  R 

A  ~  G 

expresses  the  fact  that  the  ratio  of  A  to  7?  is  equal  to 

the  ratio  of  G  to  J),  In  Geometry,  the  proportion  is 
written  thus, 

A  :  B  ::  G  :  B, 

% 

and  read,  A  is  to  i?,  as  G  is  to  1), 

3.  A  Continued  Proportion  is  one  in  which  severa 

ratios  are  successively  equal  to  each  other  ;  as, 

\ 

A  :  B  ;  ;  G  :  D  \  \  E  ;  E  :  :  (7  :  &c. 

4.  There  are  four  terms  in  every  proportion.  The  first 

and  second  form  the  first  couplet^  and  the  third  and  fourtli. 
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the  second  couplet.  The  first  and  fourth  terms  are  called 
extremes ;  the  second  and  third,  means.,  and  the  fourth  term, 
a  fourth  proportional  to  the  other  three.  When  the  second 
term  is  equal  to  thfi  third,  it  is  said  to  be  a  mean  proportional 
between  the  extremes.  In  this  case,  there  are  but  three 
different  quantities  in  the  proportion,  and  the  last  is  said  to 
'  be  a  third  proportioiial  to  the  other  two.  Thus,  if  we  have, 

A  :  J3  i  :  J3  I  (7, 

i?  is  a  mean  proportional .  between  A  and  (7,  and  (7  is  a 
third  proportional  to  A  and  B. 

5.  Quantities  are  in  proportion  by  alternation.,  when  ante¬ 
cedent  is  compared  with  antecedent,  and  consequent  with  con¬ 
sequent. 

6.  Quantities  are  in  proportion  by  inversion.,  when  ante¬ 
cedents  are  made  consequents,  and  consequents,  antecedents. 

7.  Quantities  are  in  proportion  by  composition.,  when  the 
sum  of  antecedent  and  consequent  is  compared  with  either 
antecedent  or  consequent. 

8.  Quantities  are  proportional  by  division,  when  the  differ; 
ence  of  the  antecedent  and  consequent  is  compared  either  with 
antecedent  or  consequent. 

9.  Two  varying  quantities  are  recip'ocally  or  inversely 
proportional,  when  one  is  increased  as  many  times  as  the 
other  is  diminished.  In  this  case,  their  product  is  a  fixed 
quantity,  as  xy  =  m. 

10.  Equimultiples  of  two  or  more  quantities,  are  the  pro¬ 
ducts  obtained  by  multiplying  both  by  the  same  quantity. 
Thus,  mA  and  mB,  are  equimultiples  of  A.  and  B. 
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PKOPOSITION  I.  theori:m. 


four  quantities  are  m  proportion^  the  product  of  the 
means  xoill  he  eqiial  to  the  product  of  the  extremes. 

Assume  the  proportion, 


A  \  B  \  \  G  D  \  whence, 


A  ~  G 


cleaning  of  fractions,  we  have, 

BG  =  AD; 
which  was  to  be  proved. 


Gor.  If  i?  is  equal  to  (7,  there  will  bo  but  three  pr<>> 
portional  quantities  ;  in  this  case,  the  square  of  the  mean  is 
equal  to  the  pi'odicct  of  the  extremes. 


PROPOSITION  n.  THEOREM. 

the  product  of  two  quantities  is  equal  to  the  product  of 
two  other  quantities.^  two  of  them  may  he  made  the 
means.^  and  the  other  two  the  extremes  of  a  proportion. 

If  we  have, 

AD  =  BG, 

by  changing  the  members  of  the  equation,  we  have, 

BG  = 

dividing  both  members  by  ^(7,  we  have, 

B  JD 

A  ~  ~G  ^  ^  ^  ^  ^ » 


which  was  to  he  proved. 
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PEOPOSITION  III.  THEOREM. 


If  four  quantities  are  in  'proportion^  they  'wiU  be  in  pro* 

portion  by  alter7iation. 


Assume  the  proportion, 


B 


B 


\  \  G  \  B  \  whence,  ^ 


G 


G 


Multiplying  both  members  by  we  have. 


A 


B 

B  ’ 


or. 


G  XX  B  \  B\ 


which  uoas  to  be  proved. 


PROPOSITION  IV.  THEOREM. 

If  one  couplet’  hi  each  of  two  proportions  is  the  same^  the 
other  couplets  will  form  a  proportion. 

Assume  the  proportions, 

A  X  B  X  i  G  \  B' 

and,  ,  A  X  B  X  X  F  X  G\ 

From  Axiom  1,  we  have, 

^  r=  ;  whence,  G  x  ,  B  :  ;  F  x 

0  -V 

which  was  to  be  proved. 

Gor.  If  the  antecedents,  in  two  proportions,  are  the  same, 
the  consequents  will  be  proportional.  For,  the  arii<-<  e(leiits 
of  the  second  couplets  may  be  made  the  consequents  of  the 
first,  by  alternation  (P.  III.). 


whence, 

whence, 


A 

A 


B 

a’ 

G 

F' 
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PROPOSITIOIT  V.  THEOREM. 


If  four  quantities  are  in  proportion^,  they  will  he  in  pro¬ 
portion  by  inversion. 


Assume  the  proportion, 

B  B 

A  \  B  \  \  G  \  D  \  whence,  —  =  -77  • 

AG 

0 

If  we  take  the  reciprocals  of  both  members  (A.  7),  we  have, 
A  G 


B 


B  ’ 


whence,  B  :  A  \  \  '  B  :  G  \ 


which  was  to  he  pyroved. 


PROPOSITION  VI.  THEOREM. 

If  four  quantities  are  in  proportion,^  they  will  he  in  pro¬ 
portion  hy  composition  or  divisio7i. 


Assume  the  proportion, 


A  : 


* 


whence, 


B  B 

A  ~  U' 


If  we  add  1  to  both  members,  and  subtract  1  from  both 
members,  we  shall  have. 


A 


+  1  = 


B_ 

G 


+  1 


and. 


A 


whence,  by  reducing  to  a  common  denominator,  we  have. 


B A  B^G  ^  B-A  B-G 
~~~A  ~  G  ’  ’  A  ~  G 


whence, 


A  :  B+A  :  :  G  :  B+ G,  and,  A  :  B—A  :  :  (7  B—G 
which  was  to  he  proved. 
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PBOPOSITIOK  vn.  THEOREM. 

Equimultiples  of  two  quantities  are  proportional  to  the  quan¬ 
tities  themselves. 

Let  A  and  JB  be  any  two  quantities  ;  then  ^  will 
denote  their  ratio. 

If  we  multiply  both  terms  of  this  fraction  by  m,  its 
value  will  not  be  changed  ;  and  we  shall  have, 

—  I?  •  whence,  mA  :  mE  :  :  A  :  ; 

mA  A 

which  was  to  he  proved. 


PROPOSITION  vni.  THEOREM. 


If  four  quantities  are  in  proportion^  any  equimultiples  of 
the  first  couplet  will  he  lyroportional  to  any  equimultiples 
of  the  second  couplet. 

Assume  the  proportion. 


A 


whence. 


B  D 
A~  C' 


If  we  multiply  both  terms  of  the  first  member  by  m,  and 
both  terms  of  the  second  member  by  we  shall  have, 


=;  ;  whence,  mA  :  mB  :  :  nG  :  nB ; 

mA  nG 


which  was  to  he  proved. 
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PROPOSITIOlSr  IX.  THEOREM. 

J/"  (WO  quantities  he  increased  or  diminished  hy  like  parts 
of  each^  the  results  will  he  proportional  to  the  quantities 
themselves. 

VYe  have,  Prop.  VII., 


A.  i  JB  I  \  tnA  :  mJ5. 

If  we  make  m  =  1  ±  ^  ,  in  which  ^  is  any  fraction, 
w'e  shall  have, 

A  x  B  :  \  A  ±^A  :  B  ±^B  \ 

q  q  ’ 

which  was  to  he  proved. 


PROPOSITION  X.  THEOREM. 


If  both  terms  of  the  first  couplet  of  a  proportion  he  in¬ 
creased  or  diminished  hy  like  parts  of  each  ;  and  if  both 
terms  of  the  second  couplet  he  increased  or  diminished  hy 
any  other  like  parts  of  each,  the  results  will  he  in  pro¬ 
portion. 

( 

/  ' 

Since  we  have.  Prop.  VIII., 

mA  :  mB  :  :  nC  :  nD ; 


if  we  make  m  —  i"  ± 
have,  "  ’ 

A  ±^A  : 

1  <1 

which  was  to  he  proved. 


and,  n  =  1  .we  shall 


:  0±^,C  :  D±^,B- 

q  q' 


p 
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PROPOSITION  XI.  THEOREM. 

191  any  continued  proportion^  the  sum  of  the  antecedents  is 
to  the  sum  of  the  consequents,  as  any  antecedent  to  Ats 
corresponding  consequeiit. 

»  From  the  definition  of  a  continued  proportion  (D.  3), 


.  A  : 

B  \  \  G  \ 

B  :  :  E 

:  F  :  : ,  G  : 

E,  &c.. 

hence, 

B  B 

A  ~  A’ 

whence, 

BA  =  AB  ; 

11 

whence, 

BC  =  AB  ; 

i?  jf’ 

A  ~  ^  ’ 

whence. 

BE=AF; 

B  //. 
A~  g’’’ 

whence. 

BG  = 

&c.. 

&e. 

Adding 

and  factoring. 

we  have. 

1 

0  E  G  &c.)  =  A  E  F  E  -f*  tfcc.)  r 

* 

hence,  from  Proposition  11., 

A  C  -{ 

•  E-\-G  ^  &G. 

:  B B F-\- E-\- ScQ.  :: 

A  B  \ 

which  was  to  be  proved. 


O 


i 
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PROPOSITION  xn.  THEOREM. 

If  tvjo  proportions  he  multiplied  together^  term  hy  term^  the 

the  products  will  he  proportional. 

1  Assume  the  two  proportions, 

A  \  B  \  x  C  D  \  whence, 

% 

and,  E  F  \  \  G  :  whence. 

Multiplying  the  equations,  member  by  member,  we  have, 

BF  BIT 

~AE  ~  ~GG  ’  •  BH\ 

which  was  to  he  proved. 

Cor.  1.  If  the  corresponding  terms  of  two  proportions 
are  equal,  each  term  of  the  resulting  proportion  will  be  the 
square  of  the  corresponding  term  in  either  of  the  given  pro¬ 
portions  :  hqnce.  If  four  quantities  are  proportional.,  their 
squares  will  he  proportional. 

/ 

Cor.  2.  If  the  princqole  of  the  proposition  be  extended 
to  three  or  more  proportions,  and  the  corresponding  terms 
of  each  be  supposed  equal,  it  will  follow  that,  like  powers 
of  proportional  quantities  are  proportionals. 


A  ~  O'’ 

E  ~  a' 


( 
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S'  H  E  CIE  C  LE,  AND  THE  MEASUEEMENT  OF  ANGLES. 

DEFINITIONS. 

1.  A  CiECLE  is  a  plane  figure, 
bounded  by  a  curved  line,  every  point 
of  whicb  is  equally  distant  from  a  point 
within,  called  the  centre. 

The  bounding  line  is  called  the  c^t*- 

cumference. 

2.  A  Hadius  is  a  straight  line  drawn  from  the  centre 
to  any  point  of  the  circumference. 

3.  A  Diaaietee  is  a  straight  line  drawn  through  the 
centre  and  tex'minating  in  the  circumference. 

All  radii  of  the  same  circle  are  equal.  All  diameters 
are  also  equal,  and  each  is  double  the  radius. 

4.  An  Akc  is  any  part  of  a  circumference. 

5.  A  Chord  is  a  straight  line  joining  the  extremities  of 
an  arc. 

Any  chord  belongs  to  two  arcs:  the  smaller  one  is  meant, 
unless  the  contrary  is  expressed. 

6.  A  Segment  is  a  part  of  a  circle  included  between  an 
arc  and  its  chord. 

7.  A  Sector  is  a  part  of  a  circle  included  within  an 
an  arc  and  the  radii  drawn  to  its  extremities. 
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8.  An  Inscribed  Angle  •  is  an  angle 
whose  vertex  is  in  the  circumference,  and 
whose  sides  are  chords. 


9.  An  Inscribed  Polygon  is  a  poly¬ 
gon  whose  vertices  are  in  the  circuinfer- 
ejice,  and  whose  sides  are  chords. 

10.  A  Secant  is  a  straight  line  which 
cuts  the  circumference  in  two  points. 

11.  A  Tangent  is  a  straight  line 
which  touches  the  circumference  in  one 
point.  This  point  is  called,  the  point  of 
contact^  or,  the  point  of  tangency. 


12.  Two  circles  are  tangent  to 
each  other^  when  they  touch  each 
other  in  one  point.  This  point  is 
called,  the  point  of  contact^  or  the 
point  of  tangcncy. 


13.  A  Polygon  is  circumscribed  about 
a  circle^  when  all  of  its  sides  are  tangent 

'  O 

o  the  circumference. 

I 

14.  A  Circle  is  inscribed  in  a  polygon^ 
when  its  circumference  touches  all  of  the 
sides  of  the  polygon. 


« 


POSTULATE. 

A  circumference  can  he  described  from  any  point  as  a 
ceritre,  and  with  any  radius. 
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PEOPOSITIOW  I.  THEOEEM. 

Any  diameter  divides  the  circle^  and  also  its  ciTcumferenee^ 

into  two  equal  parts. 


Let  AEBF  be  a  circle,  and  AJB 
any  diameter  :  then  will  it  divide  the 
circle  and  its  circumference  into  two 
equal  parts. 

For,  let  AFB  be  applied  to  AEB^ 
the  diameter  AB  remaining  common ; 
then  will  they  coincide;  otherwise  there  would  be,  some  points 
in  either  one  or  the  other  of  the  curves  unequally  distant 
from  the  centre  ;  which  is  impossible  (D.  l)  :  hence,  AB 
divides  the  circle,  and  also  its  circumference,  into  two  equal 
parts  ;  which  was  to  he  proved. 


PEOPosmoisr  ii.  theoeem. 

A  diameter  is  greater  than  any  other  chord. 

Let  AB  be  a  chord,  and  AB  a  diameter  through  one 
extremity,  as  A :  then  will  AB  be  greater  than  AB. 

Draw  the  radius  GB.  In  the  tri¬ 
angle  ACB.^  we  have  AB  less  than 
the  sum  of  AC  and  GB  (B.  L,  P. 

VII.).  But  this  sum  is  equal  to 
AB  (D.  3)  :  hence,  AB  is  greater 
than  AB  ;  which  was  to  he  proved. 
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PEOPOSITIOIS'  ni.  THEOPvEM. 

f 

A  straight  line  cannot  meet  a  circumference  in  more  than 

two  points. 

Let  AEBF  be  a  circumference,  and 
AB  a  straight  line  :  then  AB  cannot 
meet  the  circumference  in  more  than  two 
points. 

For,  suppose  that  they  could  meet  in 
three  points.  We  should  then  have  three 
equal  straight  lines  drawn  from  the  same  point  to  th^  same 
straight  line  ;  which  is  impossible  (B.  I.,  P.  XV.,  C.  2)  : 
hence,  AB  cannot  meet  the  circumference  in  more  than 
two  points  ;  which  was  to  he  proved. 


F 


PROPOSITION  IV.  THEOREM. 

In  equal  circles.,  equal  arcs  are  subtended  by  equal  chords  / 
and  conversely.,  equal  chords  subtend  equal  arcs. 


1°.  In  the  equal  cir¬ 
cles  ABB  and  EGF, 
let  the  arcs  AMD  and 
FUG  be  equal  :  then 
will  the  chords  Al)  and 
FG  be  equal. 

Braw  the  diameters  AB  and  FF.  If  the  semi-circle 
ABB  be  applied  to  the  semi-circle  FGF.,  it  will  coincide 
with  it,  and  the  semi-circumference  ABB  will  coincide  with 
the  semi-circumfereiiGC  FGF.  But  the  part  A  MB  is  equal 
to  the  part  FNG^  by  hypothesis  :  hence,  the  point  B  will 
fall  on  G  ;  therefore,  the  chord  AB  will  coincide  with 
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EG  (A.  11),  and  is,  therefore,  equal  to  it ;  which  was  to 
be  proved. 

2°.  Let  the  chords  AD  and  EG  he  equal :  then  will 
the  arcs  AMD  and  ENG  be  equal. 

Draw  the  radii  CD  and  OG.  The  triangles  A  CD 
and  EOG  have  all  the  sides  of  the  one  equal  to  the  cor- 
responding  sides  of  the  other ;  they  are,  therefore,  equal  in 
all  their  parts:  hence,  the  angle  ACD  is  equal  to  EOG. 
If,  now,  the  sector  ACD  be  placed  upon  the  sector  EOG., 
so  that  the  angle  ACD  shall  coincide  with  the  angle  EOG.^ 
the  sectors  Avill  coincide  throughout  ;  and,  consequently,  the 
arcs  A3ID  and  ENG  will  coincide  :  hence,  they  will  be 
equal  ;  which  was  to  be  proved. 


PROPOSITION  V.  THEOREM. 


In  equal  circles.,  a  greater  arc  is  subtended  by  a  greater 
chord ;  and  conversely.,  a  greater  chord  subtends  a  greater 
arc. 

1°.  In  the  equal  circles  n  H  P 


ADD  and  EGK.,  let  the 
arc  EGP  be  greater  than 
the  arc  AMD  :  then  will 
the  chord  ED  be  greater 


than  the  chord  AD. 

For,  place  the  circle  EGK  upon  AMD.,  so  that  the  cen¬ 
tre  O  shall  fall  upon  the  centre  C,  and  the  point  E  upon 
A  ;  then,  because  the  arc  EGP  is  greater  than  AMD.,  the 


point  P  will  fall  at  some  point  beyond  .Z),  and  the 

chord  EP  will  take  the  position  AH. 

Draw  the  radii  GA.,  CD.,  and  GH.  Kow,  the  sides 
A  Gy  Clly  of  the  triangle  A  GHy  are  equal  to  the  sides 
A  Gy  GDy  of  the  triangle  A  CDy  and  the  angle  A  GH  is 
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greater  than  JL  CD  :  hence,  the  side  AII^  or  its  equal  EP^ 
is  greater  than  the  side  AD  (B.  I.,  P.  IX.)  ;  which  was  to 
he  proved. 


2°.  Let  the  chord  EI\ 
or  its  equal  AE,  be  great¬ 
er  than  AD  :  then  will  the 
arc  EGP.^  or  its  equal 
ADH.^  be  greater  than 
AATD. 

For,  if  ADH  were  equal  to  AAID,  the  chord  AH 

would  be  equal  to  the  chord  AD  (P.  IV.)  ;  which  is  con¬ 
trary  to  the  hypothesis.  And,  if  the  arc  ADH  were  less 

than  A3ID.,  the  chord  AH  would  be  less  than  AD ; 

which  is  also  contrary  to  the  hypothesis.  Then,  since  the 
arc  ADH.,  subtended  by  the  greater  chord,  can  neither  be 
equal  to,^  nor  less  than  AMD,  it  must  be  greater  tlian 

AMD  ;  which  was  to  he  proved. 


PEOPOSITION  VI.  THEOREM. 

The  radius  which  is  perpendicidar  to  a  chord,  bisects  that 
chord,  and  also  the  arc  subtended  hy  it. 

Let  CG  be  the  radius  which  is 
perpendicular  to  the  chord  AB  : 
then  will  this  radius  bisect  the  chord 
AB,  and  also  the  arc  AGB. 

For,  draw  the  radii  GA  and  QB. 

Then,  the  right-angled  triangles  CD  A 
and  CDB  will  have  the  hypothenuse 
CA  equal  to  CB,  and  the  side  CD 
common  ;  the  triangles  are,  therefore, 
parts  :  hence,  AD  is  equal  to  DB. 


G 

equal  in  all  their 
Again,  because  CG 
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is  perpendicular  to  AB^  at  its  middle  point,  the  chords 
GA  and  GB  are  equal  ,(B.  I.,  P.  XVI.)  ;  and  consequently, 
the  arcs  GA  and  GB  are  also  equal  (P.  IV.)  :  hence,  CG 
bisects  the  chord  AB^  and  also  the  arc  AGB  \  which  wa^ 
to  he  proved. 

Cor.  A  straight  line,  perpendicular  to  a  chord,  at  its  mid¬ 
dle  point, -passes  through  the  centre  of  the  circle. 

*  Scholium.  The  centre  (7,  the  middle  point  JD  of  the 
chord  AJ?,  and  the  middle  point  G  of  the  subtended  arc, 
are  points  of  the  radius  perpendicular  to  the  chord.  But 
two  points  determine  the  position  of  a  straight  line  (A.  11) : 
hence,  any  straight  line  which  passes  through  two  of  these 
points,  will  pass  through  the  third,  and  be  perpendicular  to 
the  chord. 


PROPOSITION  VII.  THEOREM. 

Through  any  three  points^  not  in  the  same  straight  line^  one 
circumference  may  he  made  to  pass^  and  hut  one. 

Let  A,  i?,  and  (7,  be  any  three  i^oints,  not  in  a 
straight  line  :  then  may  one  circumference  be  made  to  pass 
through  them,  and  but  one. 

Join  the  points  by  the  lines 
AB^  BC.,  and  bisect  these  lines 
by  perpendiculars  DE  and  FG  : 
then  will  these  perpendiculars 
meet  in  some  point  0.  For, 
if  they  do  not  meet,  they  are 
parallel  ;  and  if  they  are  parallel, 
the  line  ABF^  which  is  perpendicular  to  BF.,  is  also  per¬ 
pendicular  to  FG  (B.  I.,  P.  XX.,  C.  1)  ;  consequently,  there 
are  two  lines  BF  and  BF^  drawn  through  the  same 


K 
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point  ,and  perpendicular  to  the  same  line  KG which 
is  impossible  :  hence,  BE  and  EG  meet  in  some  point  0, 


Now,  0  is  on  a  perpendicu¬ 
lar  to  AB  at  its  middle  point, 
it  is,  therefore,  equally  distant 
from  A  and  B  (B.  L,  P.  XVL). 
For  a  like  reason,  0  is  equally 
distant  from  B  and  0.  If, 


therefore,  a  circumference  be  de¬ 
scribed  from  O  as  a  centre,  with  a  radius  equal  to  OA, 
it  will  pass  through  M,  B^  and  (7. 

Again,  0  is  the  only  point  which  is  equally  distant  from 
A^  B,  and  C  :  for,  BE  contains  all  of  the  points  which 
are  equally  distant  from  A  and  and  EG  all  of  the 

points  which  are  equally  distant  from  B  and  (7  ;  and  con¬ 
sequently,  their  point  of  intersection  0,,  is  the  only  point 
that  is  equaUy  distant  from  M,  B,  and  G  :  hence,  one 
circumference  may  be  made  to  pass  through  these  points,  and 
but  one  ;  which  loas  to  he  proved. 

Cor.  Two  circumferences  cannot  intersect  in  more  than 
two  points  ;  for,  if  they  could  intersect  in  three  points,  there 
would  be  two  circumferences  passing  through  the  same  three 
points  ;  Avhich  is  impossible. 


PROPOSITION  VIIL  THEOREM. 


In  equal  circles^  equal  chords  are  equally  distant  from  the 
centres  /  and  of  two  unequal  chords.,  the  less  is  at  the 
greater  distance  from  the  centre. 

1°.  In  the  equal  circles  AG II  and  KLG^  let  the 
chords  AG  and  KL  be  equal:  then  will  they  be  equally 
distant  from  the  centres. 
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For,  let  the  circle  KLG  be  placed  upon  ACH,  so  that 
the  centre  R  shall  fall  upon  the  centre  O,  and  the  point 
K  upon  the  point  A  : 
then  will  the  chord  KL 


boincide  with  A  O  (P. 
IV.)  ;  and  consequently, 
they  will  be  equally  dis¬ 
tant  from  the  centre  : 


tant  irom  the  centre  j 
which  was  to  he  proved. 


2°.  Let  AB  Le  less  than  KL  :  then  will  it  be  at  a 
greater  distance  from  the  centre. 

For,  place  the  circle  KLQ  upon  ACS,  so  that  R 
shall  fall  upon  0,  and  K  upon  A.  Then,  because  the 
chord  KL  is  greater  than  AB,  tire  arc  SSL  is  greater 
than  AMB-  and  consequently,  the  point  B  will  fall  at  a 

point'  C,  beyond  B,  and  the  chord  KL  will  take  the 
direction  A  C. 

Draw  OR  and  0^,  respectively  perpendicular  to  A  C 
and  AB then  will  OB  be  greater  than  OF-  (A.  8),  and 
OF  than  OR  (B.  I.,  P.  XV.)  :  hence,  OF  is  greater  than 
OR.  But,  OF  and  OR  are  the  distances  of  the  two 
chords  from  the  centre  (B.  L,  P.  XV.,  C.  1)  :  hence,  the  less 

chord  IS  at  the  greater  distance  from  the  centre  ;  which  was 
to  he  proved. 

Scholium.  All  the  propositions  relating  to  chords  and  arcs 
of  equal  circles,  are  also  true  for  chords  and  arcs  of  one  and 
the  same  circle.  For,  any  circle  may  be  regarded  as  made 

up  of  two  equal  circles,  so  placed,  that  they  coincide  in  all 
their  parts. 
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PROPOSITION  IX.  THEOREM. 

If  a  straight  line  is  perpendicular  to  a  radius  at  its  esc- 
tremity^  it  will  he  tangent  to  the  circle  at  that  pomt  / 
conversely^  if  a  straight  line  is  tangent  to  a  circle  at 
any  pointy  it  will  he  perpendicidar  to  the  radius  drawn 
to  that  point. 

1°.  Let  BD  be  perpendicular  to  the  radius  (7^,  at 
A  :  then  ’will  it  be  tangent  to  the  circle  at  A. 

For,  take  any  other  point  of 

as  and  draw  CE  :  B. 

then  will  GE  be  greater  than 
a  A  (B.  L,  P.  XV.)  ;  and  con¬ 
sequently,  the  point  E  will  lie 
without  the  circle  :  hence,  BB 
touches  the  circumference  at  the 
point  A\  it  is,  therefore,  tangent  to  it  at  that  point  (D.  11); 
which  WO.S  to  he  proved. 

2°.  Let  BB  be  tangent  to  the  circle  at  A  :  then  will 
it  be  perpendicular  to  GA. 

For,  let  E  be  any  point  of  the  tangent,  except  the 
point  of  contact,  and  draw  GE.  Then,  because  BB  is  a 
tangent,  E  lies  without  the  circle ;  and  consequently,  GE 
is  greater  than  GA  :  hence,  GA  is  shorter  than  any  other 
line  that  can  be  drawn  from  G  to  BB  ;  it  is,  therefore, 
perpendicular  to  BB  (B.  L,  P.  XV.,  C.  1)  ;  which  was  to 
he  proved. 

Gor.  At  a  given  point  of  a  circumference,  only  one  tan¬ 
gent  can  be  drawn.  For,  if  two  tangents  could  be  drawn, 
they  would  both  be  perpendicular  to  the  same  radius  at  the 
same  point ;  which  is  impossible  (B.  I.,  P.  XIV.). 
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PROPOSITION  X.  THEOREM. 


Tioo  parallels  intercept  egual  arcs  of  a  circumference. 


There  may  be  three  cases  i  both  parallels  may  be  secants  \ 
one  may  be  a  secant  and  the  other  a  tangent ;  or,  both 
may  be  tangents. 


1°.  Let  the 
will  the  intercepted 

For,  draw  the  radius  CH 
perpendicular  to  the  chord 
MP  ;  it  will  also  be  per¬ 
pendicular  to  PfQ  (B.  L,  P. 
XX.,  C.  1),  and  II  will  be  at 
the  middle  point  of  the  arc 
MIIP,  and  also  of  the  arc 
NIIQ  :  hence,  J/iV,  which  is 
thc^  difference  of  HU  and  II3f 


and  PJE  be  parallel  :  then 


H 


and  IIP 


is  equal  to  PQ,  which  is  the  difference  of  II Q 
(A.  3)  ;  which  teas  to  he  proved,  ' 


secants  AP 

ai-cs  3IN  and  PQ  be  equal. 


2°.  Let  the  secant  AB  and  tangent  BE,,  be  parallel : 
then  will  the  intercepted  arcs  3III  and  PII  be  equal. 


For,  draw  the  radius  CII 
to  the  point  of  contact  H ; 
it  will  be  perpendicular  to  BE 
(P.  IX.),  and  also  to  its  par¬ 
allel  IIP,  But,  because  CH 
'  is  perpendicular  to  JLLP ,  H 

is  the  middle  point  of  the  arc 
IIHP  ( P.  VI.)  :  hence.  Mil 
and  PH  are  equal ;  which 
was  to  he  proved. 
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3°.  Let  the  tangents  DE  and  IL  be  parallel,  and  let 
H  and  K  be  their  points  of  contact :  then  will  the  in¬ 
tercepted  arcs  HMK  and  HPK  be  equal. 

For,  draw  the  secant  AE 
parallel  to  DE  ;  then,  from 
what  has  just  been  shown,  we 
shall  have  EM  equal  to 
and  MK  equal  to  PK\  hence, 

JIMK^  which  is  the  siim  of 
IIM  and  MK^  is  equal  to 
IIPK^  which  is  the  sum  of 
HP  and  PK ;  which  was  to 
he  proved. 


PEOPOSITION  XI.  THEOREM. 

If  two  circumferences  intersect  each  other.^  the  points  of  in- 
ter  section  will  he  in  a  perpendicular  to  the  line  joining 
their  centres.^  and  at  equal  distayices  from  it. 


Let  the  circumferences,  whose  centres  are  <7  and 
intersect  at  the  points  A  and 
B :  then  will  CD  be  perpen¬ 
dicular  to  and  AF  will 

be  equal  to  BE. 

For,  the  points  A  and 
being  on  the  circumference 
Avhose  centre  is  (7,  are  equally 
distant  from  (7  ;  and  being  on 
the  circumference  whose  centre  is  7>,  they  are  equally  dis¬ 
tant  from  I)  :  hence,  CD  is 

middle,  point  (B.  I.,  P.  XVL,  C.)  ;  which  was  to  he  proved. 
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If  two  circumferences  intersect  each  oilier^  the  distance  be¬ 
tween  their  centres  will  he  less  than  the  sum^  ayid  greater 
than  the  difference,  of  their  radii. 

Let  the  circumferences,  whose  centres  are  G  and  D, 

*  _ 

intersect  at  A.  :  then  will  CD 

he  less  than  the  sum,  and 

greater  than  the  difference  of 

the  radii  of  the  two  circles. 

For,  draw  A  G  and  AD, 

forming  the  triangle  A  GD. 

Then  w'ill  GD  be  less  than 

the  sum  of  AG  and  AD, 

and  greater  than  their  difference  (B. 

to  he  'proved.  ^ 


PROPOSITION  XIII.  THEOREM. 

If  the  distance  between  the  centres  of  two  circles  is  egual 
to  the  sum  of  their  radii,  they  will  he  tangent  externally. 

Let  G  and  D  be  the  centres  of  two  circles,  and  let 
the  distance  between  the  centres  be  equal  to  the  sum  of  the 
radii  :  then  will  the  circles  be  tangent  externally. 

For,  they  will  have  a  point 
A,  on  the  line  CD,  common, 
and  they  will  have  no  other 
point  in  common  ;  for,  if  they 
had  two  points  in  common,  the 
distance  between  their  centres 
would  be  less  than  the  sum  of 

their  radii ;  which  is  contrary  to  the  hypothesis  :  hence, 
are  tangent  externally  ;  lohich  was  to  he  proved. 


I.,  P.  Vn.)  ;  which  was 
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PROPOSITION  XIV.  THEOREM. 

If  the  distance  between  the  centres  of  two  circles  is  equal  to 
the  difference  of  their  radii^  one  will  be  tangent  to  the 
other  inter7ially. 

Let  G  and  D  be  the  centres  of  two  circles,  and  let 

♦  * 

the  distance  between  these  centres  be^  equal  to  the  difference 

/ 

of  the  radii  :  then  will  the  one  be  tangent  to  the  other  in¬ 
ternally. 

For,  they  will  have  a  point  on 
DC^  common,  and  they  will  have  no 
other  point  in  common.  For,  if  they 
had  two  points  in  common,  the  distanc'e 
between  their  centres  would  be  treater 

o  . 

than  the  difference  of  their  radii  ; 

/ 

which  is  contrary  to  the  hypothesis  : 
hence,  one  touches  the  other  internally  ;  which  was  to  be 
proved. 

Cor.  1.  If  two  circles  are  tangent,  either  externally  or 
internally,  the  point  of  contact  will  be  on  the  straight  line 
drawn  through  their  centres. 

Cor.  2.  All  circles  whose  centres  are  on  the  same  straight 
line,  and  which  pass  through  a  common  point  of  that  line, 
are  tangent  to  each  other  at  that  point.  And  if  a  sti'aight 
line  be  drawn  tangent  to  one  of  the  circles  at  their  common 
point,  it  will  be  tangent  to  them  all  at  that  point. 

Scholium.  From  the  preceding  propositions,  we  infer’^that 
two  circles  may  have  any  one  of  six  positions  with  respect 
to  each  other,  depending  upon  the  distance  between  their 
centres  :  ^ 

1°.  When  the  distance  between  their  centres  is  greater 
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than  the  sum  of  their  radii,  they  are  external^  one  to  the 
other: 

2°.  When  this  distance  is  equal  to  the  sum  of  the  radii, 
they  are  tange^it^  externally: 

3°.  When  this  distance  is  less  than  the  sum,  and  greater 
than  the  difference  of  the  radii,  they  intersect  each  other : 

4°.  When  this  distance  is  equal  to  the  difference  of  their 
radii,  one  is  tangent  to  the  other ^  internally: 

5°.  When  this  distance  is  less  than  the  difference  of  the 
radii,  one  is  wholly  within  the  other  : 

6°.  When  this  distance  is  equal  to  zero,  tltey  have  a 
common  centre;  or,  they  are  concentric. 


PKOPOSITION  XV.  THEOKEM. 

In  equal  circles,  radii  makmg  equal  angles  at  the  centre, 
intercept  equal  arcs  of  the  circumference  ;  concersely, 
radii  lohich  intercept  equal  arcs,  make  equal  angles  at  the 
centre. 

1°.  In  the  equal  circles  ABB  and  EGF,  let  the  an- 
gles  ACB  and  EOG  he  equal:  then  will  the  arcs  AIIB 

and  ENG  he  equal. 

For,  draw  the  chords  AB 
and  EG  ;  then  will  the  tri¬ 
angles  ACB  and  EOG  have 
two  sides  and  their  included 
angle,  in  the  one,  equal  to 
two  sides  and  their  included 
angle,  in  the  other,  each  to  each.  They  are,  therefore,  equal 

in  all  their  parts  ;  consequently,  AB  is  equal  to  EG. 
But,  if  the  chords  AB  and  EG  are  equal,  the  arcs  AMB 
and  ENG  are  also  equal  (P.  IV.)  ;  which  %oas  to  he  proved. 
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2°.  Let  the  arcs  AMD  and  ENG  he  equal :  then  will 

the  angles  A  CD  and  EOG  be  equal. 

For,  if  the  arcs  AMD 

and  ENG  are  equal,  the 

chords  AD  and  EG  are 

equal  (P.  IV.)  ;  consequently, 

the  triangles  ■  M  6Y>  and  EOG 

have  their  sides  equal,  each 

to  each  ;  they  are,  therefore, 

\ 

equal  in  all  their  parts  :  hence,  the  angle  A  CD  is  equal 
to  the  angle  EOG  ;  which  was  to  he  proved. 


PKOPOSITION  XVI.  THEOREM. 

A 

V 

In  equal  circles.^  commensurahle  angles  at  the  ce^itre  are  pro- 
portional  to  their  intercepted  arcs. 

In  the  equal  circles,  whose  centres  are  C  and  0,  let 
.  the  angles  A  CD  and  DOE  be  commensurable  ;  that  is, 
let  them  have  a  common  unit  :  then  will  they  be  propor¬ 
tional  to  the  intercepted  arcs  AD  and  DE. 


C  O 


Let  the  angle  M  be  a  common  unit  ;  and  suppose,  for 
example,  that  this  unit  is  contained  7  times  in  the  angle  j 

A  CD.,  and  4  times  in  the  angle  D  OE.  Then,  suppose 

A  CD  be  divided  into  7  angles,  by  the  radii  Gm,  Cp^ 

&c.  ;  and  DOE  into  4  angles,  by  the  radii  Ox.^  Og^  and 
Os,  each  equal  to  the  unit  M. 

] 

} 
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From  the  last  proposition,  the  arcs  Am^  mn^  &c.,  Dx^ 
scy,  &c.,  are  equal  to  each  other  ;  and  because  there  are  7 
of  these  arcs  in  and  4  in  DE^  we  shall  have, 

arc  AB  :  arc  EE  :  :  7:4. 

But,  by  hypothesis,  we  have, 

angle  A  GB  :  angle  E  OE  :  ;  7  :  4 ; 

hence,  from  (B.  IL,  P.  IV.),  we  have, 

angle  AGB  :  angle  EOE  :  :  arc  AB  :  arc  EE. 

If  any  other  numbers  than  7  and  4  had  been  used,  the 
same  proportion  would  have  been  found ;  which  was  to  be 
proved. 

Cor.  If  the  intercepted  arcs  are  commensurable,  they  will 
be  proportional  to  the  corresponding  angles  at  the  centre, 
as  may  be  shown  by  changing  the  order  of  the  cotplets  in 
the  above  proportion. 

PKOPOSITION  XVII.  THEOEEM. 

In  equal  circles.,  incommensurable  angles  are  proportional  to 

their  intercepted  arcs. 

In  the  equal  circles,  whose 
centres  are  G  and  0,  let 
AGB  and  FOII  be  incom¬ 
mensurable  :  theh  will  they 
be  proportional  to  the  arcs 
AB  and  FII. 

For,  let  the  less  angle  FOE.,  be  placed  upon  the  greater 
angle  A  GB.,  so  that  it  shall  take  the  position  A  GE. 


/ 
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Then,  if  the  proposition  is  not 
true,  let  us  suppose  that  the 
angle  A  CB  is  to  the  angle 
FOII^  or  its  equal  A 
as  the  arc  AB  is  to  an  arc 
AO^  greater  than  FH^  or 
its  equal  AD  ;  whence, 

angle  A  GB  :  angle  A  CD  :  :  arc  AB  :  arc  A  0, 

Conceive  the  arc  AB  to  be  divided  into  equal  parts, 
each  less  than  DO  :  there  will  be  at  least  one  point  of 
division  between  D  and  0  ;  let  Y  be  that  point  ;  and 
draw  CL  Then  the  arcs  AB^  AI^  will  be  commensurjir- 
ble,  and  we  shall  have  (P.  XYL), 

angle  A  GB  :  angle  A  GI  :  :  arc  AB  :  arc  AI. 

Comparing  the  two  proportions,  we  see  that  the  antecedents 
are  thc^  same  in  both  :  hence,  the  consequents  are  propor¬ 
tional  (B.  IL,  P.  lY.,  C.)  ;  hence, 

N 

angle  A  CD  :  angle  A  GI  :  :  arc  A  0  .  arc  AI. 

But,  AO  is  greater  than  AI  :  hence,  if  this  proportion  is 
true,  the  angle  A  CD  must  be  greater  than  the  angle  A  Cl. 
On  the  contrary,  it  is  less  :  hence,  tlie  fourth  term  of  the 
proportion  cannot  be  greater  than  AD.  . 

In  a  similar  manner,  it  may  be  shown  that  the  fourth 
terra  cannot  be  less  than  AD  :  hence,  it  must  be  equal  to 
AD  ;  therefore,  we  have, 

angle  AGB  :  angle  A  CD  :  :  arc  AB  :  arc  AD  ; 
which  was  to  be  proved. 

Cor.  1.  The  intercepted  arcs  are  proportional  to  the  cor- 
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responding  angles  at  the  centre,  as  may  be  shown  by  chang¬ 
ing  the  order  of  the  couplets  in  the  preceding  proportion. 

Cor.  2.  In  equal  circles,  angles  at  the  centre  are  pro¬ 
portional  to  their  intercepted  arcs  ;  and  the  reverse,  whether 
tliey  are  commensurable  or  incommensurable. 

Cor  3.  In  equal  circles,  sectors  are  proportional  to  their 
angles,  and  also  to  their  arcs. 

Scholiu77i.  Since  the  intercepted  arcs  are  proportional  to 
the  corresponding  angles  at  the  centre,  the  arcs  may  be 
taken  as  the  measures  of  the  angles.  That  is,  if  a  circum- 
fei'ence  be  described  from  the  vertex  of  any  angle,  as  a  cen¬ 
tre,  and  with  a  fixed  radius,  the  arc  intercepted  between  the 
sides  of  the  angle  may  be  taken  as  the  measure  of  tlie 
angle.  In  Geometry,  the  right  angle  which  is  measured  by 
a  quarter  of  a  circumference,  or  a  quadrant^  is  taken  as  a 
imit.  If,  therefore,  any  angle  be  measured  by  one-half  or 
two-thirds  of  a  quadrant,  it  will  be  equal  to  one-half  or 
two-thirds  of  a  right  angle. 

PROPOSITION  xvm.  THEOREM. 

An  inscribed  angle  is  measured  hy  half  of  the  arc  included 

hetweeyi  its  sides. 

There  may  be  three  cases  :  the  centre  of  the  circle  may 
lie  on  one  of  the  sides  of  the  angle  ;  it 
may  lie  within  the  angle  ;  or,  it  may 
lie  without  the  angle. 

1°.  Let  JEAD  be  an  inscribed  an¬ 
gle,  one  of  whose  sides  AJE  passes 
through  the  centre  :  then  will  it  be 
measured  by  half  of  the  arc  DIE. 
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For,  draw  the  radius  CB.  The  external  angle  BGJE^ 
of  the  triangle  BCA^  is  equal  to  the  sum  of  the  opposite 
interior  angles  CAB  and  CBA  (B.  I.,  P.  XXV.,  C.  6). 

But,  the  triangle  BGA  being  isosceles,  , 
the  angles  B  and  A  are  equal  ; 
therefore,  the  angle  BGJE  is  double 
the  angle  BABJ.  Because  BCE  is 
at  the  centre,  it  is  measured  by  the 
arc  BE  (P.  XVIL,  S.)  :  hence,  the, 
angle  BAE  is  measured  by  half  of 
the  arc  BE  ;  which  was  to  be  j^'^'oved. 

2°.  Let  BAB  be  an  inscribed  angle,  and  let  the  centre 
lie  within  it  :  then  will  the  angle  be  measured  by  half  of 
the  arc  BEB. 

For,  draw  the  diameter  AE.  Then,  from  what  has  just 
been  proved,  the  angle  BAE  is  measured  by  half  of  BE^ 
and  the  angle  EAB  by  half  of  EB  :  hence,  BAB^  which 
is  the  sum  of  EAB  and  BAE^  is  measured  by  half  of 
the  sum  of  BE  and  EB,  or  by  half  of  BEB  ;  which 
ma^  to  be  proved. 

3°.  Let  BAB  be  an  inscribed  angle,  and  let  the  centre 
lie  without  it  :  then  will  it  be  measured  by  half  of  the  arc 
arc  BB. 

For,  draw  the  diameter  AE.  Then, 
from  what  precedes,  the  angle  BAE 
is  measured  by  half  of  BE,  and  the 
angle  BAE  by  half  of  BE  :  hence, 

BAB,  which  is  the  difference  of  BAE 
and  BAE,  is  measured  by  half  of  the 
difference  of  BE  and  BE,  or  by 
half  of  the  arc  BB  ;  which  ioa.s  to  be  proved. 


A 
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Cor.  1.  All  the  angles  BAG., 
BBC.,  BMC.,  inscribed  in  the  same 
segment,  are  equal  ;  because  they  are 
each  measured  by  half  of  the  same 
arc  B  0  G. 


Gor.  2.  Any  angle  BAB.,  in¬ 

scribed  in  a  semi-circle,  is  a  right  an¬ 
gle  ;  because  it  is  measured  by  half 
the  semi-circumference  BOB^  or  by 
a  quadrant  (P.  XVII.,  S.). 

Cor.  3.  Any  angle  BAG.,  in- 

'  scribed  in  a  segment  greater  than  a 
semi-circle,  is  acute  ;  for  it  is  mea¬ 
sured  by  half  the  arc  BOG.,  less 

than  a  semi-circumference. 

Any  angle  BOG.,  inscribed  in  a 
segment  less  than  a  semi-circle,  is 

obtuse  ;  for  it  is  measured  by  half  the 
than  a  semi-circumference. 


arc  BAG.,  gi’eater 


Gor.  4.  The  opposite  angles  A 
and  (7,  of  an  inscribed  quadrilateral 
AB  GO.,  are  together  equal  to  two 
right  angles  ;  for  the  angle  BAB 
is  measured  By  half  the  arc  BGB., 
the  angle  BGB  by  half  the  arc 
BAB  :  hence,  the  two  angles,  taken  together,  are  mea¬ 
sured  by  half  the  circumference  :  hence,  their  sum  is  equjil 
to  two  right  angles. 

\ 
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PKOPOSITIO]^  XIX.  THEOEEM. 

/ 

A7iy  angle  formed  hy  two  chords^  which  intersect^  is  mea^ 
sured  hy  half  the  sum  of  the  included  arcs. 

Let  DJE1>  be  an  angle  formed  by  the  intersection  of 
the  chords  AB  and  CB  :  then  will  it  be  measured  by 
half  the  sum  of  the  arcs  A  G  and  DB. 

For,  draw  AF  parallel  to  DC : 
then,  the  arc  BF  will  be  equal  to 
AG  (P.  X.),  and  the  angle  FAB 
equal  to  the  angle  BEB  (B.  I.,  P. 

XX.,  C.  3).  But  the  angle  FAB  is 
measured  by  half  the  arc  FBB  (P. 

XVIII.) ;  therefore,  BEB  is  measured 
by  half  of  FBB  ;  that  is,  by  half  the  sum  of  FB  and 
BB.^  or  by  half  the  sum  of  A  G  and  BB ;  which  was  to 
he  proved. 


PROPOSITION  XX.  THEOREM. 

The  angle  formed  hy  two  secants.,  is  measured  hy  half  the 

difference  of  the  included  arcs. 

Let  AB,  AG,  be  two  secants  :  then  will  the  angle 
BA  G  be  measured  by  half  the  dilFer- 
ence  of  the  arcs  BG  and  BF. 

Di  •aw  BE  parallel  to  A  G  :  the 
arc  EG  will  be  equal  to  BF  (P.  X.), 
and  the  angle  BBE  equal  to  the  an¬ 
gle  BAG  (B.  L,  P.  XX.,  C.  3.).  But 
BBE  is  measured  by  half  the  arc 
BE  (P.  XVIII.)  :  hence,  BAG  is 
also  measured  by  half  the  arc  BE  ; 
that  is,  by  half  the  difference  of  BG 
and  EG,  or  by  half  the  difference  of  BG  and  BF’,  which 
was  to  he  proved. 
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PEOPOSITION  XXI.  THEOEEM. 


f 


D 


A.n  angle  formed  by  a  tangent  and  a  chord  meeting  it  at 
the  point  of  contact^  is  measured  by  half  the  included 
arc. 

Let  SE  be  tangent  to  the  circle  AMC^  and  let  AO 
be  a  chord  drawn  from  the  point  of  contact  A  :  then 

svill  the  angle  BA  C  be  measured 
by  half  of  the  arc  AMC. 

For,  draw  the  diameter  AD. 

The  angle  BAD  is  a  right  angle 
(P.  IX.),  and  is  measured  by  half 
the  semi-circumference  AMD  (P. 

XVII.,  S.)  ;  the  angle  DAG'  is 
measured  by_  half  of  the  arc  DC 
(P.  XVIII.)  :  hence,  the  angle  BAG, 

which  is  equal  to  the  sum  of  the  angles  BAD  and  DAG^ 
is  measured  by  half  the  sum  of  the  arcs  AMD '  and  D  (7, 
or  by  half  of  the  arc  AMG  ;  lohich  was  to  be  proved. 


The  angle  GAE^  which  is  the  difference  of  DAE  and  DAGy 
is  measured  by  half  the  difference  of  the  arcs  DC  A  and  DGy 
or  by  half  the  arc  GA. 


/ 
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PEACTICAL  APPLICATIONS. 


PEOBLEM  I. 


To  bisect  a  given  straight  line. 


Let  AJ3  be  a  given  straight  line. 

From  A  and  as  centres,  with 

a  radius  greater  than  one  half  of  AB^ 

t 

describe  arcs  intersecting;  at  JE  -and 
F :  join  E  and  by  the  straight 

line  EF.  Then  will  EF  bisect  the 
given  line  AB.  For,  E  and  F 
are  each  equally  distant  from  A  and 
B  ;  and  consequently,  the  line  EF 
bisects  AB  (B.  I.,  P.  XVL,  C.). 


NX 


A 


XV 


E 


— 1_ 


C  3 
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PEOBLEM  II. 

To  erect  a  perpendicular  to  a  given  straight  line^  at  a  given. 

point  of  that  line. 


Let  EF  be  a  given  line,  and  let  A  be  a  given  point  ou 


that  line. 

From  xl,  lay  off  the  equal 
distances  AB  and  ^(7;  from 
B  and  (7,  as  centres,  with  a 
radius  greater  than  one  half 


E 


A 


4— 
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of  Z>  O,  describe  axes  intersecting  at  I)  \  draw  the  line  AD'. 
tlien  will  AD  be  the  perpendicular  required.  Foi’,  D  and  A 
are  each  equally  distant  from  D  and  C ;  consequently,  DA  is 
perpendicular  to  J5(7  (B.  L,  P.  XVI.,  C.). 

» 

PEOBLEM  III.  1 

To  draio  a  'perpendicular  to  a  given  straight  line^  from  a 

given  point  loithout  that  line. 

Let  DD  be  the  given  line,  and  A  the  given  point. 
From  A^  as  a  centre,  with  a  ra¬ 
dius  sufficiently  great,  describe  an  arc 
cutting  DD  in  two  points,  D  and 
D  ;  with  D  and  D  as  centres,  and 
a  radius'  greater  than  one-half  of  _Z?Z>, 
describe  arcs  intersecting  at  draw 

AE  :  then  will  AE  be  the  perpendi¬ 
cular  required.  For,  A  and  E  are  each  equally  distant 
from  D  and  D  :  hence,  AE  is  perpendicular  to  DD 
(B.  I.,  P.  XVI.,  C.). 

PEOBLEM  IV. 

At  a  point  on  a  given  line^  to  construct  an  angle  equal  to 

a  given  angle. 

Let  A  be  the  given  point,  AD  the  given  line,  and 
IKD  the  given  angle. 

From  the  vertex  JV  as  a 
centre,  with  any  radius  Kf 
describe  the  arc  ID.,  terminat¬ 
ing  in  the  sides  of  the  angle. 

From  ^  as  a  centre,  with  a  radius  equal  to  KI., 


A 

I 

I 

I 

I 
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describe  the  indefinite  arc  BO 
to  tbe  chord  XT',  from  B 
cutting  the  arc  X  0  '  in  T>  ; 
draw  AD  :  then  will  BAD 
be  equal  to  the  angle  K. 

For,  the  arcs  XX,  TX, 
have  equal  radii  and  equal 


;  then,  with  a  radius  equal 
as  a  centre,  describe  an  arc 


chords  :  hence,  they  are  equal  (P.  IV.)  ;  therefore,  the  angles 
BAD^  IKL^  measured  by  them,  are  also  equal  (P.  XV.), 


PEOBLEM  V. 

To  bisect  a  given  arc^  or  a  given  angle. 

1°.  Let  ABB  be  a  given  arc,  and  G  its  centre. 

Draw  the  chord  AB  ;  through  (7, 
draw  CD  perpendicular  to  AB  (Prob. 

III.)  :  then  will  CD  bisect  the  arc 
^XX  (P.  VI.). 

2°.  Let  AGB  be  a  given  angle. 

With  C  as  a  ^centre,  and  any 
radius  OX,  describe  the  arc  BA  ; 
bisect  it  by  the  line  OX,  as  just 
explained  :  then  will  CD  bisect  the  angle  A  GB. 

For,  the  arcs  AE  and  XX  are  equal,  from  what  was 
just  shown ;  consequently,  the  angles  A  GJ^  and  EGB  are 
also  equal  (P.  XV.). 

Scholium.  If  each  half  of  an  arc  or  angle  be  bisected, 
the  original  arc  or  angle  will  be  divided  into  four  equal 
parts ;  and  if  each  of  these  be  bisected,  the  original  arc  or 
angle  will  be  divided  into  eight  equal  parts  ;  and  so  on. 


C 
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PROBLEM  VI. 

Through  a  given  pointy  to  draw  a  line  parallel  to  a  given 

line. 

Let  ^  be  a  given  point,  and  BO  a  -given  line. 

From  the  point  ^  as  a  centre, 
with  a  radius  AJE.^  greater  than  the 
shortest  distance  from  A.  to  B  Gy 
describe  an  indefinite  arc  EO  ;  from 
^  as  a  centre,  with  the  same  ra¬ 
dius,  describe  the  arc  AF ;  lay  off 

ED  equal  to  AFy  and  draw  AD :  then  will  AD  be  the 
parallel  required. 

For,  drawing  AE^  the  angles  AEFy  EADy  are  equal 
(P.  XV.)  ;  therefore,  the  lines  ‘  ADy  EE  are  parallel  (B.  I., 
P.  XIX.,  C.  1.). 


PROBLEM  VII. 

Giveuy  two  angles  of  a  trianglcy  to  construct  the  third 

.  angle. 

Let  A  and  B  be  given  angles  of  a  triangle. 

Draw  a  line  DFy  and  at  some 
point  of  it,  as  Ey  construct  the  an¬ 
gle  FEII  equal  to  Ay  and  IIEG 
equal  to  B.  Then,  will  GED  be  ^ 
equal  to  the  required  angle. 

For,  the  sum  of  the  three  angles  at  E  is  equal  to  two 
right  angles  (B.  I.,  P.  I.,  C.  3),  as  is  also  the  sum  of  the 
three  angles  of  a  triangle  (B.  L,  P.  XXV.).  Conse(|uently, 
the  third  angle  GED  must  be  equal  to  the  third  angle  of 
the  triangle. 
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PROBLEM  Vin. 

Criven,  two  sides  and  the  included  angle  of  a  triangle^  to 

construct  the  triangle. 

Let  B  and  G  denote  the  given  sides,  and  A  the  given 
angle. 

Draw  the  indefinite  line  BF., 
and  at  I)  construct  an  angle 
FDF,  equal  to  the  angle  A  ;  on 
Z>F.f  lay  ofiT  JDH  equal  to  the 
side  C',  and  on  lay  ofiT 

BG  equal  to  the  side  B ;  draw 
GE ;  then  will  BGII  be  the  required  triangle  (B.  L,  P.  V.). 


PROBLEM  IX. 

Given^  one  side  and  two  angles  of  a  triangle.^  to  construct 

the  triangle. 

The  two  angles  may  be  either  both  adjacent  to  the  given 
side,  or  one  may  be  adjacent  and  the  other  opposite  to  it. 
In  the  latter  case,  construct  the  third  angle  by  Problem  VIL 
We  shall  then  have  two  angles  and  their  included  side. 
Draw  a  straight  line,  and  on  it 
^  lay  ofiT  BE  equal  to  the  given 
side  ;  at  B  construct  an  angle 
equal  to  one  of  the  adjacent  an¬ 
gles,  and  at  E  construct  an  angle 
equal  to  the  other  adjacent  angle  ; 
produce  the  sides  BE  and  EG  till  they  intersect  at  H : 
then  will  BEH  be  the  triangle  required  (B.  I.,  P.  VI.). 
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PROBLEM  X. 

Givm^  the  three  sides  of  a  triangU^  to  construct  the  tri~ 

angle.  i 

Let  -4,  J?,  and  <7,  be  the  given  sides. 

1 

Draw  DE.,  -  and  make  it  equal 
to  the  side  A  ;  from  D  as  a 
centre,  with  a  radius  equal  to  the 
side  describe  an  arc  ;  from  E 
as  a  centre,  with  a  radius  equal 
to  the  side  (7,  describe  an  arc 
intersectino;  the  former  at  E :  draw  BE  j\nd  EE :  then 
will  BEE  be  the  triangle  required  (B.  J.,  P.  X.). 

t 

Scholium.  In  order  that  the  construction  may  be  possible, 
any  one  of  the  given  sides  must  be  less  than  the  sum  of  the 
other  two,'  and  greater  than  their  difference  (B.  T.,  P.  VII.,  S.). 


Af- 

B^- 


PROBLEM  XI. 


c 


the  given 


Bf- 


GiveJi.,  tioo  sides  of  a  triangle.^  and  the  angle  opposite  one 
*  of  them.,  to  construct  the  tnaoigle. 

Let  A  and  1)  be  the  given  sides,  and 
angle. 

Draw  an  indelinite  line  BG^  _ 

and  rit  some  point  of  it,  as  i7, 
construct  an  angle  GBE  equal 
to  the  given  angle  ;  on  one  side 
of  this  angle  lay  off  the  distance 
BE  equal  to  the  side  B  adjacent 
to  the  given  angle  ;  from  E  as 

a  centre,  with  a  radius  equal  to  the  side  opposite  the  given 
angle,  describe  an  arc  cutting  the  side  BG  at  G  \  draw 
EG.  Then  wilt  BEG  be  the  required .  triangle. 
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.  For,  the  sides  DE  and  EG  are  equal  to  the  given 
sides,  and  the  angle  opposite  one  of  them,  is  equal  to 

the  given  angle.  ^ 

Scholmm,  When  the  side  opposite  tlie  given  angle  is 
greater  than  the  other  given  side,  there  will  be  but  one 
solution.  When  the  given  angle  is  acute,  and  the  side 
opposite  the  given  angle  is  less 
than  the  other  given  side,  and 
greater  than  the  shortest  dis¬ 
tance  from  ^  to  EG^  there 
will  be  two  solutions,  DEG 
and  DEE.  When  the  side 
op23osite  the  given  angle  is 


equal  to  the  shortest  distance  from  E  Xo  DG^  the  arc 
will  be  tangent  to  DG^  the  angle  opposite  DE  will  be 
a  right  angle,  and  there  will  be  but  one  solution.  When 
the  side  023posite  the  given  angle  is  shorter  than  the  distance 
from  E  to  DG^  there  will  be  no  solution. 


PROBLEM  XII. 


Given^  two  adjacent  sides  of  a  parallelogram  and  their 

included  angle^  to  construct  the  parallelogram, 

/ 


Let  A  and  B  be  the  given  sides,  and  C  the  given 


angle. 

Draw  the  line  DH,,  and 
at  some  point  as  construct 
the  angle  HDF  equal  to  the 
angle  C.  Lay  off  DE  equal 
to  the  side  M,  and  DE  equal 
to  the  side  B  ;  draw  EG 
parallel  to  DE^  and  EG  par¬ 


allel  to  DF :  then  will  DFGE  be  the  parallelogram  re¬ 
quired. 


BOOK  III. 


89 


For,  the  opposite  sides  are  parallel  by  construction  ;  and 
consequently,  the  figure  is  a  parallelogram  (D.  28)  ;  it  is 
also  formed  with  the  given  sides  and  given  angle. 

PEOBLEM  Xlir. 

1.0  find  the  ceiitre  of  a  given  circumference. 

Take  any  three  points 
-S,  and  (7,  on  the  circumference 
or  arc,  and  join  them  by  the 
chords  AB,  BC',  bisect  these 
|(  chords  by  the  perpendiculars  JDE 
and  FG  :  then  will  their  point 
of  intersection  (7,  be  the  centre 
required  (P.  VIL). 

Scholium.  The  same  construc¬ 
tion  enables  us  to  pass  a  circumference  through  any  three 
points  not  in  a  straight  line.  If  the  points  are  vertices  of 
a  triangle,  the  circle  will  be  circumscribed  about  it. 

PEOBLEM  XIV. 

Through  a  given  pointy  to  draw  u  tangent  to  cl  given  circle. 

There  may  be  two  cases  \  the  given  point  may  lie  on 
the  cii.cumference  of  the  given  circle,  or  it  mav  lie  without 
the  given  circle. 

*  1°.  Let  G  be  the  centre  of  the 
given  circle,  and  A  a  point  on  the 
circumference,  through  which  the  tan¬ 
gent  is  to  be  drawn. 

Draw  the  radius  674,  and  at  A 
draw  AB  perpendicular  to  AG  \  then 
will  AB  be  the  tangent  required  (P.  IX.). 
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•  PROBLEM  XV. 

To  inscribe  a  circle  in  a  given  triangle. 


2°.  Let  G  be  the  centre  of  the  given  circle,  and  A  a 
point  without  the  circle,  through  which  the  tangent  is  to  bo 
drauTi. 

Draw  the  line  A  C ;  bisect  it  at 
0,  and  from  (9  as  a  centre,  with  a 
radius  0(7,  describe  the  circumference 
ABCD\  join  the  point  A  with  the 
points  of  intersection  I)  and  B  : 
then  will  both  AJ)  and  AB  be 
tangent,  to  the  given  circle,  and  there 
will  be  two  solutions. 

For,  the  angles  AB  G  and  AB  G . 
are  right  angles  (P.  XYlII.,  C.  2)*: 

hence,  each  of  the  lines  AB  and  AD  is  perpendicular  to 
a  radius  at  its  extremity  ;  and  consequently,  they  are  tangent  i 

to  the  given  circle  (P.  IX.).  i  ^ 

Gorollary.  The  right-angled  triangles  ABG  and  ABG<^ 
have  a  common  liypothenuse  ^(7,  and  the  side  BG  equal 
to  DG\  and  consequently,  they  are  equal  in  all  their  parts 
(B.  I.,  P.  XVII.)  :  hence,  AB  is  equal  to  AD,  and 
the  angle  GAB  is  equal  to  the  angle  GAD.  The  tan¬ 
gents  are  therefore  equal,  and  the  line  A  G  bisects  the 
angle  between  them. 


Let  ABG  be  the  given 
triangle. 

Bisect  the  angles  A  and 
B,  by  the  lines  AO  and 
BO,  meeting  in  the  point  0 
'  (Prob.  V.)  ;  from  the  point  0 


B 


i 


\ 
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let  fall  the  perpendiculars  OB,  OE,  OF,  on  the  sides  of  . 
the  triangle  :  these  perijendiciilars  will  all  be  equal. 

For,  in  the  triangles  BOB  and  BOE,  the  angles  OBE 
'and  OBB  -  are  equal,  by  construction  ;  tlie  angles  OBB 
and  OEB  are  equal,  because  both  are  right  angles  ;  and 
consequently,  the  angles  BOB  and  BOE  arc  also  equal 
(1>.  L,  P.  XXV.,  C.  2),  and  the  side  OB  is  common  ;  and 
theiefoie,  the  triangles  are  equal  in  all  their  parts  (B.  I., 

^ •  hence,  OB  is  equal  to  OE.  In  like  manner,  it 
may  be  shown  that  OB  is  equal  to  OF, 

From  0  as  a  centre,  with  a  radius  OB,  describe  a 
circle,  and  it  will  be  the  circle  required.  For,  each  side  is 

peiq^endicular  to  a  radius  at  its  extremity,  and  is  therefore 
tangdnt  to  the  circle. 

Corollary.  The  lines  that  bisect  the  three  angles  of  a 
triangle  all  meet  in  one  point. 


PR035LEM  XVI. 

On  a  given  line,  to  construct  a  segment  that  shall  cojitam. 

a  given  angle.  -  - 

Let  AB  be  the  given  line. 


Produce  AB  towards  B  \  sX  B  construct  ttie  angle 
BBE  equal  to  the  given  angle ;  draw  B  0  perpendicular 
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to  BE^  and  at  the  middle  point  (x,  of  AB^  draw  GO 
perpendicular  to  AB  ;  from  their  point  of  intersection  0, 
as  a  centre,  with  a  radius  OB,  describe  the  arc  AMB 
tlien  will  the  segment  AMB  be  the  segment  required. 


h'or,  the  angle  ABF,  equal  to  FBB,  is  measured  by 
half  of  the  arc  Aldi  (P.  XXI.)  ;  and  the  inscribed  angle 
AMB  is  measured  by  half  of  the  same  arc  :  hence,  the 
angle  AMB  is  equal  to  the  angle  EBB,  and  conse¬ 
quently,  to  the  given  angle. 


( 
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MEASUREMENT  AND  RELATION  OF  POLYGONS. 

I 


DEFINITIONS. 


1.  SiJvnLAR  Polygons,  are  polygons  whicli  are  mutually 
equiangular,  and  whicli  have  the  sides  about  the  equal  angles, 
taken  in  the  same  order,  proportional. 

2.  In  similar  polygons,  the  parts  which  are  similarly 
placed  in  each,  are  called  homologous. 

The  corresponding  angles  are  homologous  angles^  the 
corresponding  sides  are  homologous  sides.^  the  corresponding 
diagonals  are  homologous  diagonals and  so  on. 

3.  Similar  Arcs,  Sectors,  or  Segments  are  those  which 
correspond  to  equal  angles  at  the  centre. 

Thus,  if  the  angles  A  and  0  are  A 


equal,  the  arcs  BFC  and  DGE  are 
similar,  the  sectors  BAC  and  DOE 
are  similar,  and  the  segments  BFC 
and  DGE  are  similar. 


4.  The  Altitude  of  a  Triangle,  is  the  perpendicular 


distance  from  the  vertex  of  either  an- 

► 

gle  to  the  opposite  side,  or  the  opposite 
side  produced. 


The  vertex  of  the  angle  from  which 
the  distance  is  measured,  is  called  the 
vertex  of  the  triangle.,  and  the  opposite 
side,  is  called  the  base  of  the  triangle. 
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5.  The  Ar/riTUDE  of  a  PAiiALLi:LOGr.AM,  is  the  perpen- 
diciilar  (listixiicc  between  two  o])posite 
sides.  '' 

Tliese  sides  are  called  bases  ;  one  the 
upper^  and  the  other,  the  lower  base. 

G.  The  Ai/riTUDE  of  a  TnAinczoiD,  is  the  perpendicular 
distance  between  its  parallel  sides. 

These  sides  are  called  bases  ;  one  the 
tipper^  iind  the  other,  the  lower  base, 

7.  Tlio  Area  of  a  Surface,  is  its  numerical  value 
expressed  in'  terms  of  some  other  surface  taken  as  a  unit. 
Tlie  unit  adopted  is  a  square  described  on  the  linear  unit, 
as  a  side. 

PKOPOSITION  I.  THEOPEM. 

Parallelograms  which  have  equal  bases  and  equal  altitudes^ 

are  equal. 

Let  the  parallelograms  A  PCD  and  EFGII  have  equal 
buses  and  equal  altitudes  :  then  will  the  parallelograms  be 
equal. 

For,  let  them  be  so  placed 
that  their  lower  bases  shall 
coincide  ;  then,  because  they 
have  the  same  altitude,  their 

I 

upper  bases  will  be  in  the 
same  line  /d(7,  parallel  to  AB. 

The  triangles  DAII  and  CBG.,  have  the  sides  AD  and 
PC  e(iual,  because  they  are  oi)posite  sides  of  the  parallel¬ 
ogram  AC  (ILL,  P.  XXVlir.)-;  the  sides  All  and  PQ 
equal,  because  they  are  opposite  sides  of  tlie  parallelogram 
AG  ;  the  angles  DAII  and  CPG  equal,  because  their 
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sides  are  parallel  and  lie'  in  the  same  direction  (B.  I., 
P.  XXIV.)  :  hence,  the  triangles  are  equal  (B.  I.^  P.  V.). 

If  from  the  quadrilateral  AJBGD^  we  take  away  the  tri* 
angle  DAH^  there  will  remain  the  parallelogram  AG;  if 
from  the  same  quadrilateral  ABGD^  we  take  away  the  tri¬ 
triangle  CBG^  there  will  remain  the  parallelogram  AC  : 
lienee,  the  parallelogram  A  G  is  equal  to  the  parallelogram 
EG  (A.  3)  ;  'which  teas  to  he  proved, 

PROPOSITION  II.  THEOREM. 


A  triangle  is  equal  to  ^one-half  of  a  parallelogram  having 
an  equal  base  and  an  equal  altitude. 

Let  the  triangle  ABG^  and  the  parallelogram  ABEB^ 
have  equal  bases  and  equal  altitudes  :  then  will  the  triangle 
be  equal  to  one-half  of  the  parallelogram. 

For,  let  them  be  so 
placed  that  the  base  of 
the  triangle  shall  coin¬ 
cide  with  the  lower  base 
of  the  parallelogram  ; 
then,  because  they  have  equal  altitudes,  the  vertex  of  the 
triangle  will  lie  in  the  upper  base  of  the  parallelogram,  or 
in  the  prolongation  of  that  base. 

From  A,  draw  AE  parallel  to  BC,,  forming  the  par¬ 
allelogram  ABCE.  Tins  parallelogram  will  be  equal  to 
the  parallelogram  ABED,,  from  Proposition  I.  But  the 
triangle  ABC  is  equal  to  half  of  the  parallelogram  ABCE 
(B.  I.,  P.  XXVIII.,  C.  1)  :  hence,  it  is  equal  to  half  of 
the  parallelogram  ABED  '(K.  '7)  ;  which  loas  to  he  proved. 

Cor.  Triangles  having  equal  bases  and  equal  altitudes  are 
equal,  for  they  are  halves  of  equal  parallelograms. 


\ 
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PROPOSITION  III.  THEOREM. 

llectangles  having  equal  altitudes^  are  proportional  to  their 

bases. 

'  There  may  be  two  cases :  the  bases  may  be  commensu¬ 
rable,  or  they  may  be  incommensurable. 

'  1°.  Let  ABCjD  and  HEFK^  be  two  rectangles  whose 
altitudes  AD  and  HK  are  equal,  and  whose  bases  AB 
and  HE  are  commensurable  :  then  will  the  areas  of  the 
rectangles  bo  proportional  to  their  bases. 


— ”  ’■/ 

- 1 

A  B 

11  b 

Suppose  that  AB  is  to "  HE,  as  7  is  to  4.  Conceive 
AB  to  be  divided  into  7  equal  parts,  and  HE  into  4 
equal  parts,  and  at  the  points  of  division,  let  perpendiculars 
be  drawn  to  AB  and  HE.  Then  will  ABCJD  be  divi¬ 
ded  into  7,  and  HEFK  into  4  rectangles,  all  of  whicli  will 
be  equal,  because  they  have  equal  bases  and  equal  altitudes 
(P.  I.)  :  hence,  we  have, 

ABCJD  :  HEFK  :  :  7  :  4. 

But  we  have,  by  hypothesis, 

AB  :  HE  :  :  7  :  4. 

From  these  proportions,  we  have  (B.  11.,  P.  IV.), 

ABCJD  :  HEFK  :  :  AB  :  HE. 

Had  any  other  numbers  than  7  and  4  been  used,  the  same 
proportion  would  have  been  found  ;  which  was  to  be  proved. 
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2°.  Let  the  bases  of  the  rectangles  be  incommensurable  : 
then  will  the  rectangles  be  proportional  to  their  bases. 

For,  place  the  rectangle  HJEFK 
upon  the  rectangle  ABCD^  so  that 
it  shall  take  the  position  AEFD. 

Then,  if  the  rectangles  are  not  pro¬ 
portional  to  their  bases,  let  us  sup¬ 
pose  that 


lOB 


ABGD  :  AFFB  :  :  AB  :  AO; 

in  which  AO  is  greater  than  AF.  Divide  AB  into 
equal  parts,  each  less  than  OF  ;  at  least  one  point  of 
division,  as  I,  will  fall  between  F  and  0  ;  at  this  point, 
draw  IIl  perpendicular  to  AB.  Then,  because  AB  and 
AI  are  commensurable,  we  shall  have,  from  what  has  just 
been  shown, 


ABCB  :  AIKD  :  :  AB  :  AI. 


The  above  proportions  have  their  antecedents  the  same 
in  each  ;  hence  (B.  II.,  P.  IV.,  C.),  ^ 

AFFB  :  AIKB  ::  AO  :  AI. 

The  rectangle  AFFB  is  less  than  AIKB ;  and  if  tho 
above  proportion  were  true,  the  line  A  O  would  be  less 
than  AI  ;  whereas,  it  is  greater.  The  fourth  term  of  the 
proportion,  therefore,  cannot  be  greater  than  AF.  In  like 
manner,  it  may  be  shown  that  it  cannot  be  less  than  AF 
consequently,  it  must  be  equal  to  AF  :  hence, 

AB  GB  :  AFFB  i  :  AB  :  AF ; 

which  loas  to  he  proved. 

Gor.  If  rectangles  have  equal  bases,  they  are  to  each 
other  as  their  altitudes. 
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PEOPOSITION  IV.  THEOREM. 

Any  two  rectangles  are  to  each  other  as  the  j)roducts  of 

their  hctses  and  altitudes. 


Let  ATj  CD  and  AEGF  be  two  rectangles  :  then  will 
ABCD  be  to  AEGF^  as  AB  x  AD  is  to  AE  x  AF. 

For,  place  the  rectangles  -  so 
that  the  angles  DAB  and  EAF 
shall  be  opposite  or  vertical ; 
then,  produce  the  sides  CD 
and  GE  till  they  meet  in  F. 

The  rectangles  AB  CD  and 
ADIIE  have  the  same  altitude 
AD  :  hence  (P.  III.), 


ABCD 


ADHE 


AB 


AE. 


The  rectangles  ADHE  and  AEGF.  have  the  same 
altitude  AE :  hence. 


ADIIE  :  .AEGF  :  :  AD 


AF. 


Multiplying  these  proportions,  term  by  term  (B.  11.,  P. 
XII.),  and  omitting  the  common  factor  ADIIE  (B.  U., 
P.  VII.),  we  have, 

ABCD  :  AEGF  :  :  AB  y.  AD  :  AE  y  AF ; 
which  was  to  be  proved. 


Scholium  1.  If  we  suppose  AE  and  AF.,  each  to  be 
equal  to  the  linear  unit,  the  rectangle  AEGF  will  be  the 
superficial  unit,  and  we  shall  have, 

ABCD  :  1  w  AB  y  AD  :  1  ; 


I 
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ABCD  =  AB  X  AD 

/ 

hen  CO,  the  area  of  a  rectangle  is  equal  to  the  product  of 
its  base  and  altitude ;  that  is,  the  number  of  superficial 
units  in  the  rectangle,  is  equal  to  the  product  of  the  number 

of  linear  units  in  its  base  by  the  number  of  linear  units  in 
its  altitude. 

Scholium  2.  The  product  of  two  lines  is  sometimes  called 
the  rectangle  of  the  lines,  because  the  product  is  equal  to 
the  area  of  a  rectangle  constructed  with  the  lines  as  sides. 


PEOPOSITION  V.  TIIEOEEM. 


The  area  of  a  parallelogram  is  equal  to  the  product  of  its 
*  base  and  altitude. 

Let  ABCD  be  a  parallelogram,  AB  its  base,  and  BE 
its  altitude :  then  will  the  area  of  ABCD  be  equal  to 
AB  X  BE. 

For,  construct  the  rectanirle 

O 

ABEF.,  having  the  same  base 
and  altitude  :  then  will  the  rec¬ 
tangle  be  equal  to  the  parallelo¬ 
gram  (P.  I.)  ;  but  the  area  of  the 
rectangle  is  equal  to  AB  x  BE\ 
hence,  the  area  of  the  parallelogram  is  also  equal  to 
AB  X  BE ;  which  was  to  be  proved. 

Cor.  Parallelograms  are  to  each  other  as  the  products 
of  their  bases  and  altitudes.  If  their  altitudes  are  equal, 
they  are  to  each  other  as  their  bases.  If  their  bases  are' 
equal,  they  are  to  each  other  as  their  altitudes. 
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PROPOSITION  VI.  THEOREM. 


The  area  of  a  triangle  is  equal  to  half  the  product  of  its 

hase  and  altitude. 


Let  ABC  be  a  triangle,  BG  its  base,  and  AD  its 
«ft;itude :  then  will  the  area  of  the  triangle  be  equal  to 
kB<t  X  AD. 


b  or,  from  (7,  draw  CE 
parallel  to  BA.^  and  from 
draw  AE  parallel  to  CB.  The 

area  of  the  parallelogram  B  CEA 
VA  BO  <  AD  (P.  V.)  ;  but  the 
triangle  ABC  is  half  of  the  par- 
allelogra^ia  BGEA  :  hence,  its  area  is 
which  to  be  proved. 


equal  to  \B  C  X  AD  ; 


Cor.  ]>  Triangles  are  to  each  other,  as  the  products  of 
their  bases  and  altitudes  (B.  II.,  P.  VII.).  If  their  alti¬ 
tudes  are  o^al,  they  are  to  each  other  as  their  bases.  If 
their  bases  a.re  equal,  they  are  to  each  other  as  their  alti¬ 
tudes. 


Coi\  2.  The  area  of  a  triangle  is  equal  to  half  the  pro¬ 
duct  of  its  perLineter  and  the  radius  of  the  inscribed  circle. 


For,  (et  DEE  be  a  circle 
inscribed  in  the  triangle  ABC. 
Draw  OX>,  OE.,  and  OF.,  to 
the  points  of  contact,  tend  OA., 
OB^  and  0(7,  to  the  verti¬ 
ces. 

The  area  of  OBG  will  be 
equal  to  ^OE  x  BG  \  the 
area  of  OAG  will  be  equal  to 


B 


i OF  X  AG  \  and  the  area 


m 


\ 
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of  OAB  will  be  equal  to  ^OD  x  AB  ;  and  since  OB^ 
OE^  and  OF^  are  equal,  the  area  of  the  triangle  ABQ 
(A.  9),  will  be  equal  to  \0I>  {AB  BG  A  CA). 


PKOPOSITION  VII.  THEOKEM. 

T/ie  area  of  a  trapezoid  is  equal  to  the  product  of  its  alti¬ 
tude  and  half  the  sum  of  its  parallel  sides. 

Let  ABGD  be  a  trapezoid,  DE  its  altitude,  and  AB 
and  I)  C  its  parallel  sides :  then  will  its  area  be  equal  to 
BE  X  ABC). 

For,  draw  the  diagonal  A  G^  form¬ 
ing  the  triangles  AB  G  and  A  CB. 

Tlie  altitude  of  each  of  these  trian¬ 
gles  is  equal  to  BE.  The  area  of 
ABC  is  equal  to  \AB  x  BE  (P. 

VI.)  ;  the  area  of  ACB  is  equal  to 
^BC  X  BE  :  hence,  the  area  of  the  trapezoid,  which  is  the 
sum  of  the  triangles,  is  equal  to  the  sum  of  \AB  x  BE 
and  \B G  x  BE.,  or  to  BE  x  ^{AB  A  BG)  \  which  was 
to  he  proved. 


PKOPOSITIOK  Vin.  THEOEEM. 


The  square  described  on  the  sum  of  two  lines  is  equal  to 
the  sum  of  the  squares  described  on  the  lines^  increased 
by  twice  the  rectangle  of  the  lines. 


Let  AB  and  BG  be  two  lines, 
and  A  G  their  sum  :  then  will 

=  AW  +  BC'^  +  ‘iAB  X  BC. 

On  A  (7,  construct  the  square 
AG  BE ;  from  draw  BH  par- 
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allel  to  AE ;  lay  off  AF  equal  to  AB^  and  from 
draw  FG  parallel  to  AC  \  then  will  IC  and  IB.  be 
each  equal  to  J>(7  ;  and  IB  and  IF^  to  AB. 

The  square  AGDE  is  composed 
of  four  parts.  The  part  ABIF  is 
a  square  described  on  AB  ;  the  part 
IGDII  is  equal  to  a  square  described 

_  y 

on  BC  \  the  part  BCGI  is  equal 
to  the  rectangle  of  ^  AB  and  B  G  ; 
and  the  part  FIIIE  is  also  equal  to 
the  rectangle  of  AB  and  BG  :  and 
because  the  whole  is  equal  to  the  sum  of  all  its  parts  (A.  9), 
we  have, 

JTO”  =  AW  +  +  ‘i.AB  X  BC  ; 

which  was  to  he  proved. 

Cor.  If  the  lines  AB  and  BG  are  equal,  the  four 
parts  of  the  square  on  A  G  will  also  be  equal  :  hence,  the 
square  described  on  a  line  is  equal  to  four  times  the  square 
described  on  half .  the  line. 


PEOPOSITION  IX.  THEOREM. 

The  square  described  on  the  difference  of  two  lines  is  equal 
to  the  sum  of  the'  squares  described  on  the  lines^  dimirtr 
ished  by  twice  the  rectangle  of  the  lines. 

Let  AB  and  BG  bo  two  lines,  and  A  G  their  differ¬ 
ence  :  then  will 

AG’'  =  aW  +  BG''  -  2AB  X  BG. 

On  AB  construct  the  square  ABIF ;  from  G  draw 
GG  parallel  to  BI ;  lay  off  GB  equal  to  A  (7,  and 
from  D  draw  BE  parallel  and  equal  to  BA  ;  complete 
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file  square  EFLK :  then  will  EIv  be  equal  to  J>(7,  and 

EFLK  will  be  equal  to  the  square  of  B  C. 

The  whole  figure  ABILKE  is 
equal  to  tlie  sum  of  the  squares 
described  on  AB  and  BG.  The 
part  CBIG  is  equal  to  the  rect¬ 
angle  of  AB  and  BG  \  the  part 
DGBK  is  also  equal  to  the  rect¬ 
angle  of  AB  and  BG,  If  from 

tlie  whole  figure  ABILKE^  the  two  parts  GBIG  and 

BGBK  be  taken,  there  will  remain  the  part  AGBE, 

which  is  equal  to  the  square  of  AG  i  hence, 


L 

F  G 

’"I 

'  E 

✓ 

I) 

C  B 


A  6'^  =  Alf  +  -B  O’ 
which  was  to  he  proved. 


2AB  X  BG 


PROPOSmOlS'  X.  THEOREM. 

77ie  rectangle  contained  by  the  sum  and  difference  of  two 
lines,  is  equal  to  the  difference  of  their  squares. 

Let  AB  and  BG  be  two  lines,  of  which  AB  is  the 
gi'eater  :  then  will 

{AB  -b  BG)  {AB  -  BG)  =  aW  -  BG^^- 


F 


G  I 


On  AB,  construct  the  square 
ABIE ;  prolong  AB,  and  make 
BE  equal  to  BG then  will  AK  E 
be  equal  to  AB  Ar  BG  ;  from 
K,  draw  EB  parallel  to  BI,  and 
make  it  equal  to  AG  \  draw  BE 
parallel  to  EA,  and  GG  parallel 
to  BI :  then  BG  is  equal  to 

BG,  and  the  figure  BIIIG  is  equal  to  the  square  on 
BG,  and  EDGE  is  equal  to  BEBIL 


H 

D 

G  B  K 
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If  we  add  to  the  figure  AJBHE^ 
we  shall  have  the  rectangle  AKLE^ 
the  rectangle  of  AE  -{-EC  and 
AB  —  BG.  If  to  the  same  figure 
ABHE^  we  add  the  rectangle 
JDGFE^  equal  to  BKLH^  we 
sliall  have  the  figure  ABIIBGF^ 
which  is  equal  to  the  difierence  of 
the  squares  of  AB  and  BG.  But 
the  sums  of  equals  are  equal  (A.  2), 
hence, 


the  rectangle  BKLH., 
which  is  equal  to  the 


F _ _G  I 


H 

D 

.. 

A  .0  B  K 


{AB  +  BG)  {AB  -  BG)  =  AB^  -  BG'‘  '■> 


which  was  to  he  proved. 


PEOPOSITIOTT  XI.  THEOEEM. 

The  square  described  on  the  hypothenuse  of  a  right-angled 
triangle^  is  equal  to  the  sum  of  the  squares  described  on 
the  other  two  sides. 


Let  ABG  be  a  triangle, 

BG'^  =  ur  +  JTol 

Construct  the  square  BG 
AH  on  the  side  ABy  and 
the  square  AI  on  the  side 
A  G  ;  from  A  draw  AF> 
perpendicular  to  j??(7,  and 
prolong  it  to  E  \  then  will 
BE  be  parallel  to  BF : 
draw  AF  and  HG. 

In  the  triangles  HB  G 
and  ABF^  we  have  HB 
equal  to  because  they 

are  sides  of  the  same  square; 


right-angled  at  A  :  then  will 
on  the  side  J5(7,  the  square 
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BC  equal  to  BF^  for  the  same  reason,  and  the  included 
angles  IIBG  and  ABF  equal,  because  each  is  equal  to  the 
angle  ABC  plus  a  right  angle  :  hence,  the  triangles  are 
equal  in  all  their  parts  (B.  L,  P.  V.). 

The  triangle  ABF^  and  the  rectangle  BF^  have  the 
same  base  BF^  and  because  BE  is  the  prolongation  of 
DA^  their  altitudes  are  equal  :  hence,  the  triangle  ABF 
is  equal  to  half  the  rectangle  BE  (P.  II.).  The  triangle 
HBC^  and'  the  square  BL^  have  the  same  base  BII^  and 
because  AG  is  the  prolongation  of  AL  (B.  I.,  P.  IV,), 
their  altitudes  are  equal :  hence,  the  triangle  HB  G  is  equal 
to  half  the  square  of  AH.  But,  the  triangles  ABF  and 

IIB  C  are  equal  :  hence,  the  rectangle  BE  is  equal  to  the 

square  AIL  In  the  same  manner,  it  may  be  shown  that 

the  rectangle  DG  is  equal  to  the  square  A  T :  hence,  the 
sum  of  the  rectangles  BE  and  BQ.^  or  the  square  J?6r, 
is  equal  to  the  sum  of  the  squares  AH  and  AI ;  or, 

BG^  —  Alf"  AG^  ;  which  was  to  be  proved. 

Gor.  1.  The  square  of  either  side  about  the  right  angle 
is  equal  to  the  square  of  the  hypothenuse  diminished  by  the 
square  of  the  other  side  :  thus,  ' 

jlW  =  Sc'^  -  AO^  ;  or,  AG’^  =  -  AW- 

Cor.  2.  If  from  the  vertex  of  the  right  angle,  a  per- 

% 

pendicular  be  drawn  to  tbe  hypothenuse,  dividing  it  into  two 
segments.,  BB  and  BG^  the  square  of  the  hypotlieniLse  will 
he  to  the  square  of  either  of  the  other  sides.,  as  the  hypo-  ' 
thenuse  is  to  the  segment  adjacent  to  that  side. 

For,  the  square  J56r,  is  to  the  rectangle  BE.,  as  BG 
to  BB  (P.  III.)  ;  but  the  rectangle  BE  is  equal  to  the 
square  AH :  hence,  ’ 


^0",  :  AB^  :  :  BO 


:  BD. 


/ 
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In  like  manner,  wc  have, 


J3G"  :  AG'  \  \  BG  :  DG. 

Cor.  8.  The  squares  of  the  sides  about  the  right  angle 
are  to  each  other  as  the  adjacent 
segments  of  the  hypothenuse.  A 

N 

I 

For,  by  combining  the  propor¬ 
tions  of  the  preceding  corollary 
(B.  n.,  p;  iv.,  C.),  we  have, 


AB' 


AG 


y2 


BD 


DC. 


II  D 


G 


Cor.  4.  The  square  described  on  the  diagonal  of  a 

square  is  double  the  given  square. 

For,  the  square  of  the  diagonal  is 

equal  to  the  sura  of  the  squares  of  the 

/ 

two  sides ;  but  the  square  of  each  side 
is  equal  to  the  given  square  :  hence. 


AG‘ 


2AB^  ;  or,  AG' 


2BG\ 


Cor.  5.  From  the  last  corollary,  we  have, 

AG'^  :  AJ?  :  :  2  ;  1  ; 

hence,  by  extracting  the  square  root  of  each  term,  wc  have, 

AG  :  AB  :  :  :  l  ; 

that  is,  the  diagoncd  of  a  square  is  to  the  side.,  as  the 
square  root  of  two  to  one  /  consequently,  the  diagonal  and 
the.  side  of  a  square  are  incommensurable. 


\ 


I 


PEorosmoN  xir. 


THEOEEM. 


In  any  triangle^  the  square  of  a  side  opposite  an  acute 
angle,  is  equal  to  the  sum  of  the  squares  of  the  base  and 
the  other  side,  diminished  by  twice  the  rectangle  of  the 
base  and  the  distance  from  the  vertex  of  the  acute  angle 
to  the  foot  of  the  perpendicular  drawn  from  the  vertex 
of  the  opposite  angle  to  the  base,  or 

Let  AB  be  a  triangle,  G  one 
of  its  acute  angles,  BG  its  base,  and 
AI)  the  perpendicular  drawn  from  A 
to  B  G,  or  B  G  produced ;  then  will 

ur  =  B(j'‘  +  -"iBc  X  CD. 


to  the  base  produced. 


A 


For,  whether  the  perpendicular  meets  the  base,  or  the 
base  produced,  we  have  BB  equal  to  the  dilFcrence  oi 
BG  and  GI)  :  hence  (P.  IX.), 


Blf  ^  BG^  +  Gif  -  2BG  X  GB. 

Adding  A3^  to  both  members,  we 
have, 


A 


BB^  +  AB>^  =  BG""  +  G&  +  AB^  -  2BG  x  GB. 


But,  BB^  +  AB^  =  AJf,  and  GB"  +  AJf  =  AG^  : 
hence, 

AJf  =  BG"^  +  A^’^  —  ^BG  X  GB  ; 


which  was  to  be  proved. 
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PEOPOSITION  XIII.  THEOEEM. 


In  any  obtuse-angled  triangle^  the  square  of  the  side  opposite 
the  obtuse  angle  is  equal  to  the  sum,  oj^  the  squares  of 
the  base  and  the  other  side,,  increased  by  tioice  the  rect¬ 
angle  of  the  base  and  the  distance  from  the  vertex  of  the 
obtuse  aiigle  to  the  foot  of  the  perpendicular  drawn  from 
the  vertex  of  the  oqoposite  angle  to  the  base  produced. 

Let  ABC  be  an  obtuse-angled  triangle,  B  its  obtuse 
angle,  BC  its  base,  and  AD  the  perpendicular  drawn 
irom  A  to  BG  produced ;  then  will 


AC'^  BC"^  H-  AB^^  -f  ^BG  x  BB. 


For,  GB  is  the  sum  of  BG 
and  BB :  hence  (P.  VIII.), 

GB^  =  WG^  +  Blf'  -f  ^BG  X  BB. 

Adding  A3^  to  both  members, 
and  reducing,  we  have. 


A 


AG'^  =  BG'^  +  AB^  +  ^BG  X  BB ; 


which  was  to  be  proved. 


Scholium.  The  right-angled  triangle  is  the  only  one  m 
which  the  sum  of  the  squares  described  on  two  sides  is 
equal  to  the  square  described  on  the  third  side. 


PEOPOSITIOX  XIV.  THEOEEM. 

Tn  any  triangle.,  the  sum  of  the  squares  described  on  two 
sides  is  equal  to  twice  the  square  of  half  the  third  side^ 
increased  by  twice  the  square  of  the  line  drawn  from 
the  middle  point  of  that  side  to  the  vertex  of  the  opyposite 
angle. 

Let  ABC  be  any  triangle,  and  BA  a  line  drawn  from 
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the  middle  of  the  base  JBG  to  the  vertex  A  :  then  will 

\ 

AJ?  +  AO'^  =  2BE^  +  iEA. 

\ 

Draw  AD  perpendicular  to'  DC  \  then,  from  Proposition 
we  have, 

Kg'"  ^  WG"  +  KK  -  ‘iEG  X  ED. 

From  Proposition  XIII.,  we  have, 

AW  =  f-  DA^  ,+  ^BE  X  ED, 

Adding  these  o<^wations,  member  to  member  (A.  2),  recollect¬ 
ing  that  BE  is  e>^ual  to  EG,,  we  have, 

'  / 

AW  +  =  2BE^  +  ^EAl  ; 

which  was  to  be  proved. 

Got.  Let  AB  GD  b .  4  parallelogram,  and  BDy  A  (7, 

D  C 


whence,  by  addition,  recollecting  that  AE  is  equal  to  GE,, 
and  BE  to  DE,,  we  have, 

AB"  +  BG'"  +  GD"  +  DK  =  iOE"  +  iDE"  ; 

but,  iCE"  is  equal  to  AG'",  and  iDE"  to  BD" 

(!'.  Vm.,  C.)  :  hence, 

AD"  +  DG"  +  GB"  +  dK  =  KG'"  +  DD". 

That  is,  the  sum  of  the  squares  of  the  sides  of  a  parallelo¬ 
gram.,  is  equal  to  the  sum  of  the  squares  of  its  diagonals. 


its  diagonals.  Then,  since  tbe  diagonals 
mutually  bisect  each  other  fh  L,  P. 
XXXI.),  we  shall  have, 

KB"  +  dG"  =  2Ke"  +  2  SB" 

and, 

'Gd"  4-  da"  =  2Ge"  +  2DE" 


no 
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PROPOSITION  XV.  THEOREM. 

In  any  triangle^  a  line  drawn  parallel  to  the  base  divider 

the  other  sides  proportioncdly . 

Let  AUC  be  a  triangle,  and  DJE  a  line  parallel  to 
the  base  JBC  :  then 

AD  i  DB  :  :  AE  :  CE, 

Draw  EB  and  DC.  Then,  because 

I 

the  triangles  AED  and  DEB  have  their 
bases  in  the  same  line  and  tlieir 

s 

vertices  at  the  same  point  E.,  they  will 
have  a  common  altitude  :  hence,  (P.  VI., 

0.) 

AED  :  DEB  AD  :  DB. 

The  triangles  AED  and  EDO.,  have  their  bases  in  the 
same  line  A  C,  and  their  vertices  at  the  same  point  D ; 

they  have,  therefore,  a  common  altitude  ;  hence, 

\ 

AED  :  EDO  :  :  AE  EG. 

But  the  triangles  DEB  and  EDO  have  a  common  base 
DE^  and  tlieir  vertices  in  the  line  B  C,  parallel  to  DE ; 
they  are,  therefore,  equal  :  hence,  the  two  preceding  propor¬ 
tions  have  a  couplet  in  each  equal  ;  and  consequently,  the 
remaining  terms  are  proportional  (B.  IT.,  P.  IV.),  hence, 

AD  :  DB  :  :  AE  :  EG  ; 

which  teas  to  be  proved. 


A 


Cor.  1.  We  have,  by  composition  (B.  II.,  P,  VI.), 
AD  +  DB  :  AD  ::  AE  +  EG  :  AE ; 
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or,  AB  :  AD 

and,  in  like  manner, 

AB  ;  DB 


«  • 

•  • 


AG  :  AE \ 


A  0  ;  EC. 


QF  :  FH. 


In  like  manner, 

EG 

and  so  on. 


GB  :  ;  FH 


HD  ; 


O 


Cor.  2.  If  any  number  of  parallels  be  drawn  cutting  two 
lines,  they  will  divide  the  lines  proportionally. 

For,  let  0  be  the  point  where  AB 
and  CD  meet.  In  the  triangle  OEF^ 
the  line  A  C  being  parallel  to  the  base 
EF^  we  shall  have, 

OE  :  AE  w  OF  \  CF. 

In  the  triangle  OGH^  we  shall  have, 

OE  \  EG  \  \  OF  \  FH ; 

hence  (B.  IL,  P.  IV.,  C.), 

AE  \  EG  :  : 


PROPOSITIOK  XVT.  THEOREM. 

If  a  line  divides  two  sides  of  a  triangle  proportionally.,  it 
will  he  parallel  to  the  third  side. 

Let  AB  0  be  a  triangle,  and  let  DE 
divide  AB  and  AC^  so  that 


AD  :  DB  :  :  AE  :  EC  ; 
then  will  DE  be  parallel  to  BG. 

Draw  DC  and  EB.  Then  the  tri- 
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aiio-les  AD E  and  DEB  will  have  a  common  altitude  ;  and 

o 

consequently,  we  shall  have, 

ADE  :  DEB  :  :  AD  ;  DB. 

The  triangles  ADE  and  EDC  have  also 
a  common  altitude  ;  and  consequently,  we 
shall  have, 

ADE  :  EDC  \  .  AE  \  EG  \ 

hut,  by  hypothesis, 

AD  :  DB  :  :  AE  :  EG  ; 

♦ 

hence  (B.  II.,  P.  IV.)) 

ADE  :  DEB  :  :  ADE  :  EDG. 

The  antecedents  of  this  proportion  being  equal,  the  con¬ 
sequents  will  be  equal ;  that  is,  the  triangles  DEB  and 
EDG  are  equal.  But  these  triangles  have  a  common  base 
DE  :  hence,  their  altitudes  are  equal  (P.  VL,  C.)  ;  that  is, 
the  points  B  and  (7,  of  the  line  BG^  are  equally  distant 
from  DE^  or  DE  prolonged  :  hence,  BG  and  DE  are 

parallel  (B.  I.,  P.  XXX.,  C.)  ;  which  was  to  be  proved. 

\ 

PKOPOSITION  XVII.  THEOREM. 

The  line  which  bisects  the  vertical  angle  of  a  triangle^ 
divides  the  base  into  segments  proportional  to  the  adja¬ 
cent  sides. 

Let  AD  bisect  the  vertical  angle  A  of  the  triangle 

BAG  :  then  will  the  segments  BD  and  DG  be  proper- 

* 

tional  to  the  adjacent  sides  BA  and  CA. 

From  (7,  draw  GE  parallel  to  DA^  and  produce  it 


t 
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E 


until  it  meets  BA  prolonged,  at  E.  Then,  because  OE 
and  DA  are  parallel,  the  angles  BAD  and  AEC  are 
equal  (B.  L,  P.  XX.,  C.  3)  ;  the 
angles  DAG  and  AGE  are 
also  equal  (B.  K,  P.  XX.,  C.  2). 

But,  BAD  and  DA  G  are 
equal,  by  hypothesis  ;  consequent¬ 
ly,  AEG  and  AGE  are  equal : 
hence,  the  triangle  A  GE  is 
isosceles,  AE  being  equal  to 
AG.  ^ 

In  the  triangle  BEG^  the  line  AD  is  parallel  to  the 
base  EG  ;  hence  (P.  XV.), 

'  BA  :  AE  w  BD  \  DG  \ 

or,  substituting  A  G  for  its  equal  AE.^ 

BA  \  AG  \\  BD  :  DG  \ 

which  was  to  he  proved. 


PROPOSITION  XVin.  THEOREM. 

Triangles  which  are  mutually  equiangxdar.,  are  similar. 

% 

Let  tlie  triangles  ABG  and  DEE  have  the  angle  A 
equal  to  the  angle  the  angle  B  to  the  angle  jE;  and 

the  angle  G  to  the  angle  F :  then  will  they  be  similar. 

For,  place  the  triangle 
DEE  upon  the  triangle 
ABG^  so  that  the  angle 
E  shall  coincide  with  the 
angle  B  ;  then  will  the 
point  F  fall  at  some  ^  HOE  F 

point  of  BG  \  the  point  D  at  some  point  of  BA  ; 

8 
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the  side  DIP  will  take  the  position  and  BGH  wiU 

be  equal  to  EDF. 

Since  the  angle  BUG 
is  equal  to  B  OA,  GM 
will  be  parallel  to  AC 
(B.  L,  P.  XIX.,  C.  2)  ; 
and  consequently,  we  shall 
have  (P.  XV.), 

BA  i  BG  i  :  BO  :  BR  \ 

or,  since  BG  is  equal  to  and  BII  to  EF^ 

BA  \  EB  w  BG  \  EE. 

I 

In  like  manner,  it  may  be  shown  that 

BG  :  EE  i  :  CA  :  FB  • 

and  also,  '■ 

GA  \  FB  :  :  AB  :  BE ; 

hence,  the  sides  about  the  equal  angles,  taken  in  the  same 
order,  are  proportional  ;  and  consequently,  the  triangles  are 

similar  (D.  1)  ;  .which  loas  to  be  'proved. 

\ 

Gor.  If  two  triangles  have  two  angles  in  one,  equal  to 
two  angles  in  the  other,  each  to  each,  they  vdll  be  similar 
(B.  I.,  P.  XXV.,  C.  2). 

PKOPOSITION  XIX.  THEOREM. 

>  . 

Triangles  which  have  their  corresponding  sides  proportional.^ 

are  similar. 

In  the  triangles  ABC  and  BEF.,  let  the  corresponding 
sides  be  proportio;ial  ;  that  is,  let 
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AJ3 


DE 


BC 


EF 


CA 


FB  ; 


then  will  the**  triangles  be  similar. 

For,  on  BA  lay  BG  equal  tc  EB  on  BO  lay 
off  BII  equal  to  EF^  , 
and  draw  GIL  Then, 
because  BG  is  equal  to 
BE^  and  BH  to  EF^ 
we  have, 


BA 


BG 


hence,  GJI  is  parallel  to  AC  (P.  XVI.);  and  consequently, 
the  triangles  BAG  and  BGH  are  equiangular,  and  there¬ 
fore  similar  :  hence, 


BC  :  BH 

But,  by  hypothesis', 

BC  :  EF 


CA  :  HG, 


CA 


FB  ; 


hence  (B.  II.,  P.  lY.,  C.),  we  have, 


BH  :  EF  :  :  HG  :  FB, 


But,  BH  is  equal  to  EF ;  hence,  HG  is  equal  to  FB. 
The  triangles  BHG  and  EFB  have,  therefore,  their  sides 
equal,  each  to  each,  and  consequently,  they  are  equal  in  all 
their  parts.  Kow,  it  has  just  been  shown  that  BHG  and 
BOA  are  similar;  hence,  EFB  and  BOA  are  also  simi¬ 
lar  ;  which  was  to  he  proved. 

h>choliiim.  ^  In  order  that  polygons  may  be  similar,  they 
must  fulfill  two  conditions  :  they  must  be  mutually  equian- 
yula?  ^  and  the  corresponding  sides  7nust  he  proportional.  In 
the  case  of  triangles,  either  of  these  conditions  involves  the 
other,  which  is  not  true  of  any  other  species  of  polygons. 


116 


GEOMETRY. 


PROrOSITION  XX.  THEOREM. 


Triangles  which  have  an  angle  in  each  equals  and  the  in¬ 
cluding  sides  in'oportional^  are  similar. 


In  the  triangles  ABC  and  BJEF.,  let  tlie  angle  B  be 
equal  to  the  angle  E  ;  and  siqqDose  that 


BA  :  ED  ::  BO  :  EE ; 
then  will  the  triangles  be  similar. 


For,  place  the  angle  E 
upon  its  equal  B  ;  E 
will  fall  at  some  point  of 


BC,  as  // ;  D  will  fall 
at  some  point  of  BA,  as 


G  ;  BE  will  take  the  position  GIT,  and  the  triangle 
BEE  will  coincide  with  GBIT,  and  consequently,  will  be 
equal  to  it. 

But,  from  the  assumed  proportion,  and  because  BG  is 
equal  to  EB,  and  BIT  to  EE  we  have, 


hence,  GJI  is ''  parallel  to  AC  ;  and  consequently,  BA  C 
and  BGII  are  equiangular,  and  therefore  similar.  But, 
EBE  is  equal  to  BGJI :  'hence,  it  is  also  similar  to 
BAG  ;  which  was  to  he  proved. 


PROPOSITION  XXI.  THEOREM. 


Triangles  which  have  their  sides  parallel,  each  to  each^  or 


perpendicular,  each  to  each,  are  similar. 


1°.  Let  the  triangles  ABC  and  BEE  have  the  side 
AB  parallel  to  BE,  BC  to  EE,  and  CA  to  EB  : 
then  will  they  be  similar. 
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For,  since  the  side  AB  is  parallel  to  BE,  and 
to  EF,  the  angle  B  is  equal  to  the  angle  E  (B.  L,  P. 
XXIV.)  ;  in  like  manner, 
the  angle  G  is  equal  to 
the  angle  F^  and  the  an¬ 
gle  A  to  the  angle  D  ;  . 
the  triangles  are,  therefore, 
mutually  equiangular,  and  , 

consequently,  are^  similar  (P.  XVIII.)  5  xohich  wets  to 
jyroved. 


2°.  Let  the  triangles  ABC  and  BEE  have  the  side 


EF^  and  GA  to 


AB  perpendicular  to  BE^  BG  to 
FB  :  then  ■will  they  be  similar. 

For,  prolong  the  sides  of  the  tri¬ 
angle  BEE  till  they  meet  the  sides 
'of  the  triangle  ABG.  The  sum  of 
the  interior  angles  of  the  quadrilateral 
BIEG  is  e^ual  to  four  right  angles 
(B.  I.,  P.  XXVI.)  ;  but,  the  angles 
EIB  and  EGB  are  each  rio^ht 

angles,  by  hypotiiesis ;  hence,  the  sum  of  the  angles  lEG 
IBG  is  equal  to  two  right  angles  ;  the  sum  of  the  angles 
lEG  and  BEE  is  equal  to  tAvo  right  ftngles,  because  they 
are  adjacent ;  and  since  things  Avhich  are  equal  to  the  same 
thing  are  equal  to  each  other,  the  sum  of  the  ani^les  lEG 
and  IBG  is  equal  to  the  sum  of  the  angles  lEG  and  BEF\ 
or,  taking  away  the  common  part  lEG^  we  have  the  angle 
IBG  equal  to  the  angle  BEE.  In  like  manner,  the  angle 
GGII  may  be  proved  equal  to  the  angle  EFB^  and  the 
angle  II AI  to '  the  .  angle  EBF  ;  the  triangles  AB  G  and 
BEE  arc,  therefore,  mutually  equiangular,  and  consecpieiitly, 
similar  ;  which  was  to  he  proved. 

Gor.  1.  In  the  first  case,  the  parallel  sides  are  homolo- 
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gous  j  in  the  second  case,  the  perpendicular  sides  aie  homo¬ 
logous. 

Cor.  2.  The  homologous  angles  are  those  included  by 
sides  respectively  parallel  or  perpendicular  to  each  other. 

Scholium.  When  two  triangles  have  their  sides  perpen¬ 
dicular,  each  to  each,  they  may  liave  a  different  relative 
position  from  that  shown  in  the  figure.  But  we  can  always 
construct  a  triangle  within  the  triangle  ABC.^  whose  sides 
shall  be  parallel  to  those  of  the  other  triangle,  and  then  the 
demonstration  will  be  the  same  as  above. 


PKOPOSITIOI^  XXII.  THEOEEM. 

If  a  line  he  drawn  'parallel  to  the  base  of  a  triangle.^  and 
Ihies  he  drawn  from  the  vertex  of  the  triangle  to  points 
of  the  base.,  these  lines  will  divide  the  base  and  the  par-^ 
allel  proportionally. 

Let  ABC  a  triangle,  BC  its  base,  A  its  vertex, 
BE  parallel  to  BC,  ‘  and  AF,  AG,  All,  lines  drawm 
from  A  to  points  of  the  base  :  then  will 

DI  :  BF  \\  IK  \  FG  w  KL  ;  GH  :  :  LE  :  HG. 

For,  the  triangles  AID  and 
AFB,  being  similar  (P.  XXI.),  we 
have, 

AI  i  AF  i  :  DI  i  BF  •, 

and,  the  triangles  AIK  and  AFG, 
being  similar,  we  have, 

AI  i  AF  ii  IK 


A 


:  FG  \ 


hence,  (B.  11.,  P.  IV.)>  have. 
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aiid, 


BI  : 

BF 

:  :  IK 

:  FG. 

like  manner, 

i 

IK  ; 

FG 

:  :  KL 

:  GH, 

KL  : 

GH 

:  :  LE 

;  lie  ; 

hence  (B.  H.,  P.  IV.),  v 

J)I  :  BF  ::  IK  :  FQ  :  i  KL  i  GK  :  :  BE  :  HQ  ; 

which  was  to  he  proved, 

\ 

Cor.  If  BC  is  divided  into  equal  parts  at  F^  (?,  and 
^  then  will ,  BE  be  divided  into  equal  parts,  at  'K^ 

'  I 

and  L. 


PROPOSITION  SXIII.  THEOREM. 

If^  in  a  right-angled  triangle,^  a  perpendicular  he  draion  from 
the  vertex  of  the  right  angle  to  the  hypothenuse : 

1°.  The  triangles  ol\each  side  of  the  perpendicular  will  he 
)  similar  to  the  given  triangle^  and  to  each  other : 

2°.  Each  side  about  the  right  angle  will  he  a  mean  propor¬ 
tional  between  the  hypotheriuse  and  the  adjacent  segment : 

The  perpendicular  will  he  <i  mean  proportional  between 
the  two  segments  of  the  hypothenuse. 

Let  ABC  be  a  right-angled  triangle,  A  the  vertex 
of  the  right  angle,  BC  the  hypo¬ 
thenuse,  and  AB  perpendicular  to 
BC  :  then  will  ABB  and  ABC 
be  similar  to  AB  C^  and  conse¬ 
quently,  similar  to  each  other. 

The  triangles  ABB  and  AB  C 
have  the  angle  B  common,  and  the  angles  ABB  and 


.  A 


X 


•y 


120  GEOMETRY. 

J^A  C  equal,  because  both  are  right  angles  ;  they  are,  there¬ 
fore,  similar  (P.  XVIII.,  C ).  In  like  manner,  it  may  bo 
shown  that  the  triangles  ADC  and  ABC  are  similar  ; 
and  since  ABB  and  ABC  are  both  similar  to  ABC, 
they  are  similar  to  each  other  j  which  was  to  be  proved, 

2°.  AB  will  be  a  meam  pro¬ 
portional  between  BG  and  BB ; 
and  AO  will  be  a  mean  propor¬ 
tional  between  OB  and  CB. 

For,  the  triangles  ABB  and 
BA  C  being  similar,  their  homo¬ 
logous  sides  are  proportional  :  hence, 

BG  :  AB  :  ;  AB  :  BB, 

In  like  manner, 

BG  :  AG  :  x  AO  x  BO  \ 
which  was  to  be  proved, 

# 

3°.  AB  will  be  a  mean  proportional  between  BB  and 
BG.  For,  the  triangles  ABB  and  ABG  being  similar, 
their  homologous  sides  are  proportional ;  hence, 

BB  X  AB  X  X  AB  \  BG  ; 

« 

which  was  to  be  proved. 

Cor.  1.  From  the  proportions, 

BG  X  AB  XX  AB  x  BB, 

and, 

BG  X  AG  XX  AG  x  BO, 

% 

we  have  (B.  IT.,  P.  I.), 


and, 


AB^  =  i’G  X  BD, 
AC^  =  BC  X  BO  ■, 


/ 


/ 
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whence,  by  addition,  ' 

AW  +  =  JBG  {BB  +  BO)  ; 

or,  .  ^ 

AB^  +  AG"^  =  BG'‘  ; 

as  was  shown  in  Proposition  XL 

Cor.  2.  If  from  any  point  JL,  in  a  semi-circumference 
J^A  C,  chords  be  drawn  to  the 
extremities  JS  and  C  of  the  diam¬ 
eter  J3G.,  and  a  perpendicular  AD 
be  drawn  to  the  diameter  :  then 
will  ABC  be  a  right-angled  tri¬ 
angle,  right-angled  at  A  ;  and  from  What  wtis  proved  above, 
each  chord  will  he  a  mean  proportional  heiioeen  the  diameter 
and  the  adjacent  segme7it  y  and,  the  perpendicidar  xoill  he  a 
mea?i  proportional  between  the  ^segments  of  the  diameter. 


PROPOSITION  XXIV.  THEOREM. 

Triangles  which  have  an  angle  in  each  equal.,  are  to  each 
other  as  the  rectangles  of  the  including  sides. 

Let  the  triangles  GHK  and  ABC  have  the  angles  C 
and  A  equal  :  then  wall  they  be  to  each  other  as  the 
rectaimles  of  the  sides  about  these  angles. 

For,  lay  off  AD  equal 
to  Gif  AE  to  Gif  and 
draw  DE  ;  then  will  the 
triangles  ADE  and  GIIK 
be  equal  in  all  their  parts. 

Draw  EB. 


\ 
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The  triangles  ADE  and  ABE  hate  their  bases  in  the 
saine  line  AB^  and  a  common  vertex  E ;  therefore,  they 
have  the  same  altitude,  and  consequently,  are  to  each  other 
as  their  bases  ;  that  is, 

ABE  :  ABE  :  :  AD  ;  AB. 

The  triangles  ABE  and 
ABC^  have  their  bases  in 
the  same  line  AG^  and  a 
common  vertex  B  ;  hence, 

ABE  :  ABC  :  :  AE  : 

multiplying  these  proportions,  term  by  term,  and  omitting 
tlie  common  factor  ABE  (B.  11.,  P.  VII.),  we  have, 

ADE  :  ABO  :  :  AD  x  AE  :  AB  x  AG  \ 

substituting  for  ADE^  its  equal,  GIIE^  and  for  AD  X  AE^ 
its  equal,  GJI  X  GK,  we  have, 

GIIK  :  ABG  :  :  GII  x  GK  :  AB  x  AG  \ 
which  was  to  he  proved. 

Gor.  If  ADE  and  ABG  are  similar,  the  angles  D 
and  B  being  homologous,  DE  will  be  parallel  to  BG^ 
and  we  shall  have, 

AD  :  AB  ::  AE  :  AG  \ 

hence  (B.  II.,  P.  IV.),  we  have, 

ADE  :  ABE  ::  ABE  :  ABG  \ 

\  ’  ' 

that  is,  ABE  is  a  .mean  proportional  be¬ 
tween  ADE  and  AB  0. 


A 
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PllOPOSITION  XXV.  TIIEOEEM. 

Similar  triaii^es  are  to  each  other  as  the  squares  of  their 

homologous  sides. 

Let  the  triangles  ABC  and  BEF  be  similar,  tlie  angle 
A  being  equal  to  the  angle  B  to  E^  and  C  to  F\ 

then  will  the  triangles  be  to  each  other  as  the  squares  of 
any  two  homologous  sides. 

Because  the  angles  A  and  ^are  equal,  we  have  (P. 
XXIV.), 

ABC  :  BEE  ::  AB  x  AC  :  BE  x  BE  \ 

and,  because  the  triangles 
are  similar,  we  have, 

I 

AB  :  BE  :  :  AO  :  BF\ 

multiplying  the  terms  of  ^ 
this  proportion  by  the  cor¬ 
responding  terras  of  the  proportion, 

'  AC  i  BE  ::  AC  :  BE, 

we  have  (B.  II.,  P.  XII.), 

AB  X  AG  :  BE  x  BP  AC'^  : 

combining  this,  with  the  first  proportion  (B.  II.,  P.  IV.), 

we  have. 


ABC  :  BEE  :  :  AC 


BE'. 


In  like  manner,  it  may  be  shown  that  the  triangles  are 
to  each  other  as  the  squares  of  AB  and  BE,  or  of  BC 
and  EE ;  which  was  to  he  'proved. 


1 


$ 
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PROPOSITION  XXVI.  THEOREM. 

Similar  may  he  divided  into  the  sccme  nnmher  of 

trianyles^  similar^  each  to  each^  and  similarly  placed. 

Let  ABODE  and  BEIIIK  be  two  similar  polygons, 
the  angle  A  being  equal  to  the  angle  7^  i?  to  6^,  G  to 
If  and  so  on  :  then  can  they  be  divided  into  the  same 
number  of  similar  triangles,  similarly  placed. 

For,  from  A  draw  » 

the  diagonals  A  C , 

and  from  7^,  , 

homologous  with  A , 
draw  the  diao’onals 

o 

Elf  Ff  to  the  ver-v 

tices  II  and  7",  hom- 

ologous  with  C  and  7>. 

Because  tlie  polygons  are  similar,  the  triangles  ABC  and 
EG II  have  tlie  angles  B  and  (r  equal,  and  the  sides 
about  these  angles  proportional  ;  they  are,  therefore,  similar 
(P.  XX.).  Since  these  triangles  are  similar,  we  have  the 
angle  A  OB  equal  to  FIIG.^  and  the  sides  A  O  and  Elf 
proportional  to  BO  and  Gif  or  to  OD  and  III.  The 
angle  BOD  being  equal  to  the  angle  Gllf  if  we  take 
from  the  'first  the  angle  AOB.,  and  from  the  second  the 
equal  angle  FIIG.^  we  shall  have  the  angle  AOD  equal 
to  the  angle  Fill :  hence,  the  triangles  A  OD  and  Fill 
have  an  angle  in  each  equal,  and  the  including  sides  propor¬ 
tional  ;  they  are  therefore  similar. 

In  like  manner,  it  may  be  shown  that  ADE  and  FIK 
are  similar  ;  lohich  was  to  he  proved. 

Oor.  1.  The  corresponding  triangles  in  the  two  polygons 
are  homologous  triangles.,  and  ,the  corresponding  diagonals  are 
homologous  diagonals. 


C 
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Cor.  2.  Any  two  homologoiM  triangles  arc  liJce  parts  of 
the  polygons  to  which  they  belong. 

For,  ABC  and  JB'GII  being  similar,  we  have, 

ABG  :  FGII  :  :  ; 

and,  for  a  like  reason, 

ACD  :  Fill  :  :  AC'^  ;  Fll:-  ; 

whence, 

ABC  :  FGII  ::  ACl)  :  Fill-, 

and,  in  like  manner, 

ACB  :  Fin  :  ;  ABE  :  IKF. 

Cor.  3.  If  two  polygons  arc  made  up  of  similar  triangles, 

similarly  placed,  the  polygons  tliemselves  will  be  similar. 


PROPOSITION  XXVII. 


THEOREM. 


The  perimeters  of  similar  polygons  are  to  each  other  as  any 
two  homologous  sides  ;  and  the  polygons  are  to  each 
other  as  the  squares  of  any  two  homologous  sides. 

1°.  Let  AB  CJ)E  and  EGUTK  be  similar  polygons  : 
then  will  their  perimeters  bo  to  each  other  as  any  two 
homologous  sides. 

For,  any  two  homo¬ 
logous  sides,  as  AB 
and  FG.,  are  like  parts 
of  the  ,  2:)erimcters  to 
which  they  belong  : 
hence  (B.  II.,  P.  IX.), 
the  perimeters  of  the 

polygons  are  to  each  other  as  AB  to  FG.,  or  as  any 
other  two  homologous  sides  ;  which  was  to  he  proved. 
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2°.  The  polygons  will  be  to  each  other  as  the  squares 


of  any  two  homologous 
For,  let  tlie  poly¬ 
gons  be  divided  ■  into 
homologous  triangles 
(P,  XXVL,  C.  1)  ; 

t 

then,  because  the 
lioinologous  triangles 


sides. 


ABC  and  BGII  are 

like  parts  of  the  polygons  to  which  they  belong,  the  poly¬ 
gons.  will  be  to  each  other  as  these  triangles  ;  but  these 
triangles,  being  similar,  are  to  each  other  as  the  squares  of 
AB  and  JCC  :  hence,  the  polygons  are  to  each  other  as 
the  squares  of  AB  and  JCG,  or  as  the  squares  of  any 
other  two  homologous  sides  ;  which  was  to  be  proved. 


Cor.  1.  Perimeters  of  similar  polygons  are  to  each  other 
as  their  homologous  diagonals,  or  as  any  other  homologous 
lines  ;  and  the  polygons  are  to  each  other  as  the  squares  of 
their  homologous  diagonals,  or  as  the  squares  of  any  other 
homologous  lines. 


Cor.  2.  If  the  three  sides  of  a  right-angled  triangle  be 
made  homologous  sides  of  three  similar  polygons,  these  poly¬ 
gons  will  be  to  each  other  as  the  squares  of  the  sides  of 
the  triangle.  But  the  square  of  the  hypothenuse  is  equal 

to  the  sum  of  the  squares  of  the  other  sides,  and  conse- 
1 

quently,  the  poly rj on  on  the  hypothenuse  'will  be  equal  to 
the  sum  of  the  polygons  on  the  other  sides. 


PEOPOSITION  XXVIII.  TIIEOKEM. 

two  chords  intersect  in  a  circle.^  their  segments  will  be 

reciprocally  proportioned. 


Let  the  chords  AB  and  CD  intersect  at  0  :  then 
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■W'ill  tlieir  segments  be  reciprocally  proportional  ;  that  is,  one 
segment  of  the  first  Avill  be  to  one  segment  of  the  second, 
as  the  remaining  segment  of  the  second  is  to  the  remaining 
segment  of  the  first. 

For,  draw  CD  and  DA.  Then 
will  the  angles  ODD  and  OAC  be 
equal,  because  each  is  measured  by  half 
of  the  arc  CD  (B.  HI.,  P.  XYHI.). 

The  angles  ODD  and  OCA.,  will  also 
be  equal,  because  each  is  measured  by 
half  of  the  arc  AD:  hence,  the  triangles  ODD  and  OCA 
are  similar  (P.  XIX.,  C.),  and  consequently,  their  homolo¬ 
gous  sides  are  proportional  :  hence,' 


DO  :  AO  :  :  OD  :  OC  ; 

which  was  to  he  proved. 

\ 

Cor.  From  the  above  proportion,  we  have, 

DO  X  OC  =  AO  X  OD 

that  is,  the  rectangle  of  the  segments  of  one  chord  is  egual 
.  to  the  rectangle  of  the  segments  of  the  other. 


PROPOSITION  XXIX.  THEOREM. 

If  from  a  point  without  a  circle.,  two  secants  he  drawn  ter-^ 
minating  in  the  concave  arc.,  they  loill  he  reciprocally 
proportional  to  their  external  segments. 

Let  OD  and  OC  be  two  secants  terminating  in  the 
concave  arc  of  the  circle  DCD  :  then  will 

OD  :  OC  :  :  OD  :  OA. 


I 
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For,  draw  A  C  and  DB.  The  triangles  OI)B  and 
OA  G  have  the  angle  0  common,  and  the  angles  OBD 
and  OCA  equal,  because  each  is  measured 
by  half  of  the  arc  AD  :  hence,  they  are  ^ 

similar,  and  consequently,  their  homologous 
sides  are  proportional  ;  whence, 

OB  \  00  \ \  OD  \  OA  \ 
which  loas  to  he  proved. 

Cor,  From  the  above  proportion,  we 
have, 

OB  X  OA  ==  OG  X  ODr, 

that  is,  the  rectangles  of  each  secant  and  its  external  seg^ 
ment  are  equal, 

\ 

PKOPOSITIOIf  XXX.  THEOREM.' 

jf  from  a  point  icithout  a  circle^  a  tangent  and  a  secant 

he  draion,  the  secant  terminating  in  the  concave  arc^  the 

/ 

tangent  will  he  a  mean  proportional  between  the  secant 

and  its  external  segment. 

Let  ADC  be  a  circle,  OC  a  secaiTt,  and  OA  a  tan¬ 
gent  :  then  will 

00  :  OA  :  :  OA  : 

For,  draw  AD  and  AC.  The  tii- 
angles  OAD  and  OAC  will  have  the 
angle  0  common,  and  the  angles  OAD 
and  A  CD  equal,  because  each  is  mea¬ 
sured  by  half  of  the  arc  AD  (B.  III., 

P.  XVIII.,  P.  XXI.)  ;  the  triangles  are 
therefore  similar,  and  consequently,  their 


OD, 

O 


r 
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\ 

homologous  sides  are  proportional :  hence, 

OG  :  OA  :  :  OA  :  OD  ; 

which  i)as  to  he  proved. 

Cor.  From  the  above  proportion,  we  have, 

AU-  =  OC  X  OD  • 

% 

that  is,  the  square  of  the  tangent  is  equal  to  the  rectangle 
of  the  secant  and  its  external  segment. 

\  - _ 

PRACTICAL  APPLICATIONS. 


PROBLEM  I. 

To  aivide  a  given  line  into  parts  pyroportional  Vo  given  linesy 

also  into  equal  pairts. 


1°.  Let  AD  be  a  given  line,  and  let  it  be  required  to 
divide  it  into  parts  proportional  to  the  1ine=^  P,  Q  and  R. 

From  one  extremity 
draw  the  indefinite  line  AG.^ 
making  any  angle  with  AB  ; 
lay  AG  equal  to  P,  GD 
equal  to  and  DE  equal 
to  R  ;  draw  PP,  and 

iVorn  the.^  points  G  and  P, 
draw  GI  and  DF  parallel  to  FB  :  then  will  AI^  IFy 
and  PZ>,  be  proportional  to  P,  and  R  (P  XV.,  C.  2). 

9 


% 
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2°.  Let  All  be  a  given  line,  and  let  it  be  required  to 
divide  it  into  any  nuinbc^r  of  equal  parts,  say  five. 

From  one  extremity 
draw  the  indefinite 
line  A  G  ;  take  A I  equal 
to  any  convenient  line, 
and  lay  off  KL^ 

LAT^  and  eacli 

equal  to  AI.  Draw 
JBII^  and  from  Y,  /i",  X,  and  J/,  draw  the  lines  X(7, 
/rX,  LE^  and  AIF^  parallel  to  EJT :  then  will  All  be 
divided  into  equal  parts  at  X,  X,  E^  and  F  (P.  XV., 
C.  2). 

PROBLEM  II. 


To  construct  a  fourth  proportional  to  three  given  lines. 


D 


Let  M,  X,  and  (7,  be 
the  given  lines.  Draw 
DE  and  I)F^  making 
any  convenient  angle  with 
each  other.  Lay  off  DA 
equal  to  yl,  DB  equal 
to  J5,  and  7>  C  equal 

to  C  ;  draw  AG^  and  from  JJ  draw  parallel  to 

AC  :  then  will  DX  be  the  fourth  proportional  required. 

For  (P.  XV.,  C.),  we  have, 


or. 


DA  :  DB  i  i  DC  :  DX 

A  i  X  :  :  C  :  DX. 


Cor.  If  DC  19,  made  equal  to  DR,  DX  will  be  a 
tliird  proportional  to  DA  and  XJ7,  or  to  A  and  B, 


/ 
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PROBLEM  III. 

To  construct  a  mean  proportional  between  two  (jiven  lines. 

Let  A.  and  JB  be  the  given 

lines.  On  an  indefinite  line,  lay  off 
DE  equal  to  and  EE  equal 

to  J? ;  on  EF  as  a  diameter  de¬ 
scribe  the  semi-circle  DGF,  and 
draw  EG  perpendicular  to  DF  \ 

then  will  EG  be  the  mean  proportional  required. 

For  (P.  XXin.,  C.  2),  we  have, 

EE  i  EG  :  X  EG  :  EF  \ 

or, 

A  i  EG  :  :  EG  :  E. 


Al- 


'  PROBLEM  IV. 

To  divide  a  given  Ime  into  two  such  parts,  that  the  greater 
part  shall  be  a  mean  proportional  between  the  whole  Ime 
and  the  other  part. 


Let  AE  be  the  given  line. 

✓ 

At  the  extremity  E,  draw 
EC  perpendicular  to  AE,  and 
make  it  equal  to  half  of  AB. 

Witli  (7  as  a  centre,  and  CE 
as  a  radius,  describe  the  are 
EEE  ;  draw  A  C,  and  produce 
it  till  it  terminates  in  the  concave  arc  at  E  ;  with 
centre  and  AE  as  radius,  describe  the  arc  EF 
will  AF  be  the  greater  part  required. 


A  as 
then 
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For,  AJ^  being  perpendicular  to  GB  at  B,  is  tan¬ 

gent  to  the  arc  JDBE  :  hence 
(P.  XXX.), 

AE  :  AB  :  :  AB  :  AB ; 

and,  by  division  (B.  IL,  P.  VI.), 

AE  -  AB  :  AB  ::  AB  -  AB  :  AB. 

But,  BE  is  equal  to  twice  GB^  or  to  AB  :  hence, 

AE  —  AB  is  equal  to  AB^  or  to  AF\  and  AB  —  AB 

is  equal  to  AB  —  AF^  or  to  FB :  hence,  by  substitution, 

AF  :  AB  :  :  FB  ;  AF 

and,  by  inversion  (B.  II.,  P.  V.), 

AB  :  AF  :  :  AF ,  :  FB. 

Scholium.  When  a  line  is  divided  so  that  the  greater 

segment  is  a  mean  proportional  between  the  whole  line  and 
the  less  segment,  it  is  said  to  be  divided  in  extreme  and 
mean  ratio. 

Since  AB  and  BE  are  equal,  the  line  AE  is  divided 
in  extreme  and  mean  ratio  at  B ;  for  we  have,  from  the 
first  of  the  above  proportions,  by  substitution, 

AE  \  BE  :  :  BE  :  :  AB. 


N 


I 
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PEOBLEM  V. 

Through  a  given  pointy  in  a  given  angle^  to  draw  a  line 
so  that  the  segments  between  the  point  and  the  sides  of 
the  angle  shall  he  equal. 

Let  jS  CD  be  the  gjven  angle,  and 
Through  draw  AE  parallel  to 

DC  ;  lay  off  EE  equal  to  CE,  and 
draw  FAD  :  then  will  AF  and  AD 
be  the  segments  required. 

For  (P.  XV.),  we  have, 

FA  :  AD  ::  FE  :  EC  \ 
but,  FE  is  equal  to  EC  \  hence,  FA  is  equal  .to  AD. 

PEOBLEM  VI. 

To  construct  a  triangle  equal  to  a  given  polygon. 

Let  AD  CDE  be  the  given  polygon. 

Draw  CA  ;  produce  EA.^  and 
draw  DC  parallel  to  CA  ;  draw 
the  line  CG.  Then  the  triangles 
DA  C  and  GA  C  have  the  com¬ 
mon  base  AG.f  and  because  their  . 
vertices  D  and  G  lie  in  the 
same  line  DG  parallel  to  the  base,  their  altitudes  are  equal, 
and  consequently,  the  triangles  are  equal :  hence,  the  polygon 
GCDE  is  equal  to  the  polygon  AD  CDE. 

Again,  draw  CE ;  produce  AE  and  draw  DF  parallel 
to  CE  ;  draw  also  CF ;  then  will  the  triangles  FCE 
and  D  CE  be  equal :  hence,  the  triangle  G  CF  is  equal 
to  the  polygon  GCDE.,  and  consequently,  to  the  given 
polygon.  In  like  manner,  a  triangle  may  be  constructed 
equal  to  any  other  given  polygon. 


C 


A  the  given  point. 
C 
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PEOBLEM  VII. 

To  construct  a  square  equal  to  a  given  triangle. 

) 

Let  ABC  be  the  given  triangle,  AD  its  altitude,  ana 
BC  its  base. 

Construct  a  mean  pro¬ 
portional  between  AD 
and  half  of  BG  (Prob. 

III.).  Let  XY  be  that 
mean  proportional,  and  on 
it,  as  a  side,  construct  a 
square  :  then  will  this  be  the  square  required.  For,  from 
the  construction,  ' 

XT'  =  \BG  X  AD  =  area  ABC. 

Scholium.  By  means  of  Problems  VI.  and  VII.,  a  square 
may  be  constructed  equal  to  any  given  polygon. 


PEOBLEM  VIII. 


On  a  ..given  line.,  to  construct  a  polygon  similar  to  a  given 

polygon. 


Let  FC  be  the  given  line,  and  ABGDE  the  given 
polygon.  Draw  A  G  and  AD. 


At  F,  construct 
the  angle  GFH  equal 
to  BA  G,  and  at  G 
the  angle  FGU  equal 
to  ABC  ;  then  will 
FGII  be  similar  to 
ABC  (P.  XVIII.,  C.) 
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In  like  manner,  construct  the  triangle  FHI  similar  to 
A  and  FIK  similar  to  ADE ;  then  will  the  polygon 
FGHIK  he  similar  to  the  polygon  ABODE  (P.  XXVI., 

C.). 


PROBLEM  IX. 

I 

To  construct  a  square  equal  to  the  sum  of  two  given 
squares^  also  a  square  equal  to  the  difference  of  two 
given  squares.  ' 

1°.  Let  A  and  B  he  the  sides  of  the  given  squares, 
and  let  A  he  the  greater. 

Construct  a  right  angle 
ODE  ;  make  DE  equal 
to  and  DO  equal  to 

B  ;  draw  OE.,  and  on  'it 
construct  a  square  :  this  square  vn\l  he  equal  to  the  sum 
of  the  given  squares  (P.  XI.). 


A 


B 


»  » 


C 


2°.  Construct  a  right  angle  ODE. 

Lay  off  DO  equal  to  B  ;  with  0 
as  a  centre,  and  OE.,  equal  to  as 

a  radius,  describe  an  arc  cutting  DE  at 
E ;  draw  OE.,  and  on  DE  construct 
a  square  :  this  square  will  he  equal  to 
the  difference  of  the  given  squares  (P.  XI.,  C.  1). 


Scholium.  By  means  of  Prohs.  VI.,  VII.,  VIII.,  and  IX., 
a  polygon  may  he  constructed  similar  to  either  of  two  given 
similar  polygons,  and  equal  to  their  sum,  or  to  their  difference.  < 


r 


\ 
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EEGULAR  POLYGONS.  —  AREA  OP  THE  CIRCLE, 

DEFINITION. 

1.  A  Regular  Polygon  is  a  polygon  which  is  both 
equilateral  and  equiangular. 


PKOPOSITION  I.  THEOREM. 

Regular '  polygons  of  the  same  number  of  sides  are  similar. 

\ 

Let  ABGDEF  and  abcdef  be  regular  polygons  of  the 
same  number  of  sides  :  then  will  they  be  similar. 

For,  the  corresponding 
angles  in  each  are  equal, 
because  any  angle  in 
either  polygon  is  equal 
to  twice  as  many  right 
angles  as  the  polygon 
>  has  sides,  less  four,  di¬ 
vided  by  the  number  of  angles  (B.  I.,  P.  XXVI.,  C.  4)  ;  and 
further,  the  corresponding  sides  are  proportional,  because  all 
the  sides  of  either  polygon  are  equal  (D.  1)  :  hence,  the 
polygons  are  similar  (B.  lY.,  D.  1)  ;  which  icas  to  he  proved. 
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PKOPOSITIOIS'  II.  THEOEEM. 


T'he  circwnfevence  of  circle  may  he  circumscribed  about  any 
regular  polygon  y  a  circle  may  also  he  inscribed  in  it. 


1°.  Let  ABCF  be  a  regular  polygon:  then  can  the 
circumference  of  a  circle  be  circumscribed  about  it. 

For,  'through  three  consecutive  ver¬ 
tices  J?,  (7,  describe  the  circum¬ 

ference  of  a  circle  (B.  III.,  Problem 
XIII!,  S.).  Its  centre  0  will  lie 
on  PO,  drawn  perpendicular  to  P(7, 
at  its  middle  point  P ;  draw  OA 
and  OD. 

Let  the  quadrilateral  OPCD  be 
turned  about  the  line  (9P,  until  PC 


falls  on  PP  \  then,  because  the  angle  G  is  equal  to  P, 
the  side  CP  will  take  the  direction  PA  ;  and  because  CP 
is  equal  to  P^,  the  vertex  P,  will  fall  upon  the  vertex 
A  ;  and  consequently,  the  line  OP  will  coincide  with  OA., 
and  is,  therefore,  equal  to  it  :  hence,  the  circumference  which 
passes  through  P,  and  6^,  will  pass  through  P.  In 

like  manner,  it  may  be  shown  that  it  will  pass  through  all 
of  the  other  vertices  :  hence,  it  is  circumscribed  about  the 
polygon  ;  which  was  to  be  proved. 


2°.  A  circle  may  be  inscribed  in  the  polygon. 

For,  the  sides  AP,  P6^,  &c.,  being  equal  chords  of 
the  circumscribed  circle,  are  equidistant  from  the  centre  0 : 
hence,  if  a  circle  be  described  from  0  as  a  centre,  with 
OP  as  a  radius,  it  will  be  tangent  to  all  of  the  sides  of 
the  polygon,  and  consequently,  will  be  inscribed  in  it;  which 
was  to  be  proved. 


V 
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Scholium.  K  the  circumference  of  a  circle  be  divided 
into  e(^ual  arcs,  the  chords  of  these  arcs  will  be  sides  of  a 
regular  inscribed  polygon. 

For,  the  sides  are  equal,  because  they  are  chords  of  equal 
arcs,  and  the  angles  are  equal,  because  they  are  measured  by 
halves  of  equal  arcs. 

If  the  vertices  Jl,  (7,  &c., 
of  a  regular  inscribed  polygon  be 
joined  with  the  centre  O,  the  tri¬ 
angles  thus  formed  will  be  equal, 
because  their  sides  are  equal,  each 
to  each  :  hence,  all  of  the  angles 
about  the  point  0  are  equal  to 
each  other. 


DEFINITIONS. 


1.  The  Centre  of  a  Regular  Polygon,  is  the  common 
centre  of  the  circumscribed  and  inscribed  circles. 

2.  Tlie  Angle  at  the  Centre,  is  the  angle  formed  by 
drawino-  lines  from  the  centre  to  the  extremities  of  either 
side. 

The  angle  at  the  centre  is  equal  to  four  right  angles 
divided  by  the  number  of  sides  of  the  polygon. 

4 

3.  The  Apothem,  is  the  distance  from  the  centre  ,  to 

( 

either  side. 

The  apothem  is  equal  to  the  radius  of  the  inscribed 
circle. 
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PROPOSITION-  m.  PROBLEM. 


To  inscribe  a  square  in  a  given  circle. 

Let  ABGD  be  the  given  cir- 
cle.  Draw  any  two  diameters  AC 
and  BD  per2)endicular  to  each 

'other  ;  tlmy  will  divide  the  circmn-  0 

ference  into  four  equal  arcs  (B.  III., 

P.  XVIL,  S.).  Draw  the  chords 
AB^  BG^  GJD^  and  BA  :  then 
will  the  figure  ABGB  be  the 
square  required  (P.  II.,  S.). 

Scholium.  The  radius  is  to  the  side  of  the  inscribed 
square  as  1  is  to 


PROPOSITION  IV.  THEOREM. 

If  a  regular  hexagon  he  inscribed  in  a  circle.,  any  side  will 
be  equal  to  the  radius  of  the  circle. 

Let  ABB  be  a  circle,  and  ABGBEH  a  regular  in¬ 
scribed  hexagon  :  then  will  any  side,  as  AB.,  be  equal  to 
the  radius  of  the  circle. 

Draw  the  radii  OA  and  OB. 

Theh  will  the  angle  A  OB  be 
equal  to  one-sixth  of  four  right 

angles,  or  to  two-thirds  of  one  C 

right  angle,  because  it  is  an  an¬ 
gle  at  the  centre  (P.  II.,  D.  2). 

The  sum  of  the  two  angles  OAB 
and  OBA  is,  consequently,  equal 

to  four-thirds  of  a  riglit  angle  (B.  L,  P.  XXV.,  C.  1)  ;  but, 
the  angles  OAB  and  OBA  are  equal,  because  the  opposite 
sides  OB  and  OA  are  equal  :  hence,  each  is  equal  to 


f 


/ 
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two-tliirds  of  a  right  angle.  The  three  angles  of  the  triangle 
AOB  are  therefore,  equal,  and  consequently,  the  triangle  is 
equilateral :  hence,  AB  is  equal  to  OA  ;  which  was  to  he 
proved. 

PROPOSITION  V.  PROBLEM. 

To  inscribe  a  regular 


Cor.  1.  If  tlie-  alternate 
vertices  of  the  regular  hexagon 
he  joined  by  the  lines  dLC', 

(7^,  and  EA.,  'the  inscribed 
triangle  AGE  will  be  equilateral  (P.  II.,  S.). 

Cor.  2.  If  we  draw  the  radii  OA  and  0(7,  the  figure 
AOGB  will  be  a  rhombus,  because  its  sides  are  equal: 
hence  (B.  IV.,  P.  XIV.,  C.),  we  have, 

JW  +  +  OG‘‘  =  ZC'’  +  0^^; 

or,  taking  away  from  the  first  member  the  quantity  OA  , 
and  from  the  second  its  equal  (7-S^,  and  reducing,  we  have, 

^OA"  =  XO'; 

whence  (B.  11.,  P  II.), 


hexagon  in  a  given  circle. 


Let  ABE  be  a  circle,  and  0  its  centre. 

Beginning  at  any  point  of 
the  circumference,  as  zl,  ap¬ 
ply  the  radius  OA  six  times 
as  a  chord  ;  then  will 

ABCDEE  be 
required  (P.  IV.). 


the  hexagon 


A  6'^  :  0£  :  :  3  :  1  ; 
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or  (B.  n.,  P.  Xn.,  C.  2), 

AG  :  OA  :  :  ^  > 

that  is,  the  side  of  an  inscribed  equilateral  triangle  is  to  the 
radius^  as  the  square  root  of  3  is  to  1. 


PROPOSITION  VI.  THEOREM. 

If  the  radius  of  a  circle  be  divided  in  extreme  and  mean 
ratio^  the  greater  segment  will  be  equal  to  one  side  of  a 
regular  inscribed  decagon. 

Let  ACG  be  a  circle,  OA  its  radius,  and  Alf  equal  to 
03/,  the  greater  segment  of  OA  when  divided  in  extreme 
and  mean  ratio  :  then  will  AB  be  equal  to  the  side  of  a 
regular  inscribed  decagon. 

Draw  OB  and  BM.  We 
have,  by  hypothesis, 

AO  :  OM  :  :  031  :  AM\ 

or,  since  AB  is  equal  to 
03/,  we  have, 

AO  :  AB  :  :  AB  :  A3I\ 

hence,  the  triangles  OAB 
and  BA3I  have  the  sides 
about  their  common  angle 
BA3f  proportional  ;  they  are,  therefore,  similar  (B.  W., 
P.  XX.).  But,  the  trianglt^  OAB  is  isosceles  ;  hence,  BA3I 
is  also  isosceles,  and  consequently,  the  side  B3I  is  equal  to 
AB.  But,  AB  is  equal  to  03/,  by  hypothesis  :  hence, 
B3I  is  equal  to  03/,  and  consequently,  the  angles  MOB 
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and  MBO  are  equal.  The  angle  AMB  being  an  exterior 
ano-le  of  the  triangle  0MB,  is  equal  to  the  sum  of  the 
angles  MOB  and  MBO,  or 
to  twice  the  angle  MOB  ; 
and  because  AMB  is  equal  to 
OAB,  and  also  to  OB  A,  the 
sum  of  the  angles  OAB  and 
O BA  is  equal  to  four  times 
the  angle  AOB  :  hence,  AOB 
is  equal  to  one-fifth  of  two 
right  angles,  or  to  one-tenth  of 
four  right  angles ;  and  conse¬ 
quently,  the  arc  AB  is  equal 
to  one-tenth  of  the  circumfer- 
eaice  :  hence,  the  chord  AB 
regular  inscribed  decagon  ;  which  was  to  he  proved. 

\ 

Cor.  1.  If  AB  be  applied  ten  times  as  a  chord,  the 
resulting  polygon  will  be  a  regular  inscribed  decagon. 

Cor.  2.  If  the  vertices  A,  C,  E,  G,  arid  I,  of  the 
alternate  angles  of  the  decagon  be  joined  by  straight  lines, 
the  resulting  figure  will  be  a  regular  inscribed  pentagon. 

Scholium  1.  If  the  arcs  subtended  by  the  sides  of  any 
regular  inscribed  polygon  be  bisected,  and  chords  of  the  semi¬ 
arcs  be  drawn,  the  resulting  figure  Avill  be  a  regular  inscribed 
polygon  of  double  the  number  of  sides. 

Scholium  2.  The  area  of  any  regular  inscribed  polygon 
IS  less  than  that  of  a  regular  ijiscribed  polygon  of  double 
the  number  of  sides,  because  a  part  is  less  than  the  whole. 


is  equal  to  the  side  of  a 


I 
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PROPOSITION  VII.  PROBLEM. 

circumscribe  a  polygon  about  a  circle  which  shall  be 
similar  to  a  given  regular  inscribed  polygon. 


0  its  centre,  and  ABGDEF.^ 


Let  TNQ  be  a  circle, 
a  regular  inscribed  polygon. 

At  the  middle  points 
T.,  A",  P,  &c.,  of  the  arcs 
subtended  by  the  sides  of 
the  inscribed  polygon,  draw 
tangents  to  the  circle,  and 
prolong  them  till  they  in¬ 
tersect  ;  then  will  the  re¬ 
sulting  figure  be  the  poly¬ 
gon  required. 

1°.  The  side  HQ  /be¬ 
ing  parallel  to  PA,  and 

HI  to  B  (7,  the  angle  H  is  equal  to  the  angle  B.  In 
like  manner,  it  may  be  shown  that  any  other  angle  of  the 
circumscribed  polygon  is  equal  to  the  corresponding  angle  of 
the  inscribed  polygon  :  hence,  the  circumscribed  polygon  is 
$quiangidar. 


2°.  Draw  the  lines’  06r,  OP,  OH^  OH.,  and  01.  Then, 
because  the  lines  HT  and  HN  are  tangent  to  the  circle, 
OH  will  bisect  the  angle  NHI\  and  also  the  angle  NOT 
(B.  III.,  Prob.  XIV.,  S.)  ;  consequently,  it  will  pass  through 
the  middle  point  B  of  the  arc  NBT.  In  like  manner,  it 
may  be  shown  that  the  line  drawn  from  the  centre  to  the 
vertex  of  any  other  angle  of  the  circumscribed  polygon,  will 
pass  tlirough  the  corresponding  vertex  of  the  inscAbed  poly- 
gon. 

The  triangles  OHG  and  OHI  have  the  angles  OHO 


/ 


/ 


I 


144 


GEOMETRY. 


and  OHI  equal,  from  what  has  just  been  shown  ;  the  an¬ 
gles  G02I  and  HOI  equal,  because  they  are  measured  by 
the  equal  arcs  A3  and 
B  C,  and  the  side  OH 
common  ;  they  are,  there¬ 
fore,  equal  in  all  their 
parts  :  hence,  GH  is 
equal  to  HI.  In  like 
manner,  it  may  be  shown 
that  HI  is  equal  to  XYi 
IK  to  KB;  and  so  on  : 
lienee,  the  circumscribed 
polygon  is  equilateral. 

The  circumscribed  poly¬ 
gon  being  both  equiangular  and  equilateral,  is  regular  /  and 
since  it  lias  the  same  number  of  sides  as  the  inscribed  poly¬ 
gon,  it  is  similar  to  it. 


Cor.  1.  K  lines  be  drawn  from  the  centre  of  a  regular 
circumscribed  polygon  to  its  vertices,  and  the  consecutive  points 
in  which  they  intersect  the  circumference  be  joined  by 
chords,  the  resulting  figure  will  be  a  regular  inscribed 
polygon  similar  to  the  given  polygon. 


Cor.  2.  The  sum  of  the  lines  HT  and  HIST  is  equal 
to  the  sum  of  HT  and  or  to  HG  ;  that  is,  to  one 

of  the  sides  of  the  circumscribed  polygon. 

Cor.  3.  If  at  the  vertices  A.^  B.,  (7,  &c.,  of  the  in¬ 

scribed  polygon,  tangents  be  drawn  to  the  circle  and  pro¬ 
longed  till  they  meet  the  sides  of  the  circumscribed  polygon, 
tlie  resulting  figure  will  be  a  circumscribed  polygon  of  double 
the.  number  of  sides. 

Cor.  4.  The  area  of  any  regular  circumscribed  polygon 
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is  greater  than  that  of  a  regular  circumscribed  polygon  of 
double  the  number  of  sides,  because  the  whole  is  greater 
than  any  of  its  parts. 

Scholium.  By  means  of  a  circumscribed  and  inscribed 
squaie,  we  may  construct,  in  succession,  regular  circumscribed 
and  inscribed  polygons  of  8,  16,  32,  &c.,  sides.  By  means 
of  the  regular  hexagon,  we  may,  in  like  manner,  construct 
regular  polygons  of  12,  24,  48,  &c.,  sides.  By  means  of  the 
decagon,  we  may  construct  regular  polygons  of  20,  40,  80, 
<fec.,  sides. 


PKOPOSmON  VIII.  TIIEOEEM. 


The  area  of  a  regular  polygon  is  equal  to  half  the  product 

of  its  perimeter  and  apothem. 

Let  GlIIK,hQ  a  regular  polygon,  0  its  centre,  and 
OT  its  apothem,  or  the  radius  of  the  inscribed  circle  : 
then  will  the  area  of  the  polygon  be  equal  to  half  the 
product  of  the  perimeter  and  the  apothem. 

For,  draw  lines  from  the  centre 
to  the  vertices  of  the  polygon. 

These  lines  will  divide  the  polygon 
into  triangles  whose  bases  will  be 
the  sides  of  the  polygon,  and 
whose  altitudes  will  be  equal  to 
the  apothem.  Kow,  the  area  of 
any  triangle,  as  OHG.^  is  equal  to 
half  the  product  of  the  side  IlG 
a^ld  the  apothem  :  hence,  the  area 

of  the  polygon  is  equal  to  half  the  product  of  the  perimeter 
.and  the  apothem  ;  v)hich  was  to  he  proved. 

10 
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PROPOSITION  IX.  THEOREM. 

The  perimeters  of  similar  regular  polygons  are  to  each 
other  as  the  radii  of  their  circumscribed  or  inscribed 
circles  ;  and  their  areas  are  to  each  other  as  the  squares 
of  those  radii. 

1°.  Let  ABC  and  KLM  be  similar  regular  polygons. 

Let  OA  and  QK  be  the  radii  of  their  circumscribed,  OD 
and  QB  be  the  radii  of  their  inscribed  circles:  then  will 
the  perimeters  of  the  polygons  be  to  each  other  as  OA  is 

to  QK-s  01’ 

For,  the  lines 
OA  and  QK  are 
homologous  lines 
of  the  polygons 
to  which  they  be¬ 
long,  as  are  also 
the  lines  OJ)  and 
QB  :  hence,  the 
perimeter  of  AB  G 
is  to  the  perimeter  of  ICBM^  as  OA  is  to  or  as 

OB  is  to  QB  (B.  IV.,  P.  XXVIL,  C.  1) ;  which  was  to  he 
proved. 

2°.  The  areas  of  the  polygons  will  be  to  each  other  as 
OA^  is  to  or  as  OB^  is  to  QB^. 

For,  OA  being  homologous  with  QbB.,  and  OB  with 
'QB^  we  have,  the  area  of  ABC  is  to  the  area  of  BBM.^  J 
as  OA^  is  to  ■  or  as  OB^  is  to  ^  (B.  JV.,  P. 

XXV  n.,  C.  1)  ;  which  was  to  be  proved. 

} 


\ 
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PEOPOSITION  X.  THEOKEM. 

Two  regxilar  polygons  of  the  same  number  of  sides  can  be 
constructed^  the  one  circumscribed  about  a  circle  and  the 
other  inscribed  in  it^  which  shall  differ  from  each  other 
by  less  than  any  given  surface. 

Let  ABCE  be  a  circle,  O  its  centre,  >and  Q  the  side 
of  a  square  which  is  less  than  the  given  surface  ;  then  can 
two  similar  regular  polygons  be  constructed,  the  one  circum¬ 
scribed  about,  and  the  other  inscribed  within  the  given  circle, 
which  shall  differ  from  each  ✓  other  by  less  than  the  square 
of  and  consequently,  by  less  than  the  given  surface. 

Inscribe  a  square  in  the 
given  circle  (P.  III.),  and  by 
means  of  it,  inscribe,  in  succes¬ 
sion,  regular  polygons  of  8,  16, 

32,  &c.,  sides  (P.  YII.,  S.),  un¬ 
til  one  is  found  whose  side  is 
less  than  Q ;  let  AB  be  the 
side  of  such  a  polygon. 

Construct  a  similar  circum¬ 
scribed  polygon  abcde  :  then 
will  these  polygons  differ  from  each  other  by  less  than  the 
square  of  Q. 

For,  from  a  and  draw  the  lines  aO  and  bO  \  they 
will  pass  through  the  points  A  and  B.  Draw  also  OK 
to  the  point  of  contact  K\  it  will  bisect  AB  at  I  and 
be  perpendicular  to  it.  Prolong  AO  to  E. 

Let  jP  denote  the  circumscribed,  and  p  the  inscribed 
polygon  ;  then,  because  they  are  regular  and  similar,  we 
shall  have  (P.  IX.), 


/ 
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Pip::  ok'  or  OA'  :  0f\ 

hence,  by  division  (B,  II.,  P.  VL),  we  have, 

P  :  P  —  p  :  : 

OT^ 

P  :  P  -  p  :  :  OA"  :  Z?". 

Multiplying  the  terms  of  the 
second  couplet  by  4  (B.  11.,  P. 

VII),  we  have, 

P  :  P  —  p  :  :  4  0^  :  4AI^ ; 

whence  (B.  IV.,  P.  VIII.,  C.), 

P  :  P  ~p  ::  AW'  :  AP\ 

But  P  is  less  than  the  square  of  AK  (P.  VIL,  C.  4)  ; 

* 

hence,  P  —  p  is  less  than  the  square  of  AP^  and  conso 
quently,  less  than  the  square  of  or  than  the  given  sur^ 
face  ;  which  loas  to  be  j^^oved. 

Cot.  1.  If  the  number  of  sides  of  the  polygons  be  made 
greater  than  any  assignable  number  ;  that  is,  infinite.,  the 
difference  between  their  areas  will  be  less  than  any  assignable 
surface  ;  that  is,  it  will  be  zero  *. 

Cor.  2.  When  the  number  of  sides  of  the  2')olygons  is 
infinite,  either  polygon  differs  from  the  circle  by  less  than 
any  assignable  quantity  ;  for,  the  circumference  of  the  circle 
lies  between  the  perimeters  of  the  polygons  :  hence,  the 
circle  differs  from  either  polygon  by  less  than  they  differ 
from  each  other. 

*  Univ.  Algebra,  Arts.  72,  73.  Bourdon,  Art.  71*. 


:  OA^  -  or  ; 
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Scholium  1.  The  circle  may  he  regarded  as.  the  limit 
of  the  hiscrihed  polygons  ;  that  is,  it  is  a  figure  towards 
which  a  polygon  may  be  made  to  approach  as  near  as 
desirable,  but  beyond  which  it  cannot  be  made  to  pass. 

Scholium  2.  The  circle  may  be  regarded  as  a  regular 
polygon  of  an  infinite  number  of  sides,  and  because  of  the 
principle,  that  whatever  is  true  of  a  whole  class,  is  true  of 
every  individual  of  that  class,  we  may  affirm  that  whatever 
is  true  of  regular  polygons,  is  also  true  of  circles. 

Scholium  3.  "When  the  circle  is  resrarded  as  a  regular 
polygon,  the  circumference  is  to  be  regarded  as  its  perime¬ 
ter,  and  the  radius  as  its  apotheyn. 

PEOPOSITION  XI.  PEOBLEM. 

The  area_  of  a  regular  mscrihed  polygon,  and  that  of  a 
similar  circumscribed  polygon  being  given,  to  find  the 
areas  of  the  regidar  inscribed  ayid  circumscribed  polygons 
having  double  the  number  of  sides. 

Let  AJB  be  tlie  side  of  the  given  inscribed,  and  EP 
that  of  the  given  circumscribed  polygon.  Let  G  be  their 
common  centre,  AMB  a  portion  of  the  circumference  of 
the  circle,  and  AT  the  middle  point  of  the  arc  AMB. 

Draw  the  chord  AM,  and 
at  ^  and  B  draw  the  tangents 
AP  and  BQ ;  then  will  AM 
be  the  side  of  the  inscribed 
polygon,  and  PQ  the  side  of 
the  circumscribed  polygon  of 
double  the  number  of  sides  (p- 
VII.).  Draw  GE,  GP,  GM, 
and  GF. 
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Denote  tlie  area  of  the  given  inscribed  polygon  by  p, 
the  area  of  the  given  circumscribed  polygon  by  P,  and  the 
areas  of  the  inscribed  and  circumscribed  polygons  having 
double  the  number  of  sides,  respectively  by  p’  and  F'. 

1  The  triangles  CAD^  GAM^ 
and  GEM,  are  like  parts  of  the 
polygons  to  which  they  belong  : 
hence,  they  are  proportional  to  the 
polygons  themselves.  But  GAM 
is  a  mean  proportional  between 
GAD  and  GEM  (B.  IV.,  P. 

XXIV.,  C.  2)  ;  consequently  p' 
is  a  mean  proportional  between 
p  and  P :  hence, 

p'  z=z  ^/p  X  P. . (^*) 

2°.  Because  the  triangles  GPM  and  GPE  have  the 
common  altitude  C3I,  they  are  to  each  other  as  their 

bases  :  hence,  ^ 

CP3I  :  GPE  :  :  PM  :  PE ; 

and  because  CP  bisects  the  angle  ACM,  we  have  (B.  IT., 
I>.  XVIL), 

PM  :  PE  :  :  CM  :  CE  :  :  CE  :  CA ; 

hence  (B.  IL,  P.  n.), 

GFM  :  GFE  ::  GD  :  GA  or  GM. 

But,  the  triangles  GAD  and  GAM  have  the  common 

altitude  AD  ;  they  are,  therefore,  to  each  other  as  their 

bases  :  hence, 

GAD  :  GA3I  \  x  GD  \  GM  \ 
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or,  because  CAD  and  CAM  are  to  each  other  as  the 
polygons  to  which  they  belong, 

p  p'  :  :  CD  :  CM  ; 
hence  (B.  II.,  P.  IV.),  we  have, 

CPAI  :  CPE  \  \  p  \  p\ 

and,  by  composition, 

CPM  GPMP  CPE  or  CME  :  ;  p  :  p  P p'  \ 
hence  (B.  II.,  P.  VII.), 

2  CPM  or  CMPA  :  CME  :  :  "Ip  :  p  -k-  p'. 

But,  CMPA  and  CAIE  are  like  parts  of  P’  and  P, 
hence, 

P  :  P  :  :  ^p  :  p  p*  \ 
or, 

-pt  . 

^  =  ir+^- 

Scholium.  By  means  of  Equation  ( 1 ),  we  can  find  p\ 

and  then^  by  me^ms  of  Equation  ( 2 ),  we  can  find  P’ . 


PROPOSITION  XII.  PROBLEM. 

To  find  the  approximate  area  of  a  circle  whose  radius  is  1. 

The  area  of  an  inscribed  square  is  equal  to  twice  the 
square  of  the  radius,  or  2  (P.  III.,  S.),  and  the  area  of  a 
circumscribed  square  is  4.  Making  p  equal  to  2,  and 
P  equal  to  4,  we  have,  from  Equations  ( 1 )  and  ( 2 )  of 
Proposition  XI., 

.  .  inscribed  octagon  ; 

,  .  circumscribed  octagon. 

* 


p'  =  ys  =  2.8284271  . 
16 

P  = - r-  =  3.3137085  . 


4 
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Making  p  equal  to  2.8284271,  and  P  equal  to  3.3137085, 
we  have,  from  the  same  equations, 

p’  —  3.0614674  .  .  .  inscribed  polygon  of  16  sides. 

P'  —  3.1825979  ...  circumscribed  polygon  of  16  sides. 

By  a  continued  application  of  these  equations,  we  find 
tbe  areas  indicated  in  the  following 

TABLE. 


..muer  op 

Sides. 

Inscribed  Polygons.  - 

Qrcdmsceibed  Polygons. 

4 

2.0000000 

4.0000000 

8 

2.8284271 

3.3137085 

16 

3.0614674 

3.1825979 

32 

3.1214451 

3.1517249 

64 

3.1365485 

3.1441184 

128 

3.1403311 

3.1422236 

256 

3.1412772 

3.1417504 

512 

3.1415138 

3.1416321 

1024 

3.1415729 

3.1416025 

2048 

3.1415877 

3.1415951 

4096 

3.1415914 

3.1415933 

8192 

3.1415923 

3.1415928 

16384 

3.1415925 

3.1415927 

Now,  the  areas  of  the  last  two  polygons  differ  from  each 
oilier  by  less  than  the  millionth  part  of  a  unit,  but  the  area 
of  the  circle  differs  from  either  by  less  than  they  difier  from 
each  other  ;  hence,  the  value  of  the  area  of  either  will  differ 

from  that  of  the  circle  by  less  than  a  millionth  part  of  a 

unit.  Taking  the  figures  as  far  as  they  agree,  and  denoting 

the  number  of  units  in  the  required  area  by  -tt,  we  have, 
approximately, 

“tt  rr  3.141592  ; 

that  is,  the  area  of  a  circle  lohose  radius  is  1,  is  3.141592. 

/Scholium.  For  practical  computation,  the  value  of  -tt  is 

taken  equal  to  3.1416. 


PEOPOsiTroN  xrii.  theoeem. 


The  circumferences  of  circles  are  to  each  other  as  their  radii^ 
and  the  areas  are  to  each  other  as  the  squares  of  their 
radii. 

Let  Q  and  0  -  be  the  centres  of  two  circles  whose 
radii  are  CA  and  Oil  :  then  will  tiie  circumferences  be 
to  each  other  as  their  radii,  and  the  areas  will  be  to  each 
other  as  the  squares  of  their  radii. 


N 

For,  let  similar  regular  polygons  MUFST  and  EFGKL 
be  inscribed  in  the  circles  :  then  will  the  perimeters  of  these 
polygons  be  to  each  other  as  their  apothems,  and  the  areas 
will  be  to  each  other  as  the  squares  of  their  apothems,  what¬ 
ever  may  be  the  number  of  their  sides  (P.  IX.). 

If  the  number  of  sides  be  made  infinite  (P.  VII.,  S.),  the 
polygons  will  coincide  with  the  circles,  the  perimeters  with 
the  circumferences,  and  the  apothems  with  the  radii  :  hence, 
the  circumferences  of  the  circles  are  to  each  other  as  their 
radii,  and.  the  areas  are  to  each  other  as  the  squares  of  the 
radii  ;  which  was  to  be  proved. 

Cor.  1.  Diameters  of  circles  are  proportional  to  their 
radii  :  hence,  the  circumferences  of  circles  are  pfoportiorial 
to  their  diameters.,  and  the  areas  are  proportional  to  the 
squares  of  the  diameters. 
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Cor.  2.  Similar  arcs,  as  AB  and  BE,  are  like  parts 
of  the  circumferences  to  which 
they  belong,  and  similar  sectors, 
as  ACB  and  DOE,  are  like 
parts  of  the  circles  to  which 
they  belong  :  hence,  similar 
arcs  are  to  each  other  .as  their 
radii,  and  similar  sectors  are 
to  each  other  as  the  squares  of  their  radii. 

Scholium.  The  term  infinite,  employed  above,  is  to  be 
understood  in  its  limited  technical  sense.  AYhen  it  is  pro¬ 
posed  to  make  the  number  of  sides  of  the  polygons  infinite, 
by  the  method  indicated  in  the  Scholium  of  Proposition  \  II., 
it  is  simply  meant  to  make  that  number  so  great  that  the 
difference  between  the  areas  of  the  circle  and  polygon  shall 
be  less  than  any  appreciable  quantity.  We  have  seen  (P. 
XIL),  that  when  the  number  of  sides  16384,  the  areas  differ 
by  less  than  the  millionth  part  of  a  unit.  '  By  increasing 
tlie  number  of  sides,  a  still  closer  approximation  may  be  had. 


PROPOSITION  XIV.  THEOREM. 


The  area  of  a  circle  is  equal  to  half  the  qoroduct  of  its 

^  circumference  and  radius. 


Let  0  be  the  centre  of  a  circle, 
AC  BE  <  its  circumference:  then  will 
the  area  of  the  circle  be  equal  to  half 
the  product  of  the  circumference  and 
radius. 

For,  inscribe  in  it  a  regular  poly¬ 
gon  A  CBE.  Then  will ,  the  area  of 
this  polygon  be  equal  to  half  the  pro- 


OC  its  radius,  and 
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duct  of  its  perimeter  and  apothem,  whatever  may  be  the 
number  of  its  sides  (P.  VIII.). 

If  the  number  of  sides  be  mad<e  infinite,  the  polygon  will 
coincide  with  the  circle,  the  perimeter  with  the  circumference, 
and  the  apothem  with  the  radius  :  hence,  tlie  area  of  the 
circle  is  equal  to  half  the  product  of  its  circumference  and 
radius  ;  which  was  to  he  proved. 

Cor.  1.  The  area  of  a  sector  is  equal  to  half  the  pro¬ 
duct  of  its  arc  and  radius. 

Cor.  2.  The  area  of  a  sector  is  to  the  area  of  the  circle, 
as  the  arc  of  the  sector  to  the  circumference. 

PROPOSITION  XV.  PROBLEM. 

To  find  an  expression  for  the  area  of  any  circle  m  terms 

of  its  radius. 

Let  C  be  the  centre  of  a  circle,  and  CA  its  radius. 
Denote  its  area  by  area  OA,  its  radius 
by  i?,  and  the  area  of  a  circle  whose 
radius  is  1,  by  ‘tt'  (P.  XII.,  S.). 

Then,  because  the  areas  of  circles 
are  to  each  other  as  the  squares  of 
their  radii  (P.  XIII.),  we  have, 

area  CA  :  -r  ::  :  1  ; 

whence,  area  CA  — 

That  is,  the  area  of  any  circle  is  3.1416  times  the  square 

V  ' 

of  the  radius. 

PROPOSITION  XVI.  PROBLEM. 

.  To  find  an  expression  for  the  eireumference  of  a  circle,  m 

terms  of  its  radius.^  or  diameter. 

Let  C  be  the  centre  of  a  circle,  and  CA  its  radius. 
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Denote  its  circumference  by  circ,  CA^  its  radius  by  .7?,  and 
its  diameter  by  D.  From  the  last  Proposition,  we  have, 

area  GA  =  ; 

and,  from  Proposition  XIV.,  we  have, 
area  CA  =z  ^circ.  CA  x  R  ; 
hence,  ^circ.  GA  x  R  =  ‘rrR^  ; 

whence,  bv  reduction, 

•  czrc.  GA  =  2‘ri?,  or,  circ.  GA  =  <ri>. 

( 

That  is,  t/ie  circumference  of  any  circle  is  equal  to  3.1416 
times  its  diameter. 

Scholium  1.  The  abstract  number  if,  equal  to  3.1416,  de¬ 
notes  the  number  of  times  that  the  diameter  of  a  circle  is 
contained  in  the  circumference,  and  also  the  number  of  times 
that  the  square  constructed  on  the  radius  is  contained  in  the 
area  of  the  circle  (P.  XV.).  Xow,  it  has  been  proved  by 
the  methods  of  Higher  Mathematics,  that  the  value  of  if  is 
incommensurable  with  1  ’  hence,  it  is  impossible  to  express, 
by  means  of  numbers,  the  exact  length  of  a  circumference 
in  ter.  ns  of  the  radius,  or  the  exact  area  in  terms  of  the 
square  described  on  the  radius.  We  may  also  infer  that  it 
is  impossible  to  square  the  circle  /  that  is,  to  construct  a 
square  whose  area  shall  be  exactly  equal  to  that  of  the  cir- 
cle. 

Scholium  2.  Besides  the  approximate  value  of  -r,  3.1416, 

usually  employed,  the  fractions  and  f-yf-  are  also  used, 
when  great  accuracy  is  not  required. 
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PLANES  AND  POLYEDRAL  ANGLES. 

DEFINITIONS. 

1.  A  straight  line  is  perpendicular  to  a  plane,  when 
it  is  perpendicular  to  every  line  of  the  plane  which  passes 
through  its  root  ;  that  is,  through  the  'point  in  wdiich  it 
meets  the  plane. 

Li  this  case,  the  plane  is  also  perpendicular  to  the  line. 

2.  A  straight  line  is  parallel  to  a  plane,  when  it  can¬ 
not  meet  the  plane,  how  far  soever  both  may  be  produced. 

In  this  case,  the  plane  is  also  parallel  to  the  line. 

3.  Two  ^Planes  are  parallel,  when  they  cannot  meet, 

how  far  soever  both  may  be  produced.  '  > 

4.  A  Diedral  angle  is  the  amount,  of  divergence  of  two 
planes. 

The  line  in  which  the  planes  meet,  is  called  the  edge  of 
the  ayigle^  and  the  planes  themselves  are  called  faces  of  the 
angle. 

Tlie  measure  of  a  diedral  angle  is  the  same  as  that  of 
a  plane  angle  formed  by  two  lines,  one  drawn  in  each  face, 
and  both  perpendicular  to  the  edge  at  the  same  point.  A 
diedral  angle  may  be  acute.^  obtuse.,  or  a  right  angle.  In 
the  latter  case,  the  faces  are  perpendicular  to  each  other. 
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5.  A  PoLYEDRAL  ANGLE  is  the  amoiiiit  of  dh  gence  of 
aeveral  planes  meeting  at  a  common  point. 

This  point  is  called  the  vertex  of  the  angle  ;  ae  lines  in 
wliich  the  planes  meet  are  called  edges  of  thi  angle^  and 
the  portions  of  the  planes  lying  between  the  edges  are 
called  faces  of  the  angle.  Thus,  8 
is  the  vertex  of  the  polyedral  angle, 
whose  edges  are  /S'A, 
aS7>,  .and  whose  faces  are  AaSZ?, 

BSC,  CSJD,  BSA. 

A  polyedral  angle  which  has  but 
three  faces,  is  called  a  triedral 
angle. 

POSTULATE. 

A  line  may  be  drawn  perpendicular  to  a  p  ne  from  any 
point  of  the  plane,  or  from  any  point  without  the  plane. 


PROPOSITION  I.  THEOREM. 

If  a  straight  line  has  two  of  its  points  in  a  plane,  it  wiU 

lie  wholly  in  that  plane. 

s. 

For,  by  definition,  a  plane  is  a  surface  su».ti,  that  if  any 
two  of  its  points  be  joined  by  a  straight  line,  that  line  will 
lie  wholly  in  the  surface  (B.  I.,  D.  8). 

Cor.  Through  any  point  of  a  plane,  an  infinite  number 
of  straight  lines  may  be  drawn  which  will  lie  in  the  plane. 
For,  if  a  line  be  drawn  from  the  given  point  to  any  other 
point  of  the  plane,  that  line  will  lie  wholly  in  the  plane. 

Scholium.  If  any  two  points  of  a  plane  be  joined  by  a 
straight  line,  the  plane  may  be  turned  about  that  line  as  an 
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axis,  so  as  to  take  an  infinite  number  of  positions.  Hence, 
we  infer  that  an  infinite  number  of  planes  may  be  passed 
through  a  given  line. 


PROPOSITION  II.  THEOREM. 


Through  three  points^  not  in  the  same  straight  line^  one 
plane  can  be  passed^  and  only  one. 


Let  H,  J>,  and  G  be  the  three  points  :  then  can  one 
plane  be  passed  through  them,  and  only  one. 

Join  two  of  the  points,  as  A  and 
J5,  by  the  line  AB.  Through  AB 
let  a  plane  be  passed,  and  let  this  plane 
be  turned  around  AB  until  it  contains 
the  point  G  ;  in  this  position  it  will 


pass  through  the  three  points  H,  i?, 
and  G.  If  now,  the  plane  be  turned 

about  AB.,  in  either  direction,  it  will  no  longer  contain  the 
point  G  \  hence,  one  plane  can  always  be  passed  thiough 
three  points,  and  only  one  ;  which  was  to  he  proved. 


Gor.  1.  Three  points,  not  in  a  straight  line,  determine  the 
position  of  a  plane,  because  only  one  plane  can  be  passed 
through  them. 

Got.  2.  A  straight  line  and  a  point  without  that  line, 
determine  the  position  of  a  plane,  because  only  one  plane 
can  be  passed  through  them. 

Gor.  3.  Two  straight  lines  which  intersect,  determine  the 
position  of  a  plane.  For,  let  AB  and  AG  intersect  at 
A  :  then  will  either  line,  as  AB.,  and  one  point  of  the 
other,  as  (7,  determine  the  position  of  a  plane. 

Gor.  4.  Two  parallel  lines  determine  the  position  of  a 
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plane.  For,  let  A.JB  and  QJ)  be  parallel.  By  definition 
(B.  I,  D.  16)  two  parallel  lines  always  lie  in  the  same  plane. 
But  either  line,  as  AB^  and  any  point 
of  the  other,  as  determine  the  posi¬ 
tion  of  a  •  hence,  two  parallels 

determine  the  position  of  a  plane.  F 


A- 

C- 


B 

D 


I  PROPOSITION  III.  THEOREM. 

The  intcTseetioTi  of  two  planes  is  a  straight  line. 

Let  AB  and  CD  be  two  planes  :  then  will  their  inter¬ 
section  be  a  straight  line. 

For,  let  E  and  F  be  any  two 
points  common  to  the  planes ;  draw 
the  straiglit  line  EF.  This  line  hav¬ 
ing  two  points  in  the  plane 
will  lie  wdiolly  in  that  plane  ;  and 
having  two  points  in  the  plane 

will  lie  wholly  in  that  plan^  :  hence,  every  point  of  EF  is 
common  to  both  planes.  Furthermore,  the  planes  can  have 
no  common  point  lying  without  EF,  otherwise  there  would 
be  two  planes  passing  through  a  straight  line  and  a  point 
lying  without  it,  whicli  is  impossible  (P.  II.,  0.  2)  ;  hence, 
the  intersection  ol  the  two  planes  is  a  straight  line  ;  which 
was  to  be  proved. 


PROPOSITION  IV.  THEOREM. 

If  a  straight  line  is  perpe^idicidar  to  two  straight  lines  at 
their  point  of  intersection,  it  is  pterpendicular  to  the  jdane 
of  those  lines. 

Let  MR  be  the  plane  of  the  two  lines  BB,  GC,  and 
let  AP  be  perpendicular  to  these  lines  at  F  :  then  wall 


'  ,  '  f  * 
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AP  be  perpendicular  to  every  line  of  the  plane  which 
passes  through  P,  and  consequently,  to  the  plane  itself 
For,  through  P,  draw  in 
the  plane  J/iV,  any  line  PQ ; 
through  any  point  of  this  line, 
as  §,  draw  the  line  P(7,  so 
that  PQ  shall  be  equal  to  QC 

(B.  rV.,  Prob.  Y.)  ;  draw  AP^ 

\ 

A  Q,  and  A  G. 

The  base  PC,  of  the  triangle  PPG,  being  bisected  at 
Q,  we  have  (B.  IV.,  P.  XIV.), 

HP  +  PB^  -  +  2 

In  like  manner,  we  have,  from  the  triangle  APG, 

A0'‘  +  AB'‘  -  2AQ^  +  2 

Subtracting  the  first  of  these  equations  from  the  second, 
'member  from  member,  we  have, 

AO'‘  -  PG'^  +  AH’  -  PW  =^2ir^  -  ‘iHt- 

But,  from  Proposition  XL,  C.  1,  Book  lY.,  we  have, 

AC'^  _  HP  -  AH’,  and  11?  -  PW  =  AP  i 
hence,  by  substitution, 

2ZP*  =  2AQ^  -  iPCp ; 

whence, 

AH  =  A^  -  Ht ;  or,  AP"^  +  Ht  = 

The  triangle  APQ  is,  therefore,  right-angled  at  P  (B.  IV., 

/  • 

P.  XIIL,  S.),  and  consequently,  AP  is  perpendicular  to 
PQ  :  hence,  AP  is  perpendicular  to  every  line  of  the 
plane  JIJV  passing  through  P,  and  consequently,  to  the 
plane  itself  ;  which  was  to  he  'proved. 

11 
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Cor.  1.  Only  one  perpendicular  can  be  drawn  to  a  plane 
from  a  point  Avitliont '  tlie  plane. 

For,  Rnpposc  two  perpendiculars, 
as  AP  and  could  be 

drawn  from  the  point  A  to  tlie 
plane  MN.  Draw  PQ'\  then 
tljo  triangle  APQ  would  liave 
two  right  angles,  APQ  and 
A  QP ;  which  is  impossible  (13.  I.,  P.  XXV.,  C.  3). 

Cor.  2.  Only  one  perpendicular  can  be  drawn  to  a  plane 
from  a  point  of  that  plane.  For,  suppose  that  two  pei-pen- 
diculars  could  be  drawn  to  the  plane  JfV,  from  the  point 
P.  Pass  a  plane  through  the  perpendiculars,  and  let  PQ 
be  its  intersection  with  ACN \  then  we  sliould  liave  two  per¬ 
pendiculars  drawn  to  tlie  same  straight  line  from  a  point  of 

that  line  ;  which  is  impossible  (13.  I.,  P.  XIY.,  C.). 

PROPOSITION  V.  THEOREM. 

If  from  a  point  loithout  a '  plane^  a  perpendicular  he  drawn 
to  the  plane.,  and  oblique  lines  he  drawn  to  dijferent 

points  of  the  plane  : 

1°.  7Vie  perpendicular  will  he  shorter  than  any  oblique  line  : 

2°.  Oblique  lines  which  meet  the  plane  a,t  equal  distances 
from  the  foot  of  the  perpendicular.,  will  he  equal : 

8.°  Of  two  oblique  lines  which  meet  the  plane  at  unequal 
distances  from  the  foot  of  the  perpendicular.,  the  one  lohich 
meets  it  at  the  greater  distance  vnll  he  the  longer. 

Let  A.  be  a  point  without  t,he  plane  ATN  ;  let  yl  P 

be  perjicndicular  to  the  plane  ;  let  A  AP.,  be  any  two 
oblique  lines  meeting  the  plane  at  equal  distances  from  the 
foot  of  the  perpendicular ;  and  let  A  C  and  AE  be  any  / 
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two  oblique  linos  meeting  the  plane  at  unequal  distances  from 
the  loot  of  the  perpendicular  : 

will  be  shorter 
than  any  oblique  line  AC. 

For,  draw  7^(7;  then  will 
Al*  bo  less  than  AC  (13. 

L,  XV.)  ;  which  was  to 
he  2^'i"oved. 


1^01*,  draw  PI)  ;  then  the  right-angled  triangles  APC^ 
have  the  side  AP  common,  and  the  sides  PCy 
Pl)^  equal  :  hence,  the  triangles  arc  equal  in  all  their  parts, 

and  consequently,  AC  and  AD  will  be  equal;  which  teas 
to  he  p7'oved. 


3°.  AE  will  be  greater  than  AC. 

For,  draw  PE,  and  take  PB  equal  to  PC  ;  draw 
AB  ;  then  will  AE  be  greater  than  AB  (B.  I.,  P.  XY.)  ; 
but  AB  and  AC  arc  equal  :  hence,  AE  is  greater  than 
AC  ;  which  was  to  he  x>roved. 

Cor.  The  equal  oblique  lines  AB,  AC,  Al),  meet  the 
plane  ATN  in  the  circumference  of  a  circle,  whose  centre  is 
P,  and  whose  radius  is  PB  :  hence,  to  draw  a  perpendi¬ 
cular  to  a  given  plane  ME,  from  a  point  A,  without  that 
plane,  lind  three  points  B,  C,  D,  of  the  plane  equally  dis¬ 
tant  from  A,  and  then  find  the  centre  P,  of  the  circle 
whose  circumference  passes  through  these  points  :  then  will 
AP  be  the  perpendicular  required. 


Scholium.  The  angle  ABP  is  called  the  inclination  of 
the  ohliqiie  line  AB  to  the  jilano  ME.  The  equal  oblique 
lines  AB,  A.  C,  Al),  arc  all  equally  inclined  to  the  plane 
ME.  J  he  inclination  ol  AE  is  less  than  the  inclination  of 
any  shorter  line  AB. 
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PROPOSITION  VI.  THEOREM. 


If  from  the  foot  of  a  'perpendicular  to  a  plane^  a  line  he 
drawn  at  right  angles  to  an'g  line  of  that  plane,  and  the 
point  of  intersection  he  joined  with  any  point  of  the  per* 
pendicular,  the  last  line  will  he  perpendicular  to  the  line 

of  the  plane. 


Let  be  perpendicular  to  the  plane  MN,  P  its  foot, 

B  G  the  given  line,  and  A  any  point  of  the  perpendicular  ; 

draw  PD  at  right  angles  to  DC,  and  join  the  point  D 

with  A  -.  then  will  AD  be  perpendicular  to  DC. 

For,  lay  off  JDB  equal  to 
JJC,  and  draw  PB,  PC,  AB, 
and  AG,  Because  PP  is  per¬ 
pendicular  to  BG,  ■  and  PB 

equal  to  PG,  we  have,  PB 

equal  to  PG  (B.  I.,  P.  XV.)  ; 
and  because  AP  is  perpendicu¬ 
lar  to  the  plane  3111,  and  PB 

equal  to  PG,  we  have  AB  equal  to  AG  (P.  V.). 
line  AP  has,  therefore,  two  of  its  points  A  and  P, 
equally  distant  from  B  and  G  :  hence,  it  is  perpendicular 
to  BG  (B.  I.,  P.  XVI.,  S.)  ;  which  teas  to  he  proved. 


The 

each 


Cor.  1.  The  line  BG  is  perpendicular  to  the  plane  of 
the  triangle  APP  ;  because  it  is  perpendicular  to  AP  and 
PP,  at  P  (P.  IV.). 

Cor.  2.  The  shortest  distance  between  AP  and'  BG  is 
measured  on  PP,  perpendicular  to » both.  For,  draw  BPJ 
between  any  other  points  of  the  lines  :  then  will  BP!  be 
greater  than  PB,  hnd  PB  will  be  greater  than  PP  i 
hence,  PP  is  less  than  BK 
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Scholium.  The  lines  AP  and  P  C,  *  though  not  in  the 
same  plane,  are  considered  perpendicular  to  each  other.  In 
general,  any  two  straight  lines  not  in  the  same  plane,  are 
considered  as  making  an  angle  with  each  other,  which  angle 

is  equal  tt)  that  formed  by  drawing  through  a  given  point, 

/ 

two  lines  respectively  parallel  to  the  given  lines. 

) 

PEOPOSITION  VII.  THEOREM. 


If  one  of  two  'parallels  is  perpendicular  to  a  plane.^  the  otlasr 

f 

^  one  is  also  perpendicular  to  the  same  plane. 

Let  AP  and  EP  be  two  parallels,  and  let  AP  bo 

perpendicular  to  the  plane  MN :  then  will  ED  be  also 

/ 

perpendicular  to  the  plane  MN. 

For,  pass  a  plane  through  the 
parallels  ;  its  intersection  with 
MN  will  be  PD  ;  draw  AD., 
and  in  the  plane  MN  draw 
DC  perpendicular  to  PD  at 
D.  Kow,  DD  is  j)erpendicular 
to  the  plane  APDE  (P.  VI.,  C.) ; 

the  angle  DDE  is  consequently  a  right  angle  ;  but  the  an¬ 
gle  EDP  is  a  right  angle,  because  ED  is  parallel  to  AP 
(B.  I.,  P.  XX.,  C.  1)  :  hence,  ED  is  perpendicular  to  BD 
and  PD.,  at  their  point  of  intersection,  and  consequently,  to 
their  plane  3IN  (P.  IV.)  ;  which  was  to  he  proved.  •' 


Cor.  1.  If  the  lines  AP  and  ED  are  perpendicular  to 
the  plane  MN,  they  are  parallel  to  each  other.  For,  if 
not,  draw  through  D  a  line  parallel,  to  PA  ;  it  will  be 
perpendicular  to  the  plane  3IN,  from  what  has  just  been 
proved  ;  we  shall,  therefore,  have  two  perpendiculars  to  the 
the  plane  MN,  at  the  same  point  ;  which  is  impossible  (P. 
IV.,  C.  2). 


I 


166 


GEOMETRY. 


Cor.  2.  If  two  lines,  A  and  B,  are  parallel  to  a  tlird 

line  (7,  they  are  parallel  to  each  other.  For,  pass  a  plane 

perpendicular  to  (7  j  it  will  be  perpendicular  to  both  A 

and  B  i  hence,  A  and  B  are  parallel. 

/ 

PROPOSITIOK  VIII.  THEOREM. 

^  a  line  is  parallel  to"  a  line  of  a  plane,  it  is  parallel  to 
.  that  plane. 


B 


N 


Let  the  line  AB  be  parallel  to  the  line  CD  of  the 
plane  MN  \  then  will  AB  be  parallel  to  the  plane  MN. 

For,  through  AB  and  CD 
pass  a  plane  (P.  II.,  0.  4)  ;  CD 
will  be  its  intersection  with* 
the  plane  MN.  Row,  since  AB 
lies  in  this  plane,  if  it  can  meet 
the  plane  MN,  it  -will  be  at 
some  points  of  CD ;  but  this  is 

impossible,  because  AB  and  CD  are  parallel :  hence,  AB 
cannot  meet  the  plane  MN,  and  consequently,  it  is  parallel 
to  it ;  which  was  to  he  proved. 


-■ 
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PROPOSITION  IX.  THEOREM, 

If  two  planes  are  perpendicular  to  the  same  straight  line^ 

they  are  parallel  to  each  other. 

Let  the  planes  MN  and  PQ 
be  perpendicular  to  the  line  AB, 
at  the  points  A  and  B  :  then 
will  they  be  parallel  to  each 
other. 

For,  if  they  are  not  parallel, 
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they  will  meet  ;  and  let  0  be  a  point  common  to  both. 

% 

From  0  draw  the  lines  OA  and  OJJ  :  then,  since  OA 
lies  in  the  j)lane  ATN,  it  will  be  perpendicular  to  jBA  at 
A  (I).  1).  For  a  like  reason,  02^  Avill  be  perpendicular 
to  AJj  at  M  :  hence,  the  triangle  OAB  will  have  two 
right  angles,  which  is  impossible  ;  consequently,  the  planes 
cannot  meet,  and  are  therefore  parallel  ;  lohicJi  was  to  he 
proved. 


.  PllOPOSITION  X.  TITEOPEM. 

\ 

If  a  plane  intersect  tico  parallel  planes.^  the  lines  of  inter¬ 
section  will  he  parallel. 


Let  the  plane  Eli  intersect  the  parallel  planes  AIN  and 
in  the  lines  EE  and  GII :  then  will  EE  and  GH 
be  parallel. 

For,  if  they  are  not  parallel, 
they  will  meet  if  sufficiently  pro¬ 
longed,  because  they  lie  in  the 
same  plane ;  but  if  the  lines  meet, 
the  planes  MN  and  P  in 
which  they  lie,  will  also  meet  ; 
but  this  is  impossible,  because 
these  planes  are  parallel  :  hence, 
the  lines  EE  and  GII  cannot  meet ;  they  are,  therefore, 
parallel ;  which  was  to  he  proved. 


PKOPOSITIOX  XI.  THEOEEM. 


If  a  straight  line  is  perpendicular  to  one  of  two  parallel 
planes.^  it  is  also  perpendicxdar  to  the  other. 

Let  AIN  and  PQ  be  two  parallel  planes,  and  let  the 
line  AB  be  perpendicular  to  PQ  then  will  it  also  be 
perpendicular  to  MN. 
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For,  through  AB  pass  any  plane  ;  its  intersections  with 
MW  and  PQ  will  he  parallel  (P.  X.)  ;  but,  its  intersection 
with  PQ  is  perpendicjular  to  AB  at  B  (D.  1)  ;  hence, 
its  intersection  with  3I]Sf  is 
also  perpendicular  to  AB  at  A 
(B.  L,  P.  XX.,  C.  1)  :  hence, 

AB  is  perpendicular  to  every 
line  of  the  plane  3IW  through 
A^  and  is,  therefore,  perpendicu¬ 
lar  to  that  plane  ;  which  was  to 
be  proved. 

PROPOSITION  XII. 

Parallel  lines  included  between  parallel  planes.,  are  equal. 

Let  EG  and  FII  be  any  two  parallel  lines  included 

between  the  parallel  planes  3IN  and  PQ  ;  then  will  they 

be  equal. 

Through  the  parallels  conceive 
a  plane  to  be  passed  ;  it  will 

intersect  the  plane  3IN  in  the 
line  EF.,  and  PQ  in  the  line 
GP[ ;  and  these  lines  will  be 
parallel  (Prop.  X.).  The  figure 
EFIIG  is,  therefore,  a  parallelo¬ 
gram  :  hence,  GE  and  HE 

\  are  equal  (B.  I.,  P.  XXVIII.)  ;  which  was  to  he  proved. 

'Cor.  1.  The  distance  between  two  parallel  planes  is 'mea¬ 
sured  on  a  perpendicular  to  both  ;  but  any  two  perpendiculars 
between  the  planes  are  equal  :  hence,  parallel  planes  are  every¬ 
where  equally  distant. 

» 

Cor.  2.  If  a  line  GII  is  parallel  to  any  plane 
then  can  a  plane  be  passed  through  GJI  parallel  to  ilfiY : 
hence,  if  a  line  is  parallel  to  a  plane,  all  of  its  points  are 
equally  distant  from  that  plane. 
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PROPosmoN  xni.  theorem 

If  two  angles^  not  situated  in  the  same  plane.,  have  their 
sides  parallel  and  lying  in  the  same  direction,  the  angles 
will  he  equal  and  their  planes  parallel. 


N 


Let  CA.E  and  EEF  be  two  angles  lying  in  the  planes 
MN  and  P Q,  and  let  the  sides  AC  and  AE  he  re¬ 
spectively  parallel  to  PP  and  PE,  and  lying  in  the  same 
direction  :  then  will  the  angles  CAE  and  DPF  be  equal, 
and  the  planes  JSIN  and  PQ  will  be  parallel. 

Take  any  two  points  of  AC  and  AE,  as  C  and  E,  and 
make  PD  equal  to  A  C,  and 
PE  to  AE ;  draw  CE,  DF, 

AP,  CD,  and  EE. 

1°.  The  angles  ,CAE  and 
DPF  will  be  equal. 

For,  AE  and  PE  being 
parallel  and  equal,  the  figure 
APFE  is  a  parallelogram  (B. 

T.,  P.  XXX.)  ;  hence,  EE  is 
pm*allel  and  equal  to  AP.  For 
a  like  reason,  CD  is  parallel  and  equal  to  AP :  hence, 
CD  and  EE  are  parallel  and  equal  to  each  other,  and 
consequently,  CE  and  DF  are  also  parallel  and  equal  to 
each  other.  The  triangles  CAE  and  DPF  have,  therefore, 
their  corresponding  sides  equal,  and  consequently,  the  corres¬ 
ponding  angles  CAE  and  DPF  are  equal  ;  which  was  to 
he  proved.  ^ 


2°.  The  planes  of  the  angles  MN  and  PQ  are  parallel. 
I'or,  if  not,  pass  a  plane  through  A  parallel  tr  PQ, 
and  suppose  it  to  cut  tlie  lines  CD  and  EF  in  C  r.ad 
If.  Then  will  the  lines  CD  and  IIF  be  equal  r 
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ivcly  to  AB  (P.  XII.),  and  consequently,  GD  will  be 
'equal  to  CD,  and  IIF  to  EF-,  which  is  impossible:  hence, 
the  planes  3IN  and  PQ  must  be  parallel  ;  xohich  was  to 

be  proved. 

Cor.  If  two  parallel  planes  JOT  and  PQ-,  are  met  by 
two  other  planes  AP  and  AF.^  the  angles  CAP  and 
DBF.,  formed  by  their  intersections,  will  be  equal. 


PIIOPOSITION  XIV.  THEOREM. 


« 

If  three  straight  lines.,  not  situated  in  the  same  plane.,  are 
equal  and  parallel.,  the  triangles  formed  by  joining  the 
^tremities  of  these  lines  will  be  equals  and  theii  planes 

parallel.  \ 

Let  AB,  CD,  and  EF  be  equal  parallel  lines  not  in 
the  same  plane  :  then  will  the  triangles  A  CF  and  DDF 
be  equal,  and  their  planes  parallel. 

For,  AB  being  equal  and 
parallel  to  EF,  the  figure  ABFE 
is  a  parallelogram,  and  conse¬ 
quently,  AE  is  equal  and  par¬ 
allel  to  BF.  For  a  like  reason, 

A  C  is  equal  and  parallel  to 
BD  :  hence,  the  included  angles 
CAE  and  DBF  are  equal  and 
their  planes  parallel  (P.  XIII.). 

Now,  the  triangles  CAE  and 
DBF  have  two  sides  and  their 
included  angles  equal,  each  to  each  :  hence,  they  are  equal 
in  all  their  parts.  The  triangles  are,  therefore,  equal  and 
their'  planes  parallel  ;  which  was  to  be  proved. 
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PKOPOSITION  XV.  THEOEEM. 

If  two  Straight  lines  are  cut  hy  three  parallel  planes^  they 

will  he  divided  proportionally. 

Let  the  lines  AB  and  CD  be  cut  hj  the  parallel 
planes  ilfiV,  D  Q,  and  DjS,  in  the  points  ^1,  D,  and 
Gy  Fy  D  \  then  * 

AE  :  EB  :  :  CF  \  FD. 

For,  draw  the  line  ADy  and 
suppose  it  to  pierce  the  plane 
PQ  in  C  'y  draw  ACy  BDy 
EGy  and  GF. 

The  plane  ABD  intersects 
the  parallel  planes  BS  and  PQ 
in  the  lines  BD  and  EG  ; 
consequently,  these  lines  are  par¬ 
allel  (P.  X.)  :  hence  (B.  IV., 

P.  XV.), 

AE  :  EB  ::  AG  :  GD. 

The  i^lane  A  CD  intersects  the  parallel  planes  JLV  and 
P  Qy  in  the  parallel  lines  A  G  and  GF :  hence, 

AG  :  GD  :  I  CF  :  FD. 

Combining  these  proportions  (B.  II.,  P.  IV.),  we  have, 

AE  :  EB  :  :  CF  :  FD  -y 

which  was  to  he  proved. 

Cor.  1.  If  two  lines  are  cut  by  any  number  of  parallel 
planes  they  will  be  divided  proportionally. 

X 

Cor.  2.  If  any  number  of  lines  are  cut  by  three  parallel 
planes,  they  will  be  divided  proportionally. 
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proposition  XVI.  THEOREM.  \ 

If  a  line  is  'perpendicular  to  a  plane,  every  plane  passed 
through  the  line  will  also  he  perpendicular  to  that  plane. 

Let  AP  be  perpendicular  to  the  plane  MIT,  and  let 
JBF  be  a  plane  passed  through  AP  :  then  will  BF  be  ^ 

perpendicular  to  MM. 

In  the  plane  MM,  draw 
perpendicular  to  BC,  the  intersec¬ 
tion  of  BF  and  MM.  Since  AP 
is  perpendicular  to  MM,  it  is  per¬ 
pendicular  to  BG  and  BP  (O.  1)  ; 
and  since  AP  and  BP,  in  .the 
planes  BF  and  MM,  are  perpendicular  to  the  intersection 
of  these  planes  at  the  same  point,  the  angle  which  they 
form  is  equal  to  the  angle  formed  by  the  planes  (O.  4)  ; 
but  this  angle  is  a  right  angle  :  hence,  BF  is  perpendicu-  j 
lar  to  MM  ;  which  was  to  he  proved.  f 

Cor.  If  three  lines  AP,  BP,  and  BP,  are  perpen¬ 
dicular  to  each  other  at  a  common  point  P,  each  line  will 
be  perpendicular  to  the  plane  of  the  other  two,  and  the 
three  planes  will  be  perpendicular  to  each  other. 


PROPOSITION  XVII.  THEOREM. 

If  two  planes  are  perpendicidar  to  each  other,  a  line  drawn 
in  one  of  them,  perpendicidar  to  their  intersection,  wiR 
he  perpendicular  to  the  other. 

Let  the  planes  BF  and  MM  be  perpendicular  to  each 
other,  and  let  the  line  AP,  drawn  in  the  plane  BF,  be 
perpendicular  to  the  intersection  BC  ;  then  will  AP  be 
perpendicular  to  the  plane  MM. 
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For,  in  the  plane  draw  PD  pei-pendicular  to  BC 

at  jP.  Then  because  the  planes  BF  and  JOT  are  perpen¬ 
dicular  to  each  other,  the  angle  APD 
will  be  a  right  angle  :  hence,  AP^  is 
perpendicular  to  the  two  lines  PD 
and  jP(7,  at  their  intersection,  and 
consequently,  is  perpendicular  to  their 
plane  MN ;  which  was  to  he  proved. 

Cor.  If  the  plane  BF  is  perpendicular  to  the  plane 
and  if  at  a  point  P  of  their  intersection,  Ave  erect 
a  perpendicular  to  the  plane  UN'.,  that  perpendicular  Avill 
be  in  the  plane  BF.  For,  if  not,  draAV  in  the  plane  BF., 
PA  jAerpendicular  to  P(7,  the  common  intersection  ;  AP 
A\dll  be  perpendicular  to  the  plane  MN.,  by  the  theorem  ; 
therefore,  at  the  same  point  P,  there  are  two  perpendiculars 
to  the  plane  MN ;  which  is  impossible  (P.  IV.,  C.  2). 

\ 

PKOPOSITION  XVIII.  THEOEEM. 

v 

If  two  planes  cut  each  other.,  and  are  perpendicular  to  a 
third  plane.,  their  .intersection  is  also  to 

that  plane. 

Let  the  planes  BF.,  DH.,  be  perpendicular  to  MN  ; 
then  will  their  intersection  AP  be  perpendicular  to  MN.  ^ 
For,  at  the  point  P,  erect  a  per- 
'  pendicular  to  the  plane  MN ;  that 
perpendicular  must  be  in  the  plane 
BF.,  and  also  in  the  plane  DH 
(P.  XVn.,  C.)  ;  '  therefore,  it  is  their 
common  intersection  AP :  which  was 
to  he  proved. 


\ 
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PEOPOSITION  XIX.  THEOREM. 


S 


The  sum  of  any  two  of  the  plane  angles  formed  hy  the 
edges  of  a  triedral  angle^  is  greater  tha7i  the  third. 

\ 

Let  aSR,  and  SC.,  be  the  edges  of  a  triedral 

angle  :  then  will  the  sura  of  any  two  of  the  plane  angles 
formed  by  them,  as  ASC  and  CSB,  be  greater  than  the 
third  A  SB. 

If  the  plane  angle  ASB  is  equal  to,  or  less  than,  either 
of  the  other  two,  the  truth  of  the  proposition  is  evident.  Let 
us  suppose,  then,  that  ASB  is  greater  than  either. 

In  the  plane  ASB.,  construct 
the  angle  BSD  equal  to  BSC  ; 
draw  AB  in  that  plane,  at  plea¬ 
sure  ;  lay  off  SG  equal  to  SD., 
and  draw  A  C  and  CB.  The 

triangles  BSD  and  BSC  have 
the  side  SC  equal  to  SD.,  by 
construction,  the  side  SB  com¬ 
mon,  and  the  included  angles  BSD  and  BSC  equal,  by 
construction  ;  the  triangles  are  therefore  equal  in  all  their 
parts  :  hence,  BD  is  equal  to  BC.  But,  from  Proposition 
VII.,  Book  I.,  we  have, 

BC  -p  GA  >  BD  DA. 

4 

Taking  away  the  equal  parts  B  G  and  BD.,  we  have, 

t 

CA  >  DA  ; 

hence  (B.  I.,  P.  IX.,  C.),  we  have, 

* 

angle  ASC  >  angle  ASD  ; 
and,  adding  the  equal  angles  BSC  and  BSD., 
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•angle  ASG  +  angle  CSB  >  angle  ASD  +  angle  BSB  ; 
or,  angle  ASG  +  angle  GSB  >  angle  ASB  ; 

'which  luas  to  he  proved, 

♦ 

PKOPOSITIOlSr  XX.  TIIEOPvEM. 

The  sum  of  the  plane  angles  formed  by  the  edges  of  any 
polyedral  cmgle,,  is  less  than  four  right  a^igles. 

Let  S  be  the  vertex  of  any  polyedral  angle  whose  edges 
are ,  SB,,  SG,^  ST),,  and  SE  \  then  will  the  sum  of 

the  angles  about  S  be  less  than  four  right  angles. 

For,  pass  a  jdane  cutting  the  edges 
in  the  points  yl,  B,,  0,  2>,  and  E,, 

and  the  faces  in  the  lines  AB,,  BG,, 

CD,,  DE,  and  ITjA,  From  any  point 
within  the  polygon  thus  formed,  as  (?, 
dra’w  the  straight  lines  OA,  OB,,  OG, 

OD,,  and  OE, 

We  tlien  have  two  sets  of  triangles, 
one  set  having  a  common  vertex  S,,  the 
other  having  a  common  vertex  O,  and  both  having  com¬ 
mon  bases  AB,  BG,  GD,  DE,  EA.  Kow,  in  the  set 
which  has  the  common  vertex  S,  the  sum  of  all  the  angles 
is  equal  to  the  sum  of  all  the  plane  angles  formed  by  the 
edges  of  the  polyedral  angle  whose  vertex  is  S,  together 
with  the  sum  of  all  the  angles  at  the  bases  :  viz.,  SAB, 
SB  A,  SB  G,  &c.  ;  and  the  entire  sum  is  equal  to  twice 

as  many  right  angles  as  there  are  triangles.  In  the  set 

wiiose  common  vertex  is  0,  the  sum  of  all  the  angles  is 
equal  to  the  four  right  angles  about  0,  together  with  the 

interior  angles  of  the  polygon,  and  this  sum  is  equal  to 

twice  as  many  right  angles  as  tliere  are  triangles.  Since 
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the  number  of  triangles,  in  each  set,  is  the  same,  it  follows 
that  these  sums  are  equal.  .But  in  the,  triedral  angle  whose 
vertex  is  JB^  we  have  (P.  XIX.), 


S 


.  ABS  +  SBC  >  ABC  ; 

and  the  like  may  be  shown  at  each 
of  the  other  vertices,  0,  A  : 

hence,  the  sum  of  the  angles  at  the 
bases,  in  the  triangles  whose  common 
vertex  is  /S’,  is  greater  than  the  sura 
of  the  angles  at  the  bases,  in  the  set 
whose  common  vertex  is  0 :  therefore. 


I) 


the 


the  sum  of  the  vertical  angles  about  /S,  is  less  than 
sum  of  the  angles  about  0  i  that  is,  less  than  foui  right 
angles  ;  iCiich  was  to  be  proved. 


Scholiurn.  The  above  demonstration  is  made  on  the  sup¬ 
position  that  the  polyedral  angle  is  convex,  that  is,  that  the 
diedral  angles  of  the  consecutive  faces  are  each  less  than  two 
right  angles.  ^ 


PEOPOSITION  XXT.  THEOREM. 

If  the  plane  angles  formed  by  the  edges  of  two  triedral 
angles  are  equals  each  to  each.,  the  planes  of  the  equal 
angles  are  equally  inclined  to  each  other. 

Let  S  and  T  be  the  vertices  of  two  triedral  angles, 
and  let  the  angle  ASC  be  equal  to  DTE.,  ASB  to  BTEy 
and  BSC  to  ETF  i  then  will  the  planes  of  the  equal' 
angles  be  equally  inclined  to  each  other. 

For,  tdfke  any  point  of  SBj  as  B,  and  from  it  d  raw 
in  the  two  faces  ASB  and  CSB,  the  lines  BA  and  BC, 
respectively  perpendicular  to  SB  :  then  will  the  an^le  ABC 
measure  the  inclination  of  these  faces.  Lay  off  TE  equal 
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to  JSJ^,  and  from  E  draw  in  the  faces  DTE  and  FTE^ 
the  lines  ED  and  EF^  respectively  perpendicular  to  TE ; 
then  will  the  angle  DEE 
measure  the  inclination  of  these 
faces.  Draw  A  C  and  DF. 

The  right-angled  triangles 
SEA  and  TED^  .  have  the  '' 
side  SB  equal  to  TE^  and 
the  angle  ASB  equal  to 

DTE-,  hence,  AB  is  equal  to  DE,  and  AS  to  TD, 
In  like  manner,  it  may  he  shown  that  BO  is  equal  to  EE, 
and  OS  to  ET  The  triangles  ASO  and  DTE,  have 
the  angle  ASO  equal  to  DTE,  by  hypothesis,  the  side  AS 
equal  to  D7]  and  ’the  side  OS  to  E7]  from  what  has 
just  been  shown  ;  hence,  the  •  triangles  are  equal  in  all  their 
parts,  and  consequently,  AO  is  equal  to  DE  Kow,  the 
triangles  AB  O  and  DEE  have  their  sides  equal,  each  to 
each,  and  consequently,  the  corresponding  angles  are  also 
equal  ;  that  is,  the  angle  AB  0  is  equal  to  DEE :  hence, 
the  inclination  of  the  planes  ASB  and  OSB,  is  equal  to 
tlie  inclination  of  the  planes  DTE  and  ETE.  In  like 
manner,  it  may  be  shown  that  the  planes  of  the  other  equal 
angles  are  equally  inclined  ;  xoliich  was  to  be  proved. 


Scholium.  If  the  planes  of  the  equal  plane  angles  are 
like  placed,  the  triedral  angles  are  equal  in  all  respects,  for 
they  may,  be  placed  so  as  to  coincide.  If  the  pk-mes  of  the 
equal  angles  are  not  similarly  placed,  the  triedral  angles  are 
equal  by  symmetry.  In  this  case,  they  may  be  placed  so 
that  two  of  the  homologous  faces  shall  coincide,  the  triedral 
angles  lying  on  opposite  sides  of  the  plane,  which  is  then 
called  a  plane  of  sxjmmetry.  In  this  position,  for  every  point 
on  one  side  of  the  plane  of  symmetry,  there  is  a  correspond- 
ing  point  on  the  other  side. 
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POLYEDKONS. 

DEFINITIONS. 

1.  A  PoLYEDRON  IS  a  voliime  bounded  by  polygons. 

The  bounding  polygons  are  called  faces  of  the  polyedron ; 
the  lines  in  which  the  polygons  meet,  are  called  edges  of  the 
polyedron ;  the  points  in  which  the  edges  meet,  are  called 
vertices  of  the  polyedron. 

2.  A  Prism  is  a  polyedron,  two  of  whose 
faces  are  equal  polygons  having  their  homo¬ 
logous  sides  parallel,  the  other  faces  being 
parallelograms. 

’'Hie  equal  polygons  are  called  bases  of  the 
prism  ;  one  the  ^upper^  and  the  other  the 
lower  base ;  the  parallelograms  taken  together 
make  up  tlie  lateral  or  convex  surface  of  the  prism  ;  the 

lines  in  which  the  lateral  faces  meet,  are  called  lateral  edges 

\ 

of  the  prism. 

3.  The  Altitude  of  a  prism  is  the  perpendicular  dis¬ 
tance  between  the  planes  of  its  bases. 

/ 

4.  A  Right  Prism  is  one  whose  lateral 
edges  are  perpendicular  to  the  planes  of  t^ie 
bases. 

'  In  this  case,  any  lateral  edge  is  equal  to 
tlie  altitude. 

b 
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5.  An  Oblique  Pkism  is  one  whose  lateral  edges  are 
oblique  to  the  planes  of  the  bases. 

In  this  case^  any  lateral  edge  is  greater  than  the  altitude. 


6.  Prisms  are  named  from  the  number  of  sides  of  their 
bases  ;  a  triangular  prism  is  one  whose  bases  are  triangles ; 
a  quadrangular  prism  is  one  whose  bases  are  quadrilaterals; 
a  pentangular  prism  is  one  whose  bases  are  pentagons,  and 
so  on. 

V.  A  Paeallelopipedon  is  a  prism  whose  ✓bases  are 
parallelograms. 


A  Hectangular  Parallelopipedon  is  a  right 
parallelopipedon,  all  of  whose  faces  are  rect¬ 
angles  ;  a  cube  is  a  rectangular  parallelo¬ 
pipedon,  all  of  whose  fices  are  squares. 

8.  A  Pyramid  is  a  polyedron  bounded 
by  a  polygon  called  the  base^  and  by  tri¬ 
angles  meeting  at  a  common  point,  called  the 
vertex  of  the  pyramid. 

The  triangles  taken  together  make  up  the 
lateral  or  ,  convex  surface  of  the  pyramid  ; 
the  lines  in  which  the  lateral  faces  meet,  are 
called  the  lateral  edges  of  the  pyramid. 


9.  Pyramids  are  named  from  the  number  of  sides  of 
their  bases ;  a  triangular  pyramid  is  one  whose  base  is  a 
triangle  ;  a  quadrangular  pyramid  is  one  whose  base  is  a 
quadrilateral,  and  so  on. 


10.  The  Altitude  of  a  pyramid  is  the  perpendicular 
distance  from  the  vertex  of  the  pyramid  to  the  plane  of  its 
base. 
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11.  A  Right  Pyramid  is  one  whose  base  is  a  regular 
polygon,  and  in  which  the  perpendicular  drawn  from  the 
vertex  to  the  plane  of  the  base,  passes  through  the  centre 
of  the  base. 

This  perpendicular  is  called  the  axis  of  the  pyramid. 

]2.  The  Slaot  Height  of  a  right  pyramid,  is  the  per¬ 
pendicular  distance  from  the  vertex  to  any  side  oi  the  base. 

13.  A  Truncated  Pyramid  is  that 
portion  of  a  pyramid  included  between 
the  base  and  any  plane  which  cuts  the 
pyramid. 

When  the  cutting  plane  is  parallel  to 
the  base,  the  truncated  pyramid  is  called 
a  FRUSTUM  OF  A  PYRAMID,  and  the  inter-, 
section  of  the  cutting  plane  with  the  pyramid,  is  called  the 
upper  base  of  the  frustum  ;  the  base  of  the  pyramid  is  cal¬ 
led  the  lo'ioer  base  of  the  frustum. 

14.  The  Altitude  of  a  frustum  of  a  pyramid,  is  the  per¬ 
pendicular  distance  between  the  planes  of  its  bases. 

15.  The  Slant  Height  of  a  frustum  of  a  righl^  pyramid, 
is  that  portion  of  the  slant  1) eight  of  the  pyramid  which  lies 
between  the  planes  of  its  upper  and  lower  bases. 

0 

10.  Similar  Polyedrons  are  those  which  are  bounded  by 
similar  polygons,  similarly  placed. 

Parts  which  are  similarly  placed,  whether  faces,  edges,  or 
angles,  are  called  homologous, 

17.  A  Diagonal  of  a  polyedrori,  is  a  straight  line  join¬ 
ing  the  vertices  of  two  polyedral  angles  not  in  the  same 
fiice. 
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18.  Tlie  Volume  op  a  Polyedeon  is  its  numerical  value 
expressed  in  terms  of  some  other  polyedron  as  a  unit. 

The  unit  generally  employed  is  a  cube  constructed  on  the 
linear  unit  as  an  edge. 


PROPOSITIOl^  I.  THEOREM. 

The  convex  surface  of  a  right  prism  is  equal  to  the  perimr 
eter  of  either  base  multiplied  by  the  altitude. 

Let  ABCDE-K  be  a  right  prism:  then  is  its  convex 
surface  equal  to, 

{AB  ^  BG  ^  CD  BE  EA)  x  AE, 

For,  the  convex  surface  is  equal  to 
the  sum  of  all  the  rectangles  AG,  BIT, 

Cf  BK,  EF,  which  compose  it.  Kow, 
the  altitude  of  each  of  the  rectangles 
AF,  BG,  Oil,  &c.,  is  equal  to  the 

altitude  of  the  and  the  area  of 

each  rectangle  is  equal  to  its  base  mul¬ 
tiplied  by  its  altitude  (B.  I^ P*  V.)  . 
hence,  the  sum  of  these  rectangles,  or 
the  convex  surface  of  the  prism,  is  equal  to, 

{AB  A  BG  A  GB  A  BE  +  EA)  X  AF ; 

that  is,  to  the  perimeter  of  the  base  multiplied  by  the  alti- 

tude  5  which  was  to  be  proved. 

Cor.  If  two  right  prisms  have  the  same  altitude,  their 
convex  surfaces  are  to  each  other  as  the  perimeters  of  their 

bases. 
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PROPOSITION  II.  THEOREM. 

In  any  prism^  the  sectio7is  made  hy  parallel  planes  are  equal 

polygons. 

Let  the  prism  AH  be  intersected  by  the  parallel  planes 
iYP,  SV :  then  are  the  sections  HOPQR^ 
equal  polygons. 

For,  the  sides  iYO,  are  parallel, 

being  the  intersections  of  parallel  planes 
with  a  third  plane  ABGF\  these  sides, 

>SY,  are  hicluded  between,  the  par¬ 
allels  iYS,  OT\  hence,  NO  is  equal  to 
NY  (B.  L,  P.  XXVIIL,  C.  2).  For  like 
reasons,  the  sides  OP,  P  QP,  &c., 
of  NOPQP^  are  equal  to  the  sides 
TV,  VX,  &c.,  of  STVXT,  each  to 
each  ;  and  since  the  equal  sides  are  par¬ 
allel,  each  to  each,  it  follows  that  the 
angles  NOP,  OP  Q,  &c.,  of  the  first  section,  are  equal  to 
the  angles  STV,  TVX,  &c.,  of  the  second  section,  each  to 
each  (B.  VI.,  P.  XIII.)  :  hence,  the  two  sections  NOPQR, 
Sl'VXY,  are  equal  polygons  ;  which  was  to  he  proved. 

Cor.  Every  section  of  a  prism,  parallel  to  the  bases,  is 
equal  to  either  base. 

PROPOSITION  III.  THEOREM. 

If  a  pyramid  he  cut  hy  a  plane  parallel  to  the  hase  : 

1°.  The  edges  a7\d  the  altitude  will  he  divided  proportionally : 
2®.  The  section  will  he  a  polygon  similar  to  the  hase. 

Let  the  pyramid  S-APGPE,  whose  altitude  is  SO, 
be  cut  by  the  plane  ahcde,  parallel  to  the  base  ABODE. 
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The  edges  and  altitude  will  be  divided  proportionally. 

For,  conceive  a  plane  to  be  passed  through  the  vertex 
parallel  to  the  plane  of  the  base  ;  then 
will  the  edges  and  the  altitude  be  cut 

by  three  parallel  planes,  and  consequently 
they  will  be  divided  proportionally  (B.  VI., 

P,  XV.,  C.  2)  ;  which  was  to  be  proved. 

2°.  The  section  abode,  will  be  similar 
to  the  base  ABODE.  For,  ah  is  par- 
allel  to  AB,  and  be  to  BO  (B.  VL, 

P.  X.)  :  hence,  the  angle  abc  is  equal  to 

the  ansrle  ,  ABO.  In  like  manner,  it  may 
be  shown  that  each  angle  of  the  polygon,  abode  is  equal 
to  the  corresponding  angle  of  the  base  :  hence,  the  two 
polygons  are  mutually  equiangular. 

Ao-ain,  because  ah  is  parallel  to  AB,  we  have,  . 

ah  :  AB  :  :  sb  :  SB  ; 

aud,  because'  bo  is  parallel  to  BO,  we  have,  , 

bo  \  BO  :  :  '8b  :  SB  ; 

hence  (B.  II.,  P.  IV.),  we  have, 

ab  :  AB  :  :  bo  :  BO. 


In  like  manner,  it  may  be  shown  that  all  the  sides  of 
abode  are  •  proportional  to  the  corresponding  sides  of  the 
polygon  ABODE',  hence,  the  section  abode  is  similar  to 
the  base  ABODE  (B.  IV.,  D.  1)  ;  which  was  to  be  proved. 


Oor.  1.  If  two  pyramids  S-AB ODE,  and  S  -Viz, 
having  a  common  vertex  S,  and  their  bases  in  the  same 
plane,  be  cut  by  a  plane  abc,  parallel  to  the  plane  of 
their  bases,  the  sections  will  be  to  each  other  as  the  bases. 
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For,  the  polygons  cibcd  and  ABCD,  being  similar,  are 
to  each  other  as  the  squares  of  their  homologous  sides  ah 
and  AB  (B.  IV.,  P.  XXVII)  ;  but, 


\ 


hence  (B.  II.,  P.  IV.),  we 

abode  :  ABODE  :  :  So 
In  like  manner,  we  have, 

xyz  :  XYZ  So^ 
hence. 


alcde  :  ABC  BE  :  :  xyz  :  XYZ. 


Cor.  2.  If  the  bases  are  equal,  any  sections  at  equal  di»- 
tances  from  the  bases  will  be  equal. 

Cor.  3.  The  area  of  any  section  parallel  to  the  base,  is 
proportional  to  the  square  of  its  distance  from  the  vertex. 


PROPOSITION  IV.  THEOREM. 

The  convex  surfcice  of  a  right  'pyramid  is  equal  to  tne 
perimeter  of  its  base  multiplied  by  half  the  slant  height. 

Let  S  be  the  vertex,  ABCBE  the 
base,  and  BE.,  perpendicular  to  EA.,  the 
slant  height  of  a  light  pyramid  :  then  will 

the  convex  surface  be  equal  to, 

/ 

(AB  -j-  BC  +  CD  +  BE  +  EA)  x  \SF. 

Draw  SO  perpendicular  to  the  plane  of  the 
base. 

# 


S 


'-i,  '-.5 

\  I  e  ^ 
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From  the  definition  of  a  right  pyramid,  the  point  0  is 
the  centre  of  the  base  (D.  11)  :  hence,  the  lateral  edges, 
SA,  SB,  &c.,  are  all  equal  (B.  VI.,  P.  V.)  ;  but  the  sides 
of  the  base  are  all  equal,  being  sides  of  a  regular  polygon  : 
hence,  the  lateral  faces  are  all  equal,  and  consequently  their 
altitudes  are  all  equal,  each  being  equal  to  the  slant  height 
of  the  pyramid. 

Now,  the  area  of  any  lateral  face,  as  SB  A,  is  equal  to 
its  base  BA,  multiplied  by  half  its  altitude  SB:  hence, 
the  sum  of  the  areas  of  the  lateral  faces,  or  the  convex  sur¬ 
face  of  the  pyramid,  is  equal  to, 

{AB  +  BC  +  CD  +  BE  +  BA)  x  \SF ; 

xcliicli  was  to  he  'proved. 

Scholium.  The  convex  surface  of  a  frustum  of  a  right 
pyramid  is  egued  to  half  the  suin  of  the  perimete'i  s  of  its 
upper  and  lower  bases,  multiplied  by  the  slu7it  height. 

Let  ABCBE-e  be  a  frustum  of  a  right 
pyramid,  whose  vertex  is  S  :  then  will  the 
section  abede  be  similar  to  the  base  ABGBE, 
and  their  homologous  sides  will  be  parallel, 

(P.  III.).  Any  lateral  face  of  the  frustum, 
as  AEea,  is  a  trapezoid,  whose  altitude  is 
equal  to  Bf,  the  slant  height  of  the  fiustumj 
hence,  its  area  is  equal  to  \{fEA  -I-  ea)  X  Bf 
(B.  IV.,  P.  VII.).  But  the  area  of  the  con¬ 
vex  surface  of  the  frustum  is  equal  to  the  sum  of  the  areas 
of  its  lateral  faces;  it  is,  therefore,  equal  to  the  half  sum 
of  the  perimeters  of  its  upper  and  lower  bases,  multiplied 

hy  h.alf  the  slant  height. 


S 


i 
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PROPOSITION  V.  THEOREM. 

If  the  three  faces  lohich  include  a  triedral  angle  of  a  prism 
are  equal  to  the  three  faces  which  include  a  triedral  an- 
gle  of  a  second  prism^  each  to  each^  and  are  like  placed^ 
the  two  prisms  are  equal  in  all  their  parts. 

Let  B  and  h  be  the  vertices  of  two  triedral  angles, 
included  by  faces  respectively  equal  to  each  other,  and  simi¬ 
larly  placed  :  then  Avill  the  prism  AB  CDE-II  be  equal  to 
the  prism  ahcde-k.,  in  all  of  its  parts. 

For,  place  the  base 
ahcde  upon  the  equal 
base  ABODE.,  so  that 
they  shall  coincide  ;  then 
because  the  triedral  an¬ 
gles  whose  vertices  are 
h  and  J>,  are  equal, 
the  parallelogram  hh  will 
coincide  witli  Blf  and 
the  parallelogram  hf  with 
BE :  hence,  the  two 
sides  fg  and  of  one  upper  base,  will  coincide  with  the 

homologous  sides  of  the  other  upper  base  ;  and  because  the 
upper  bases  are  equal,  they  must  coincide  throughout  ;  con¬ 
sequently,  each  of  the  lateral  faces  of  one  prism  will  coincide 
with  the  corresponding  lateral  face  of  the  other  prism  :  the 
prisms,  therefore,  coincide  throughout,  and  are  therefore  equal 
in  all  their  parts  ;  which  was  to  he  proved. 

Cor.  If  two  right  prisms  have  their  bases  equal  in  all  their 
parts,  and  have  also  equal  altitudes,  the  prisms  themselves  will 
be  equal  in  all  their  parts.  For, ’the  faces  which  include  any 
triedral  angle  of  the  one,  will  be  equal  to  the  faces  which 

t 

include  the  corres}x>nding  triedral  angle  of  the  "other,  each  to 
each,  and  they  will  be  similarly  placed. 
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PROPOSITION  VI.  THEOREM. 


In  any  i^ralleloinioedon,  the  opposite  faces  are  equal,  each 
to  each,  and  their  planes  are  parallel. 


Let  ABCD-H  be  a  parallelopipedon  :  then  will  its 
opposite  faces  be  equal  and  their  planes  will  be  paiaiiel. 


For,  the  bases,  ABCI)  and  EFGII 
are  equal,  and  their  planes  paiallel  by 
delinition  (D.  7).  The  opposite  faces 
AEIW  and  BFGC,  have  the  sides  AE 
and  BE  parallel,  because  they  ard  oppo- 
'  site  sides  of  the  parallelogram  BE  ; 


and  the  sides  Eli  and  EG  parallel, 

because  they  are  opposite  sides  of  the  parallelogram  EG\ 
and  consequently,  the  angles  AEII  and  BEG  ai  e  ^equal 
(B.  VI.,  P.  XIII.).  But  the  side  AE  is  equal  to  BE,  and 
the  side  EH  to  EG  ;  hence,  the  faces  AEIIB  and 
BFGC  are  equal  ;  and  because  AE  is  parallel  to  BF^ 
and  EH  to  EG,  the  planes  of  the  faces  are  parallel 
(B.  V^I.,  P.  XIII.).  In  like  manner,  it  may  be  shown  that 
the  parallelograms  ABFE  and  BGGH,  are  equal  and  then- 
planes  parallel  :  hence,  the  opposite'  faces  are  equal,  each  to 
each,  and  their  planes  are  parallel ;  which  was  to  he  proved. 


Cor.  1.  Any  two  opposite  faces  of  a  parallelopipedon 
may  be  taken  as  bases. 

Cor.  2.  In  a  rectangular  parallelo¬ 
pipedon,  the  square  of  either  of  the 
diagonals  is  equal  to  the  sum  of  the 
squares  of  the  three  edges  which  meet 

at  the  same  vertex. 

For,  let  ED  be  eitlier  of  the  diagonals,  and  draw  EH 
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Then,  in  the  right-angled  triangle  FIID^  we  have, 

TJj"  ^  -f  Wf. 

But  DII  is  equal  to  FB^  and  FII^ 
is  equal  to  FJl  plus  All^  or  FO"^  ; 

hence, 

FTP'  rzr  fW  +  FT  4-  FC'^. 

Cor.  3.  A  parallelopipedon  may  .he  constructed  on  tVire« 
lines  AB^  AB,  and  AF.,  intersecting  in  a  common  point 
A,  and  not  lying  in  the  same  plane.  For,  pass  through 
the  extremity  of  each  line,  a  plane  parallel  to  the  plane  of 
the  other  two  lines  ;  tlien  will  these  planes,  together  with 
the  planes  of  the  given  lines,  determine  a  parallelopipedon. 

PPwOPOSmON  YII.  TIIEOEEM. 

If  a  plane  he  passed  through  the  diagonally  op>posite  edges 

/ 

of  a  parallelopipedoji.^  it  icill  divide  the  parallelopipedon 
into  tico  equal  triangular  prisms. 

Let  AB  CB-II  he  a  iiarallelojupedon,  and  let  a'  plane 
be  passed  through  the  edges  BF  and  BII :  then  will  the 
prisms  ABB-II  and  B  CB-II  he  equal 
in  volume. 

For,  through  the  vertices  F  and  B 
let  planes  he  passed  perpendicular  to 
707,  the  former  cutting  the  other  lateral 
edges  in  the  points  c,  7,  and  the 

latter  cutting  those  edges  produced,  in 
the  points  «,  7,  and  c.  The  sections 

Fehg  and  Bade  will  be  parallelograms, 


n 
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beca-'cSC  their  opposite  sides  are  parallel,  each  to  each  (B.  VL, 
P.  X.)  ;  tliey  will  also  be  equal  (P.  II.)  ;  hence,  the  poly- 
edroii  Dadc-g  is  a  right  prism  (D.  2,  4),  as  are  also  the 
polyedroiis  Bad~h  and  JBcd-h. 

PI  ace  the  triangle  Feh  upon  Bad^  so  that  F  shall 
coincide  with  B^  e  with  «,  and  h  with  d  ;  then, 
because  cFy  are  perpendicular  to  the  plane  Fali^  and 

(2/4,  to  the  plane  Bad^  the  line  eE  will  take  the 

direction  aA^  and  the  line  hll  the  direction  dD.  The 
lines  AE  and  ae  are  equal,  because  each  is  equal  to  BF 
(B.  I.,  P.  XXVIII.).  If  we  take  awmy  from  the  line  aE 
the  part  ae,  there  will  remain  the  part  eE  ;  and  if  from 
the  same  line,  we  take  away  the  part  AE^  there  will  re¬ 
main  the  i')art  Aa  :  hence,  eE  and  aA  are  equal  (A.  3)  ; 
for  a  like  reason  hll  is  equal  to  dB :  hence,  the  point 
.K  will  coincide  with  A,  and  the  point  II  wdth  Z>,  and 
consequently,  the  polyedroiis  Fell— II  and  Bad-D  will 
coincide  throughout,  and 'are  therefore  equal. 

If  from  the  polyedron  Bad-II^  Tve  take  away  the 
part  Bad-B^  there  will  remain  the  prism  BAB-H ; 
and  if  from  the  same  polyedron  we  take  away  the  part 
Feh-II^  there  will  remain  the  prism  Bad-h  :  hence, 
these  prisms  are  equal  in  volume.  In  like  manner,  it  may 
be  shown  that  the  prisms  B  CB-II  and  Bcd-h  are  equal 
in  volume. 

The  prisms  Bad-h^  and  Bcd-h^  have  equal  bases,  be¬ 
cause  these  bases  are  halves  of  equal  parallelograms  (B.  I., 
P.  XXVIIL,  C.  1)  ;  they  have  also  equal  altitudes  ;  they  are 
therefore  equal  (P.  V.,  C.)  :  hence,  the  prisms  BAB-II  and 
B  CB-II  are  equal  (A.  1)  ;  which  was  to  be  proved. 

Cor.  Any  triangular  prism  ABB-Il.,  is  equal  to  half  of 
the  parallelopipedon  A  ivhich  has  the  same  triedral  angle 
A,  and  the  same  edges  AZ?,  AJ9,  and  AE. 
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PROPOSITION  VIII.  THEOREM, 

j 

If  two  pardlMopiindons  ham  a  common  loioer  hase^  'and 
their  upper  bases  between  the  same  parallels^  they  are 
equal  in  volume. 


Let  the  paralleloj^ipedons 
mon  lower  base  AB  CD., 
and  IKLA^  between  the 
then  will  they  be  equal  in 
For,  the  lines  EF  and 
IK  are  equal,  because  each 
is  equal  to  AB  ;  hence, 

the  sum  of  FF  and  FI^ 

or  FI^  is  equal  to  the 
sura  of  FI  and  IK^  or 

FK.  In  the  triangular 
prisms  AFI-M  and 

BFK-B^  we  have  the  line 
BF.,  and  FI  equal  to  FK  ; 
equal  to  BFK.  The  line  FII 


AG  and  AL  have  the  com- 
and  their  upper  bases  FFGII 
same  parallels  EK  and  IIB  : 
volume. 


qual  and  parallel  to 
the  faoe  AFI  is 
equal  and  parallel  to 
hence,  the 
the  faces  AEIID  and 
hence,  the  prisms  are 


AF 

I 

is 

jF6r,  and  FI  is  equal  and  parallel  to  FK ; 
face  EIMII  is  equal  to  FKLG  ; 

BFGC  are  also  equal  (P.  VI.)  : 
equal  (P.  V.). 


If  from  the  polyedron  ABKF-JI.,  we  take  away  the 
prism  BFK-L.,  there  will  remain  the  parallelopipedon  A  G  ; 
and  if  from  the  same  polyedron  we  take  away  the  prism 
AEI-AI^  Jhere  will  remain  the  parallelopipedon  AB  ;  hence, 
these  parallelopipedons  are  equal  in  volume  (A.  3)  ;  which 
was  to  be  proved. 
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PllOPOSITION  IX.  THEOKEI^r. 


1^  tiDO  parallelopipedons  have  common  lower  base  and  the 
same  altitude^  they  will  he  epial  in  volume. 

Let  the  parallelopipedons  AG  and  AL  have  the  com¬ 
mon  lower  base  ABCD  and  the  same  altitude;  then  will 
they  be  equal  in  volume. 

Because  they  have  the  same  altitude,  their  upper  bases 
will  lie  in  the  .  same  plane. 

Let  the  sides  IM  and  KL 
be  prolonged,  and  also  the 
sides  FE  and  GII ;  these 
prolongations  will  form  a 
parallelogram  O  Q,  which 
will  be  equal  to  the  com¬ 
mon  base  of  the  given  par¬ 
allelopipedons,  because  its 
sides,  are  respectively  parallel 
and  equal^tof  the  correspond¬ 
ing  sides  of  that  base. 

ISTowq  if  a  third  parallelopipedon  be  constructed,  having 
for  its  lowmr  base  the  parallelogram  ABOB,  and  for  its 
upper  base  EOJPQ,  this  third  parallelopipedon  wdll  be  equal 
in  volume  to  the  parallelopipedon  AG,  since  they  have  the 
same  lower  base,  and  their  upper  bases  between  the  same 
parallels,  QG,  JVF  (P.  VIII.).  For  a  like  reason,  this 
third  parallelopipedon  will  also  be  equal  in  volume  to  the 
parallelopipedon  AB  :  hence,  the  two  parallelopipedons  AG, 
AL,  are  equal  in  volume  ;  which  was  to  he  p)roved. 

Cor.  Any  oblique  parallelopipedon  is  equal  in  volume  to 
a  right  parallelopipedon,  having  the  same  base  and  an  equ.al 
altitude. 
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PllOPOSITION  X.  PPOBLEM. 

To  construct  a  rectangular  parallelopipedon  which  shall  be 
equal  in  volume  to  a  right  parallelojyipeclon  lohose  base 
is  any  qKirallelogram. 

Let  ABCD-3T  "be  a'  right  parallelopipedon,  having  for 
its  base  the  parallelogram  ABCD, 

Through  the  edges  AT  and  BK  pass 
the  planes  A  Q  and  B  J\  respectively 

perpendicular  to  the  plane  AlC^  the  for¬ 
mer  meeting  the  face  DB  in  OQ^  and 
the  latter  meeting  that  face  produced  in 
JVLP:  then  will  the  polyedron  AP  be  a 
rectangular  parallelopipedon  equal  to  the 
given  parallelopipedon.  It  will  be  a  rect¬ 
angular  parallelopipedon,  because  all  of  its 
faces  are  rectangles,  and  it  will  be  equal  to  the  given 
parallelopipedon,  because  the  two  may  be  regarded  as  having 
the  common  base  AK  (P.  VI.,  C.  1),  and  an  equal  altitude 
A  O  (P.  IX.). 

Cor.  1.  A  right  parallelopipedon,  whose  base  is  any  paral¬ 
lelogram,  is  equal  in  volume  to  a  ' rectangular  imrallelopipedon 
having  an  equal  base  and  the  same  altitude.  For,  the  base 
AN  is  equal  to  the  base  AC  (B.  IV.,  P.  L);  and  the 
altitude  AI  is  common. 

Cor.  2.  An  oblique  parallelopipedon  is  equal  in  volume  to 
a  rectangular  parallelopipedon,  having  an  equal  base  and  an 
equal  altitude. 

Cor.  3.  Any  two  parallelopipedons  are  equal  in  volume, 
when  they  have  equal  bases  and  equal  altitudes. 
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PROPOSITION  XI.  THEOREM. 

» 

Tkoo  rectangular  parallelopipedons  having  a  common  lower 
hase^  are  to  each  other  as  their  altitudes. 


Let  the  parallelopipedons  A  G  and  AL  have  the  com- 
.mon  lower  base  AJBCD:  then  will  they  be  to  each  other 
as  their  altitudes  AE  and  AT. 

1°.  Let  the  altitudes  be  commensurable,  and  suppose,  for 
example,  that  AE  is  to  AI^  as  15  is  to  8. 

Conceive  AE  to  be  divided  into  15  equal  parts,  of 
which  AI  will  contain  8  ;  through  the  points  of  division 
let  planes  be  passed  parallel  to  ABGD.  These  planes  wdll 
divide  the  parallelopipedon  AG  into  15  parallelopipedons, 
which  have  equal  bases  (P.  II.  C.)  and  equal  altitudes ; 
hence,  they  are  equal  (P.  X.,  Cor.  3). 

Now,  AG  contains  15,  and  AL  8  g  jj 

of  these  equal  parallelopipedons  ;  hence, 

AG  is  to  ylX,  as  15  is  to  8,  or  as  ^ 

AE  is  to  AI.  In  like  manner,  it  may 

be  shown  that  AG  is  to  ■  AL.,  as  AE 
•  is  to  AI.,  when  the  altitudes  are  to  each  ^ 
other  as  any  other  whole  numbers. 
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able. 


Let  the  altitudes  be  incommensur- 


D\ 


B 


C 


Now,  if  AG  is  not 'to  AL.,  as  AE  is  to  AI.,  let  xm 
suppose  that, 

AG  :  AL  :  :  AE  :  AO, 


in  which  AO  is  greater  than  A  I. 

Divide  AE  into  equal  parts,  such  that  each  shall  bo- 
ess  than  01 ;  there  will  be  at  least  one  point  of  division 
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betweGn  O  and  I.  Let  P  denote  the  parallelopipo- 

don,  whose  base  is  ABCP,  and  altitude  Am  ;  since  the 
altitudes  AE^  Am,  are  to  each  other  as  two  whole  num¬ 
bers,  we  have, 

4 

AG  :  P  :  :  AE  :  Am, 

But,  by  hypothesis,  we  have, 

AG  \  AL  \\  AE  AO  % 

therefore  (B.  11.,  P.  IV.,  C.), 

AZ  :  P  :  i  AO  :  Am, 

But  AO  is  greater  than  Am  ;  hence,  if 
the  proportion  is  true,  AZ  must  be  greater  than  P,  On 
the  contrary,  it  is  less  ;  consequently,  the  fourth  term  of 
the  proportion  cannot  be  greater  than  AZ  In  like  manner, 
it  may  be  shown  that  the  fourth  term  cannot  be  less  than 
AZ  ;  it  is,  therefore,  equal  to  AZ.  In  this  case,  therefore, 

AG  is  to  AZ,  as  AE  is  to  AZ. 

Hence,  in  all  cases,  the  given  parallelopipedons  are 
each  other  as  their  altitudes  ;  which  was  to  he  p^'oved. 

Scholium.  Any  two  rectangular  parallelopipedons  whose 
bases  are  equal,  are  to  each  other  as  their  altitudes. 

PROPOSITION  xn.  theori:m. 

Two  Triangular  parallelopipedons  having  equal  altitudes,  are 

to  each  other  as  their  bases. 

/ 

Let  the  rectangular  parallelopipedons  AG  and  AZZ  have 
the  same  altitude  AE  :  then  will  they  be  to  each  other  as 
their  bases. 
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For,  place  them  as  shown 
plane  of  the  face  .VZ/,  until 
it  intersects  the  plane  of  the 
face  HG,  in  we  shall 

thus  form  a  thii‘d  rectangular 
parallelopipedon  A  Q. 

The  parallelopipedons  A  G 
and  A  Q  have  a  common 
base  AH  j  they  are  there¬ 
fore  to  each  other  as  their 
altitudes  Al^  and  A  0 

(B«  KI.)  :  hence,  we  have 
the  proportion, 


in  the  figure,  and  produce  the 


volAG  :  vol.AQ  ::  AB  :  AO, 


The  parallelopipedons  AQ  and  AK  have  the  common  base 

AL-,  they  are  therefore  to  each  other  as  their  altitudes 
AB  and  AM :  hence. 


vol  AQ  :  tjol.  AK  :  :  AB  ;  AM. 

Multiplying  these  proportions,  term  by  term  (B.  11.,  P.  XIL), 
and  omitting' the  common  factor,  vol.AQ,  we  have, 

vol  AG  :  volAK  :  :  AB  x  AB  :  AO  x  AM. 

But  AB  X  AB  is  equal  to  the  area  of  the  base  ABCB 

and  ^  0  X  AM  is  equal  to  the  area  of  the  base  AMJSTO : 

hence,  two  rectangular  parallelopipedons  having  equal  alti¬ 
tudes,  are  to  each  other  as  their  bases  ;  which  was  to  he 
proved. 
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PROPOSITION  Xni.  THEOREM. 

Any  two  rectangular  parallelopipedons  are  to  each  other  as 
the  products  of  their  bases  and  altitudes  /  that  is,  as  the 

products  of  their  three  dimensions. 

/ 

Let  AZ  and  AG  be 
any  two  rectangular  paral¬ 
lelopipedons:  then  will  they 
be  to  each  other  as  the 
products  of  their  three  di¬ 
mensions. 

For,  place  them  as  in  the 
figure,  and  produce  the  faces 
necessary  to  complete  the 
rectangular  parallelopipedon 
AK.  The  parallelopipedons 
AZ  and  AK  have  a  com¬ 
mon  base  AK ;  hence  (P.  XL), 

vol.  AZ  :  vol.  AK  :  :  AX  :  AE. 

The  parallelopipedons  AK  and  AG  have  a  common 
V  altitude  AE ;  hence  (P.  Xn.), 

vol.  AK  :  vol.  AG  :  :  AMN  0  :  AE  CD. 

f 

Multiplying  these  proportions,  term  by  term,  and  omitting 
the  common  factor,  vol.  AK,  we  have, 

vol.AZ  :  vol.  AG  :  :  AMKO  x  AX  :  ABCD  x  AE\ 

or,  since  AMKO  is  equal  to  AM  x  AO,  and  ABCD  to 
AB  X  AD, 

vdl.  AZ  :  vol.  AG  :  :  AM x  AO  x  AX  :  AB  x  AD  x  AE\ 
wJiich  was  to  he  proved. 
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Cor.  1.  If  we  make  the  three  edges  AM.^  AO,  and 
AJT,  each  equal  to  the  linear  unit,  the  parallelopipedon  AJ^ 
will  be  a  cube  constructed  on  that  unit,  as  an  edire  ;  and 
consequently,  it  will  be  the  unit  of  volume.  Under  this 
sujjposition,  the  last  proposition  becomes, 

1  :  vol.AG  :  :  1  ;  AB  x  AI)  x  AE  \ 

whence, 

.  vol.AG  =  AB  X  AD  x  AE. 

Hence,  the  volume  of  anxj  rectangular  parallelopipedon  is 
equal  to  the  product  of  its  three  dimensions  ;  that  is,  the 
number  of  times  which  it  contains  the  unit  of  volume,  is 
equal  to  the  number  of  linear  units  in  its  length,  by  the 
number  of  linear  units  in  its  breadth,  by  the  number  of 
linear  units  in  its  height. 

Cor.  2.  The  volume  of  a  rectangular  parallelopipedoxi  is 
equal  to  the  product  of  its  base  and  altitude  /  that  is,  the 
number  of  times  which  it  contains  the  unit  of  volume,  is 
equal  to  the  number  of  superficial  units  in  its  base,  multi¬ 
plied  by  the  number  of  linear  units  in  its  altitude. 

Cor.  3.  The  volume  of  any  parallelopipedon  is  equal  to 
the  product  of  its  base  and  altitude  (P.  X.,  C.  2). 


PEOPOSITION  XIV.  THEOKEM. 

The  volume  of  anxj  prism  is  equal  to  the  product  of  its 

base  and  altitude. 

Let  ABCDE-K  be  any  prism  :  then  is  its  volume 
equal  to  the  product  of  its  base  and  altitude. 

For,  through  any  lateral  edge,  as  AE.,  pass  the  planes 
Alf  Af  dividing  it  into  triangular  prisms.  These  prisms 
will  all  have  a  common  altitude  equal  to  that  of  the  given 
prism. 
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Now,  the  volume  of  any  one  of  the  triangular  prisms,  as 
ABG-H^  is  eqi;al  to  half  that  of  a  parallelopipedon  con- 

structed  on  the  edges  BA^  BG^  BG 
(P.  VII.,  C.)  ;  but  the  volume  of  this  par¬ 
allel  opipodon  is  equal  to  the  product  of  its 
base  and  altitude  (P.  XIII.,  C.  3)  ;  and 
because  the  base  of  the  prism  is  halt 
that  of  the  parallelopipedon,  the  volume 
of  the  prism  is'  also  equal  to  the  pro¬ 
duct  of  its  base  and  altitude  :  hence. 


the  sum  of  the  triangular  prisms,  which 

make  up  the  given  prism,  is  equal  to  the  sum  of  their 
bases,  which  make  up  the  base  of  the  given  prism,  into 
their  common  altitude  ;  which  was  to  he  proved. 


Got.  Any  two  prisms  are  to  each  other  as  the  products 
of  their  bases  and  altitudes.  Prisms  having  equal  bases  are 
to  each  other  as  their  altitudes.  Prisms  having  equal  alti¬ 
tudes  are  to  each  other  as  their  bases. 


PROPOSITION  XV.  THEOREM. 

Two  triangular  pyramids  having  equal  bases  and  equal  altU 

tudes^  are  equal  in  volume. 

Let  S-ABG,  and  S-ahc,  be  two  pyramids  having  their 
equal  bases  ABG  and  ahc  in  the  same  plane,  .and  let  AT 
be  their  common  altitude  :  then  will  they  be  equal  in  vol¬ 
ume. 

For,  if  they  are  not  equal  in  volume,  suppose  one  of 
them,  as  S-ABG,  to  be  the  greater,  and  let  their  differ¬ 
ence  be  equal  to  a  prism  whose  base  is  ABG^  and  whose 
altitude  is  Aa. 
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Divide  the  altitude  AT  into  equal  parts  Ax^  jcy,  &c., 
each  of  which  is  less  than  Aa^  and  let  Ic  denote  one  of 
these  parts  ;  through  the  points  of  division  pass  planes  par¬ 
allel  to  the  plane  of  the  bases  ;  the  sections  of  the  two 
pyramids,  by  each  of  these  planes,  will  be  equal,  namely, 
DEF  to  def,  am  to  gU,  <fec.  (P.  HI.,  C.  2). 


S 


h 


On  the  triangles  ABC^  JDEF^  &c.,  taken  as  lower  bases, 
construct  exterior  prisms  whose  edges  shall  be  parallel  to 
AS^  and  whose  altitudes  shall  be  equal  to  7c  :  and  on  the 
tiiangles  def^  glii^  &c.,  taken  as  upper  bases,  construct 
interior  prisms,  whose  edges  shall  be  parallel  to  and 

whose  altitudes  shall  be  equal  to  Ic.  It  is  evident  that  the 
sum  of  the  exterior  prisms  is  greater  than  the  pyramid 
S-ABG^  and  also  that  the  sum  of  the  interior  prisms  is  less 
than  the  pyramid  8-abc :  hence,  the  difference  between  the 
sum  of  the  exterior  and  the  sum  of  the  interior  prisms,  is 
greater  than  the  difference  between  th^  two  pyramids. 

Now,  beginning  at  the  bases,  the  second  exterior 

prism  EFD-G^  is  equal  to  the  first  interior  prism  ^efd-a^ 
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because  they  have  the  same  altitude  1c^  and  their  bases 
EFD,  efcl,  are  equal  :  for  a  like  reason,  the  third  exterior 

prism  IIIG-K,  and  the  second  interior  prism  hig-d,  are 

equal,  and  so  on  to  the  last  in  each  set  :  hence,  each  of  the 

exterior  prisms,  excepting  the  first  Id  has  an  equal 

corresponding  interior  prism;  the  prism  ECA~D^  is,  theie- 
fore,  the  difference  between  the  sum  of  all  the  exterior 
prisms,  and  the  sum  of  all  the  interior  prisms.  But  the 

difference  between  these  two  sets  of  prisms  is  greater  than 
that  between  the  two  pyramids,  which  latter  difference  was 
supposed  to  be  equal  to  a  prism  whose  base  is  BGA^  and 
whose  altitude  is  equal  to  Aa,  greater  than  h  ;  conse¬ 
quently,  the  prism  BGA-I)  is  greater  than  a  prism  having 
the  same  base  and  a  greater  altitude,  which  is  impossible  . 
hence,  the  supposed  inequality  between  the  two  pyramids 
cannot  exist  ;  they  are,  therefore,  equal  in  volume  ;  which 
was  to  be  proved. 

PEOPOSITION  XVI.  THEORKM. 

Ang  triangular  prism  may  be  divided  into  three  triangular 
pyramids^  equal  to  each  other  in  volume. 

Let  ABG-B  be  a  triangular 
pri&m  :  then  can  it  be  divided  into 
three  equal  triangular  pyramids. 

For,  through  the  edge  AG., 
pass  the  plane  AGF,  and  through 
the  edge  EF  pass  the  plane 
EFG.  The  pyramids  A  GE-F  and 
EGB-F.,  have  their  bases  AGE 
and  EGD  equal,  because  they  are 
halves  of  the  same  parallelogram 
AGDE\  and  they  have  a  common 
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altitude,  because  their  bases  are  in  the  same  plane  AT>^  and 
their  vertices  at  the  same  point  F ;  hence,  they  are  equal 
in  volume  (P.  XV.).  'The  pyramids  ABC-F  and  I)EF~C^ 
have  their  bases  AB  0  and  JDFF^  equal,  because  they  are 
the  bases  of  the  given  prism,  and  their  altitudes  are  equal 
because  each  is  equal  to  the  altitude  of  tlie  prism  ;  they 
are,  therefore,  equal  in  volume  :  hence,  the  three  pyramids 
into  which  the  prism  is  divided,  are  all  equal  in  volume  ; 
which  was  to  be  proved. 

Cor.  1.  A  triangular  pyi-amid  is  one-third  of  a  prism, 
having  an  equal  base  and  an  equal  altitude. 

Cor.  2.  The  volume  of  a  triangular  pyramid  is  equal  to 
one-third  of  the  product  of  its  base  and  altitude. 

PROPOSITION  XVIL  THEOREM. 

The  volume  of  any  pyramid  is  equal  to  one-third  of  the 
product  of  its  base  and  altitude. 

Let  B-ABCDE.,  be  any  pyramid:  then  is  its  volume 
equal  to  one-third  of  the  product  of  its  base  and  altitude. 

For,  through  any  lateral  edge,  as  SE^ 
pass  the  planes  SEB.,  SEC.^  dividing  the 
pyramid  into  triangular  pyramids.  The  alti¬ 
tudes  of  these  pyramids  will  be  equal  to 
each  other,  because  each  is  equal  to  that 
of  the  given  pyramid.  Xow,  the  volume 
of  each  triangular  pyramid  is  equal  to  one- 
third  of  the  product  of  its  base  and  alti¬ 
tude  (P.  XVI.,  C.  2)  ;  hence,  the  sum  of 
the  volumes  of  the  triangular  pyramids,  is 
equal  to  one-tliird  of  the  product  of  the  sum  of  their  bases 
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by  their  common  altitude.  But  the  sum  of  the  triangular 
pyramids  is  equal  to  the  given  pyramid,  and  the  sum  of 
their  bases  is  equal  to  the  base  of 'the  given  pyramid:  v 
hence,  the  volume  of  the  given  pyramid  is  equal  to  one- 
third  of  the  product  of  its  base  and  altitude  ;  which  was  to 
he  proved. 

Cor.  1.  The  volume  of  a  pyramid  is  equal  to  one-third 
of  the  volume  of  a  prism  having  an  equal  base  and  an  equal 
altitude. 

Cor.  2.  Any  two  pyramids  are  to  each  other  as  the 
products  of  their  bases  and  altitudes.  Pyramids  having  equal 
bases  are  to  each  other  as  their  altitudes.  Pyramids  having 
equal  altitudes  are  to  each  other  as  their  bases. 

Scholium.  The  volume  of  a  polyedron  may  be  found  by 
dividing  it  into  triangular  pyramids,  and  computing  their 
volumes  separately.  The  sum  of  these  volumes  wiU  be  equal 
to  the  volmne  of  the  polyedron. 


PEOPOSITION  XVIII.  THEOEEM. 

The  volume  of  a  frustum  of  any'  triangular  pyramid  is 
equal  to  the  sum  of  the  volumes  of  three  pyramids 
whose  common  altitude  is  that  of  the  frustum.,  and  whose 
bases  are  the  lower  base  of  the  frustum.,  the  upper  base 
of  the  frustum.,  and  a  mean  proportional  between  the  two 
bases. 

Let  FGH-h  be  a  frustum  of  any  triangular  pyramid  : 
then  will  its  volume  be  equal  to  that  of  three  pyramids 
whose  common  altitude  is  that  of  the  frustum,  and  whose 
bases  are  the  lower  base  FGII.,  the  upper  base  fgh.,  and 
a  mean  proportional  between  their  bases. 


For,  through '  the  edge  FII,  pass  the  plane  FHg,  and 
through  the  edge  fg,  '  pass  the  plane  fgH,  dividing  the 
frustum  into  three  pyramids.  The  pyra¬ 
mid  g-FGII^  has  for  its  base  the  lower 
base  FQII  of  the  frustum,  and  its  al¬ 
titude  is  equal  to  that  of  the  frustum, 
because  its  vertex  is  in  the  j^lane  of 
the  upper  base.  The  pyramid  H-fgli, 
ha4S  for  itjs  base  the  upper  base  fgh  of 
the  frustum,  and  its  altitude  is  equal  to 
that  of  the  frustum,  because  its  vertex 
lies  in  the  plane  of  the  lower  base. 

The  remaining  pyramid  may  be  regarded  as  having  the 
triangle  Ffll  for  its  base,  and  the  point  g  for  its  vertex. 
From  g,  draw  gK  parallel  to  fF,  and  draw  also  KR  and 
Kf.  Then  will  the' pyramids  K-FfR  and  g-FfR^  be  equal; 
for  they  have  a  common  base,  and  their  altitudes  are  equal, 
because  their  Amrtices  F  and  'g  are  in  a  line  parallel  to 
the  base  (B.  VI.,  P.  XII.,  C.  2). 

Now,  the  pyramid  K-FfR  may  be  regarded  as  having 
FIlR  for  its  base  and  f  for  its  vertex.  From  K^  draw 
KL  parallel  to  GR ;  it  will  be  parallel  to  g7i  :  then  will 
the  triangle  FKL  be  equal  to  fgh^  for  the  side  FK  is 
equal  to  />/,  the  angle  F  to  the  angle  f  and  the  angle  K 
to  the  angle  g.  But,  FKR  is  a  mean  proportional  between 
FKL  and  FGR  (B.  IV.,  P.  XXIV.,  C.),  or  between  fgh 
and  FGR.  The  pyramid  f-FKR^  has,  therefore,  for  its 
base  a  mean  proportional  between  the  upper  and  lower  bases 
of  the  frustum,  and  its  altitude  is  equal  to  that  of  the  frus¬ 
tum  ;  but  the  pyramid  f-FKR  is  equal  in  volume  to  the 
pyramid  g-FfR :  hence,  the  volume  of  the  given  frustum  is 
equal  to  that  of  three  pyramids  whose  common  altitude  is 
equal  to  that  of  the  frustum,  and  whose  bases  are  the  upper 
base,  the  lower  base,  and  a  mean  proportional  between 
them  ;  which  was  to  he  proved. 


G 


204 


GEOMETRY. 


Cor.  The  volume  of  the  frustum  of  any  pyramid  is 
equal  to  the  sum  of  the  volumes  of  three  pyramids  whose 
common  altitude  is  that  of  the  frustum^  and  lohose  bases 
are  the  loioer  base  of  the  frustum,  the  upper  base  of  the 
fi-ustum,  and  a  mean  proportional  between  them. 

For,  let  ABCDE-e  be  a  frustum  of 
any  pyramid.  Through  any  lateral  edge,  as 
eE,  pass  the  planes  eEBb,  eECc,  divid¬ 
ing  it  into  triangular  frustums.  Now,  the 
sum  of  the  volumes  of  the  triangular  frus¬ 
tums  is  equal  to  the  sum  of  three  sets  of 
pyramids,  whoso  common  altitude  is  that  of 
the  j^iven  frustum.  The  bases  of  the  first 
set  make  up  the  lower  base  of  the  given 
frustum,  the  bases  of  the  second  set  make  up  the  upper  base 
of  tlie  given  frustum,  and  the  bases  of  the  third  set  make 
up  a  mean  proportional  between  the  upper  and  lower  base 

of  the  given  frustum  :  hence,  the  sum  of  the  volumes  of 

the  first  set  is  equal  to  that  of  a  pyramid  whose  altitude  is 
that  of  the  frustum,  and  v/hose  base  is  the  lower  base  of 
of  the  frustum  ;  the  siim  of  the  volumes  of  the  second  set 
is  equal  to  that  of  a  pyramid  whose  altitude  is  that  of  the 
fi-ustum,  and  whose  base  is  the  upper  base  of  the  frustum  ; 
and,  the  sum  of  the  third  set  is  equal  to  that  of  a  pyra¬ 
mid  whose  altitude  is  that  of  the  frustum,  and  whose  base 

is  a  mean  proportional  between  the  two  bases. 


PKOPOSITION  XIX.  THEOREM. 

Similar  triangular  prisms  are  to  each  other  as  the  cubes  of 

their  homologous  edges. 

Let  CBD-P,  cbd-p,  be  two  similar  triangular  prisms, 
and  let  B  C,  be,  be  any  twm  homologous  edges  :  then  will 

the  prism  CBJD-P  be  to  the  prism  cbd-p,  as  BG  to  be. 
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For,  the  homologous  angles  B  and  h  are  equal,  and 
the  faces  which  bound  them  are  similar  (I).  16)  :  hence, 
these  triedral  angles  may  be 
applied,  one  to  the  other,  so 
that  the  angle  cbd  Avill  coin¬ 
cide  with  CBBy  the  edge  ba 
with  BA,  In  this  case,  the 
prism  cbd-p  will  take  the 
position  Bod-pi  From  A 
di-aw  All  perpendicular  to 
the  common  base  of  the  prisms  :  then  will  the  plane  BAH 
be  perpendicular  to  the  plane  of  the  common  base  (B.  VL, 

P.  XVI.).  From  a,  in  the  plane  BAI^  draw  ah 

perpendicular  to  BH :  then  will  ah  also  be  perpendicular 
to  the  base  BBC  (B.  VL,  P.  XVIL)  ;  and  AIl^  ah^  will 

be  the  altitudes  of  the  two  prisms. 

Since  the  bases  GBB^  ebd^  are  similar,  we  have  (B.  IV., 
P.  XXV.), 

base  CBD  :  base  cbd  :  :  Cl^  ’  c?. 


P 


Kow,  because  of  the  similar  triangles  ABII,  aBIi^  and  of 
the  similar  parallelograms  AC^  ac^  we  have. 


AH  :  ah  :  :  CB  :  cb  ; 

hence,  multiplying  these  proportions  term  by  term,  we  have, 
base  CBD  x  AH  :  base  cbd  x  ah  :  :  CB^  :  cb^ . 


But,  base  CBD  x  AH  is  equal  to  the  volume  of  the  prism 
CDB-A^  and  base  cbd  x  ah  is  equal  to  the  volume  of 
the  prism  cbd-p ;  hence, 

prism  CDB—P  :  cbd-p  :  :  Clf  •  ch  ; 


which  was  to  be  proved. 


206 


geometry. 


Cor.  1.  Any  two  similar  prisms  are  to  each  other  as 

the  cubes  of  their  homologous  edges. 

For,  since  the  prisms  are  similar,  their  bases  are  similar 
polygons  (D.  16)  ;  and  these  similar  polygons  may  each  be 
divided  into  the  same  number  of  similar  triangles,  similarly 
placed  (B.  IV.,  P.  XXVI.)  ;  therefore,  each  prism  may  be 
divided  into  the  same  number  of  triangular  prisms,  having 
their  faces  similar  and  like  placed  ;  consequently,  the  tri¬ 
angular  prisms  are  similar  (D.  16).  But  .  these  triangular 
prisms  are  to  each  'other  as  the  cubes  of  their  homologous 
edges,  and  being  like  parts  of  the  polygonal  prisms,  the 
polygonal  prisms  themselves  are  to  each  other  as  the  cubes 
of  their  homologous  edges. 

Cor.  2.  Similar  prisms  are  to  each  other  as  the  cubes 
of  their  altitudes,  or  as  the  cubes  of  any  other  homologons 

lines. 

PROPOSITION  XX.  THEOREM. 

Similar  pyramids  are  to  each  other  as  the  cubes  of  their 

homologous  edges. 

Let  S-ABfiDE,  and  S-abede,  be  two  similar  pyra¬ 
mids,  so  placed  that  their  homologous  angles  at  the  vertex 
shall  coincide,  and  let  AB  and  ab  be 
any  two  homologous  edges  :  then  will  the 
pyramids  be  to  each  other  as  the  cubes 
of  AB  and  ab. 

>  For,  the  face  SAB,  being  similar  to 
Sab,  the  edge  AB  is  parallel  to  the 
edge  ab,  and  the  face  SBC  being  simi¬ 
lar  to  Sbe,  the  edge  BC  is  parallel  to 
be  ;  hence,  the  planes  of  the  bases  are 
parallel  (B.  VI.,  P.  XIII.). 
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Draw  S  0  perpendicular  to  the  base  A  B  GDJE ;  it  will 
also  be  perpendicular  to  the  base  dbcde.  Let  it  pierce  that 
plane  at  the  point  o  :  then  will  BO 
be  to  Bo,  as  BA  is  to  Ba  (P.  III.), 
or  as  A^  is  to  ad  ;  hence, 


iBO 


iBo 


AjB 


ah. 


But  the  bases  being  similar  polygons,  we 
have  (B.  IV.,  P.  XXVIL),  A' 


hose  AB  CDE  :  base  abode  :  :  AM^ 


off. 


Multiplying  these  proportions,  tenn  by  term,  we  have, 

base  AB  CBE  x  0  :  base  abode  x  ^Bo  :  :  AB^  :  ab^. 

But,  base  ABODE  x  \BO  is  equal  to  the  volume  of  the 
pyramid  B- ABODE,  and  base  abode  x  ^Bo  is  equal  to 
the  volume  of  the  pyramid  B-abcde  ;  hence,  t 

pyramid  B-AB  ODE  :  pyramid  B-abode  :  :  AB^  :  ah^ ; 

\ 

which  was  to  be  proved. 


Oor.  Similar  pyramids  are  to  each  other  as  the  cubes  of 
their  altitudes,  or  as  the  cubes  of  any  other  homologous 
lines. 


208 


GEOMETRY. 


GENERAL  FORMULAS. 

If  we  denote  the  volume  of  any  prism  by  F,  its  base 
by  B,  and  its  altitude  by  //,  we  shall  have  (P.  XIV.), 

V  =  B  X  II . (E) 

If  we  denote  the  volume  of  any  pyramid  by  F,  its 
base  by  B,  and  its  altitude  by  //,  we  have  (P.  XV 11.), 

V  =  ^B  X  II . (2.) 

If  we  denote  the  volume  of  the  frustum  of  any  pyramid 
by  F,  its  lower  base  by  B,  its  upper  base  by  6,  and 
its  altitude  by  we  shall  have  (P.  XV III.,  C.), 

V  i{B  b  +  ^/B~^)  X  n  •  *  (3.) 

REGULAR  POLYEDRONS. 

A  Regular  Polyedron  is  one  Avhose  faces  are  all  equal 
regular  polygons. 

There  are  five  regular  polyedrons,  namely  : 

1.  The  Tetraedron,  or  regular  pyramid — a  polyedron 
bounded  by  four  equal  equilateral  triangles. 

2.  The  Hexaedron,  or  cube — a  polyedron  bounded  by 
six  equal  squares. 

3.  The  OcTAEDRON  —  a  polyedron  bounded  by  eight  equal 
equilateral  triangles. 

4.  The  Dodecaedron — a  polyedron  bounded  by  twelve 
equal  and  regulai’  pentagons. 
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5.  The  IcosAKDKON — a  polyedron  bounded  by  twenty 
equal  equilateral  triangles. 

In  the  Tetraedron,  the  triangles  are  grouped  about  the 
polyedral  angles  in  sets  of  three,  in  the  Octaedron  they  are 
grouped  in  sets  of  four,  and  in  the  Icosaedron  they  are 
grouped  in  sots  of  five.  Now,  a  greater  number  of  equi¬ 
lateral  triangles  cannot  be  grouped  so  as  to  form  a  salient 
polyedral  angle  ;  for,  if  they  could,  the  sum  of  the  plane 
angles  formed  by  the  edges  would  be  equal  to,  or  greater 
than,  four  right  angles,  which  is  impossible  (B.  VL,  P.  XX.). 

In  the  Hexaedron,  the  squares  are  grouped  about  th« 
polyedral  angles  in  sets  of  three.  Now,  a  greater  number 
of  squares  cannot  be  grouped  so  as  to  form  a  salient  polye¬ 
dral  angle  ;  for  the  same  reason  as  before. 

In  the  Dodecaedron,  the  regular  pentagons  are  grouped 
about  the  polyedral  angles  in  sets  of  three,  and  for  the  same 
reason  as  before,  they  cannot  be  grouped  in  any  greater 
number,  so  as  to  form  a  salient  ^polyedral  angle. 

Furthermore,  no  other  regular  polygons  can  be  grouped 
80  as  to  form  a  salient  polyedral  angle  ;  therefore. 

Only  Jive  regular  polyedrons  can  be  fonned. 
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THE  CYLINDER,  THE  CONE,  AND  THE  SPHERE. 

I 

DEFINITIONS. 

■i 

1.  A  Cylinder  is  a  volume  which  may  be  generated  by 
a  rectangle  revolving  about  qne  of  its  sides  as  an  axis. 

Thus,  if  the  rectangle  ABCD  be  turned  about  the  side 
AB^  as  an  axis,  it  will  generate  the  cylinder  FGC Q-P. 

The  fixed  line  AB  is  called  the  axis 
of  the  cylinder  j  the  curved  surface  generated 
by.'  the  side  OBy  opjiosite  the  axis,  is  called 
the  convex  surface  of  the  cylinder ;  the  equal 
circles  FGCQy  and  FIIDPy  generated  by 
the  remaining  sides  BO  and  ABy  are  called 
bases  of  the  cylinder  /  and  the  perpendicular 
distance  between  the  planes  of  the  bases,  is 
called  the  altitude  of  the  cylinder. 

The  line  P>  0,  which  generates  the  convex  surface,  is,  in 
any  position,  called  an  element  of  the  surface  /  the  elements 
are  ail  perpendicular  to  the  planes  of  the  bases,  and  any 
one  of  them  is  equal  to  the  altitude  of  the  cylinder. 

Any  line  of  the  generating  rectangle  ABGDy  as  IKy 
which  is  ,  perpendicular  to  the  axis, '‘will  generate  a  circle 
whose  plane  is  perpendicular  to  the  axis,  and  which  is  equal 
to  either  base  :  hence,  any  section  of  a  cylinder  by  a  plane 
perpendicular  to  the  axis,  is  a  circle  equal  to  either  base. 
Any  section,  FODEy  made  by  a  plane  through  the  axis, 
is  a  rectangle  double  the  generating  rectangle. 


BOOK  VIII. 


211 


2.  Similar  Cylinders  are  those  which  may  be  generated 
by  similar  rectangles  revolving  about  homologous  sides. 

The  axes  ^of  similar  cylinders  are  proportional  to  the  radii 
of  their  bases  (B.  IV.,  D.  1)  ;  they  are  also  proportional  to 
any  other  homologous  lines  of  the  cylinders. 

r 

3.  A  prism  is  said  to  be  inscribed 
in  a  cylinder^  when  its  bases  are  in¬ 
scribed  in  the  bases  of  the  cylinder. 

In  this  case,  the  cylinder  is  said  to 
be  circumscribed  about  the  prism. 

The  lateral  edges  of  the  inscribed 
prism  are  elements  of  the  surface  of 
the  circumscribing  cylinder. 

4.  A  prism  is  said  to  be  circum¬ 
scribed  about  a  cylinder^  when  its 
bases  are  circumscribed  about  the  bases  of  the  cylinder. 
In  this  case,  the  cylinder  is  said  to  be  mscribed  in  the 
prism. 

The  lines  which  join  the  corres¬ 
ponding  points  of  contact  in  the  upper 
and  lower  bases,  are  common  to  the 
surface  of  the  cylinder  and  to  the 
lateral  faces  of  the  prism,  and  they 
are  the  only  lines  which  are  common. 

The  lateral  frees  of  the  prism  are  said 
to  be  tangent  to  the  cylinder  along 
these  lines,  which  are  then  called  ele¬ 
ments  of  contact. 

5.  A  Cone  is  a  volume  which  may  be  generated  by  a 
right-angled  triangle  revolving  about  one  of  the  sides  adja¬ 
cent  to  the  right  angle,  as  an  axis. 
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Thus,  if  the  triangle  SAB^  right-angled  at  be  turned 
about  the  side  SA^  as  an  axis,  it  will  generate  the  cone 
S-  CD  BE. 

The  fixed  line  ^^4,  is  called  the  g 

axis  of  the  cone ;  the  curved  surface 
generated  by  the  hypothenuse  SB.,  is 
called  the  convex  surface  of  the  cone  / 
the  circle  generated  by  the  side  AB., 
is  called  the  base  of  the  cone ;  and 
the  point  /S,  is  called  the  vertex  of 
the  cone  /  the  distance  from  the  vertex 
to  any  point  in  the  circumference  of  the 
base,  is  called  the  slant  height  of  the  cone  /  and  the  per¬ 
pendicular  distance  from  the  vertex  to  the  plane  of  the  base, 

called  the  altitude  of  the  cone. 

The  line  SB.,  which  generates  the  convex  surface,  is,  in 
any  position,  called  an  element  of  the  surface  y  the  elements 
are  all  equal,  and  any  one  is  equal  to  the  slant  height  ;  the 
axis  is  equal  to  the  altitude. 

Any  line  of  the  generating  triangle  SAB.,  as  Gif 

which  is  perpendicular  to  the  axis,  generates  a  circle  whose 

plane  is  perpendicular  to  the  axis  :  hence,  any  section  of  a 

cone  by  a  plane  perpendicular  to  the  axis,  is  a  circle.  Any 
section  SBC.,  made  by  a  plane  through  the  axis,  is  an 

isosceles  triangle,  double  the  generating  triangle. 


6.  A  TninsrcATED  Cone  is  that  portion  of  a  cone  included 
between  the  base  and  any  plane  which  cuts  the  cone. 

When  the  cutting  plane  is  parallel  to  the  plane  of  the 
base,  the  truncated  cone  is  called  a  Feustum  of  a  Cone,  and 
the  intersection  of  the  cutting  plane  with  the  cone  is  called 
the  upper  base  of  the  frustum  ;  the  base  of  the  cone  is 
called  the  lower  base  of  the  frustum. 
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If  the  trapezoid  IIGAB^  right-an- 

,  be  revolved  about 
AO^  as  an  axis,  it  will  generate  a  frus¬ 
tum  of  a  cone,  whose  bases  are  ECBB 
and  FKH^  whose  altitude  is  AG^  and 
whose  slant  height  is  BH. 

7.  Similar  Cones  are  those  which  may  be  generated 
by  similar  right-angled  triangles  revolving  about  homologous 
sides. 

The  axes  of  similar  cones  are  proportional  to  the  radii 
of  their  bases  (B.  IV.,  D.  1)  ;  they  are  also  proportional  to 
any  other  homologous  lines  of  the  cones. 

8.  A  pyramid  is  said  to  be  in¬ 
scribed  in  a  cone^  when  its  base  is 
inscribed  in  the  base  of  the  cone,  and 
when  its  vertex  coincides  with  that  of 
the  cone. 

The  lateral  edges  of  the  inscribed 
pyramid’  are  eh'irunits  of  the  surface  of 
the  circumscribing  cone. 

9.  A  pyramid  is  said  to  be  circumscribed  about  a  cone^ 
when  its  base  is  circumscribed  about  the  base  of  the  cone, 
and  when  its  vertex  coincides  with  that  of  the  cone. 

In  this  case,  the  cone  is  said  to  be  inscribed  in  the 
pyramid. 

The  lateral  faces  of  the  circumscribing  pyramid  are  tan¬ 
gent  to  the  surface  of  the  inscribed  cone,  along  lines  which 
are  called  elements  of  contact. 


S 


gled  A  and  G 


10.  A  frustum  of  a  pyramid  is  inscribed  in  a  frustum 
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of  a  cone^  when  its  bases  are  inscribed  in  the  bases  of  the 
frustum  of  the  cone. 

The  lateral  edges  of  the  inscribed  frustum  of  a  pyramid 
are  elements  of  the  surfice  of  the  circumscribing  frustum  of 
a  cone.  '' 

11.  A  frustum  of  a  pyramid  is  circumscribed  about  a 
fi-ustum  of  a  cone,  when  its  bases  are  circumscribed  about 
those  of  the  frustum  of  the  cone. 

Its  lateral  faces  are  tangent  to  the  surface  of  the  fi’ustum 
of  the  cone,  along  lines  which  are  called  elements  of  contact. 

I 

12.  A  Sphere  is  a  volume  bounded  by  a  surface,  every 
point  of  which  is  equally  distant  from  a  point  within  called 
the  centre. 

A  sphere  may  be  generated  by  a  semicircle  revolving 
about  its  diameter  as  an  axis. 

13.  A  Radius  of  a  sphere  is  a  straight  line  drawn  from 
the  centre  to  any  point  of  the  surface.  A  Diameter  is  any 
straiorht  line  draivn  through  the  centre  and  limited  at  both 
extremities  by  the  surface. 

All  the  radii  of  a  sphere  are  equal  :  the  diameters  are 
also  equal,  and  each  ‘is  double  the  radius. 

14.  A  Spherical  Sector  is  a  volume  which  may  be  gen¬ 
erated  by  a  sectoi’  of  a  circle  revolving  about  a  diameter  of 
the  circle  lying  without  it. 

The  surface  generated  by  the  arc  is  called  the  base  of 
the  sector. 

15.  A  plane  is  Tangent  <  to  a  Sphere  when  it  touches 
it  in  a  single  point. 

16.  A  Zone  is  a  portion  of  the  surface  of  a  sphere 
included  between  two  parallel  planes.  The  bounding  lines 
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of  the  sections  are  called  bases  of  the  zone,  and  the  distance 
between  the  planes  is  called  the  altitude  of  the*  zone. 

If  one  of  the  planes  is  tangent  to  the  sphere,  the  zone 
has  but  one  base. 

17.  A  Spherical  Segment  is  a  portion  of  a  sphere  in¬ 
cluded  between  two  parallel  planes.  The  sections  made  by 
the  planes  are  called  bases  of  the  segment,  and  the  distance 
between  them  is  called  the  altitude  of  the  segment. 

If  one  of  the  .planes  is  tangent  to  the  sphere,  the  seg¬ 
ment  has  but  one  base. 

'Tlie  Cylinder,  the  Cone,  and  the  Sphere,  are  sometimes 
called  The  Three  Round  Bodies. 


PROPOSITION  I.  Tin:OREM. 

The  convex  surface  of  a  cylinder  is  equal  to  the  ciremn- 
ference  of  its  base  midtiplied  by  the  altitude. 

Let  ABD  be  the  base  of  a  cylinder  whose  altitude  is 
II :  then  will  its  convex  surface  be  equal  to  the  circuni^ 
ference  of  its  base  multiplied  by  the  altitude. 

For,  inscribe  within  the  cylinder  a 
prism  whose  base  is  a  regular  polygon. 

The  convex  surface  of  this  prism  will 
be  equal  to  the  perimeter  of  its  base 
multiplied  by  its  altitude  (B.  YIL,  P.  I.), 
whatever  may  be  the  number  of  sides 
of  its  base.  But,  when  the  number  of 
sides  is  infinite  (B.  V.,  P.  X.,  C.  1),  the 
convex  surface  of  the  prism  coincides  with 
that  of  the  cylinder,  tlj.e  perimeter  of 
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the  base  of  the  prism  coincides  \vith  the  circumference  of 
the  base  of  the  cylinder,  and  the  altitude  of  the  prism  is 
the  same  as  that  of  the  cylinder  :  hence,  the  convex  surface 
of  the  cylinder  is  equal  to  the  circumference  of  its  base 
multiplied  by  the  altitude  ;  which  was  to  be  proved. 

Cor.  The  convex  surfaces  of  cylinders  having  equal  alti¬ 
tudes  are  to  each  other  as  the  circumferences  of  their  bases. 


PROPOSITION  II.  THEOREM. 

The  volume  of  a  cylinder  is  equal  to  the  product  of  iU 

base  and  altitude. 

Let  ABD  be  the  base  of  a  cylinder  whose  altitude  is 
H ;  then  will  its  volume  be  equal  to  the  product  of  its 
base  and  altitude. 

For,  inscribe  within  it  a  prism  whose 
base  is  a  regular  polygon.  The  volume 
of  this  prism  is  equal  to  the  product 
of  its  base  and  altitude  (B.  YII.,  P. 

XIY.),  whatever  may  be  the  number  of 
sides  of  its  base.  But,  when  the  num¬ 
ber  of  sides  is  infinite,  the  prism  coin¬ 
cides  with  the  cylinder,  the  base  of  the 
prism  with  the  base  of  the  cylinder,  and 
the  altitude  of  the  prism  is  the  same 
as  that  of  the  cylinder  :  hence,  the  volume  of  the  cylinder 
is  equal  to  the  product  of  its  base  and  altitude  ;  which  was 
to  be  proved. 

■  Cor.  1.  Cylinders  are  to  each  other  as  the  products  ol 
their  bases  and  altitudes  ;  cylinders  having  equal  bases  are 
to  each  other  as  their  altitudes  ;  cylinders  having  equal  alti¬ 
tudes  are  to  each  other  as  their  ba^es. 
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Cor.  2.  Similar  cylinders  are  to  each  other  as  the  cubes 

of  their  altitudes,  or  as  the  cubes  of  the  radii  of  their 
bases. 

Bor,  the  bases  are  as  the  squares  of  their  radii  (B.  V., 
I .  Kill.),  and  the  cylinders  being'  similar,  these  radii  are  to 
each  other  as  their  altitudes  (D.  2)  :  hence,  the  bases  are 
as  the  squares  of  the  altitudes  ;  therefore,  the  bases  multq^lied 
by  the  altitudes,  or  the  cylinders  themselves,  are  as  the 
cubes  of  the  altitudes. 


PROPOSITION  nr.  theorem. 

l-he  convex  surface  of  a  cone  is  equal  to  the  circumference 
of  its  base  multiplied  by  half  the  slant  height. 

Let  8-ACB  be  a  cone  whose  base  is  AGD^  and  whose 
slant  height  is  /S'..!  :  then  will  its  convex  surface  be  equal 
to  the  ciicumfeience  of  its  base  multiplied  by  half  the  slant 
heio'ht. 

F or,  inscribe  within  it  a  right  pyramid. 

The  convex  surface  of  this  pyramid  is 
equal  to  the  perimeter  of  its  base  mul¬ 
tiplied  by  half  the  slant  height  (B.  YII., 

F.  IV.),  whatever  may  be  the  number 
of  sides  of  its  base.  But  when  the  num¬ 
ber  of  sides  of  the  base  is  infinite,  the 
convex  surface  coincides  with  tliat  of  the 
cone,  the  perimeter  of  the  base  of  the  pyramid  coincides  with 
the  circumference  of  the  base  of  the  cone,  and  the  slant  height 
of  the  pyramid  is  equal  to  the  slant  height  of  the  cone  : 
hence,  the  convex  surface  of  the  cone  is  equal  to  the*  cir¬ 
cumference  of  its  base  multiplied  by  half  the  slant  height  ; 
which  was  to  be  proved. 
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PKOPOSmOl^  IV.  THEOREM. 

The  convex  snrj^ace  of  a  frustum  of  a  cone  is  equal  to 

half  the  sum  of  the  circumferences  of  its  two  hams 

multiplied  hy  the  slant  height. 

\ 

Let  JBIA-JD  be  a  frustum  of  a  cone,  BIA  and  EGD  - 
its  two  bases,  and  EB  its  slant  height  :  then  is  its  convex 
surface  equal  to  half  the  sum  of  the  circumferences  of  its 
two  bases  multiplied  by  its  slant  height. 

For,  inscribe  Avithin  it  the  frustum 
of  a  right  pyramid.  The  convex  sur¬ 
face  of  this  frustum  is  equal  to  half 
the  sum  of  the  perimeters  of  its  bases, 
multiplied  by  the  slant  height  (B.  VII., 

P.  IV.,  C.),  Avhatever  may  be  the 
number  of  its  lateral  frees.  But  when 
the  number  of  these  faces  is  infinite, 
the  convex  surface  of  the  frustum  of  the  pyramid  coincides 
with  that  of  the  cone,  the  perimeters  of  its  bases  coincide 
Avith  the  circumferences  of  the  bases  of  the  frustum  of  the 
cone,  and  its  slant  height  is  equal  to  that  of  the  cone  : 
hence,  the  convex  siirfice  of  the  frustum  of  a  cone  is  equal 
to  half  the  sum  of  the  circumferences  of  its  bases  multiplied 
by  the  slant  height ;  which  loas  to  he  proved. 

Scholium.  From  the  extremities  A  and  2>,  and  from 
the  middle  point  /,  of  a  line  rf7>,  let  the  lines  rf  6>,  DC., 
and  lE.^  be  draAvn  perpendicular  to  a  line  O  C :  then  Avill 
IK  be  equal  to  half  the  sum  of  AO  and  BC.  For, 
draAV,  Bd  and  liy  perpendicular  to  AO  :  then,  because  Al 
is  equal  to  IBy  Ave  shall  have  Ai  equal  to  id  (B.  IV.,  P. 
XV.),  and  consequently  to  Is  ;  that  is,  A  0  exceeds  IK 
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as  much  as  IK  exceeds  DC :  hence,  IK  is  equal  to  the 
half  sum  of  AO  and  D C. 

Kow,  if  the  line  AD  be  revolved  about  0(7,  as  an 

I 

axis,  it  will  generate  the  surface  of  a  frustum  of  a  cone 

whose  slant  height  is  AD  ;  the  point  I  will  generate  a 

circumference  which  is  equal  to  half  the  sum  of  the  circum¬ 
ferences  generated  by  A  and  D  :  hence,  if  a  straight  line 
be  revolved  about  another  straight  line^  it  loill  geoierate  a 
surface  whose  measure  is  equal  to  \the  product  of  the  gene¬ 
rating  line  and  the  circumference  generated  by  its  middle 
point. 

This  proposition  holds  true  when  the  line  AD  meets 

0(7,  and  also  when  AD  is  parallel  to  OC. 


I'ROPOSITION  V.  THEOREJr. 


The  volume  of  a  cone  4s  equal  to  its  base  multiplied  by 


one-third  of  its  altitude. 


Let  ABDE  be  the  base  of  a  cone  whoso  vertex  is 
and  whose  altitude  is  So:  then  will  its  volume  be  equal  to 
the  base  multiplied  by  one-third  of  the  altitude. 

\ 

For,  inscribe  in  the  cone  a  right 


pyramid.  The  volume  of  this  pyramid 
is  equal  to  its  base  multiplied  by  one- 
third  of  its  altitude  (B.  YII.,  P.  XVII.), 
whatever  may  be  the  number  of  its 
lateral  faces.  But,  when  the  number 
of  lateral  faces  is  infinite,  the  pyramid 
coincides  with  the  cone,  the  base  of 


the  pyramid  coincides  with  that  of  the 

cone,  and  their  altitudes  are  equal  :  hence,  tlie  volume  of  a 
cone  is  equal  to  the  base  multiplied  by  one-third  of  the 
altitude  ;  rohich  was  to  be  'proved. 
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Cor.  1.  A  cone  is  equal  to  one-tbird  of  a  cylinder  hav¬ 
ing  an  equal  base  and  an  equal  altitude. 

Cor.  2.  Cones  are  to  each  other  as  the  products  of 
their  bases  and  altitudes.  Cones  having  equal  bases  are  to 
each  other  as  their  altitudes.  Cones  having  equal  altitudes 
arc  to  each  other  as  their  bases. 


PROPOSITIO;?^  VI.  THEOREM. 

The  volume  of  a  frustum  of  a  cone  is  equal  to  the  sum 
of  the  volumes  of  three  cones,  having  for  a  common 
altitude  the  altitude  of  the  frustum,  and  for  bases  the 
lower  base  of  the  frustum,  the  upper  base  of  the  frus¬ 
tum,  and  a  mean  proportional  between  the  bases. 

Let  BIA  be  the  lower  base  of  a  frustum  of  a  cone, 
EGB  its  upper  base,  and  OC  its  altitude  :  then  will  its 
volume  be  equal  to  the  sum  of  three  cones  whose  common 
altitude  is  OC,  and  whose  bases  are  tlie  lower  base,  the 
upper  base,  and  a  mean  proportional  between  tliem. 

For,  inscribe  a  frustum  of  a  right 
pyramid  in  the  given  frustum.  The 
volume  of  this  frustum  is  equal  to 
the  sum  of  the  volumes  of  tliree 
pyramids  whose  common ,  altitude  is 
that  of  the  frustum,  and  whose  bases 
are  the  lower  base,  the  upper  base, 
and  a  mean  proportional  between  the 
two  (B.  VIL,  P.  XVIII.),  whatever 
may  be  the  number  of  lateral  faces.  But  when  the  number 
of  frees  is  infinite,  tlie  frustum  of  the  pyramid  coincides 
with  the  frustum  of  the  cone,  its  bases  with  the  bases  of 
the  cone,  the  three  pyramids  become  cones,  and  their  altitudes 
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are  equal  to  that  of  the  frustum  ;  hence,  the  volume  of  the 
frustum  of  a  cone  is  equal  to  the  sum  of  the  volumes  of 
three  cones  whose  common  altitude  is  that  of  the  frustum, 
and  whose  bases  are  the  lower  base  of  the  frustum,  the 
upper  base  of  the  frustum,  and  a  mean  proportional  between 
them  ;  lohich  was  to  he  proceed. 


PROPOSrJ'ION  VII.  THEOREM. 

Any  section  of  a  sphere  made  by  a  plane^  is  a  circle, 

.  Let  G  be  the  centre  of  a  sphere,  CA  one  of  its 
radii,  and  AMB  any  section  made  by  a  plane  :  then  will 
this  section  be  a  circle. 

For,  draw  a  radius  G  O  perpen¬ 

dicular  to  the  cutting  plane,  and  let 
it  pierce  the  plane  of  the  section  at 

O.  Draw  radii  of  the  sphere  to  any 
two  points  JSf  M\  of  tlie  curve  which 
bounds  the  section,  and  join  these 
points  with  0  :  then,  because  the  radii 
GM^  GJSr  are  equal,  the  points 

M\  will  be  equally  distant  from  0  (B.  VI.,  P.  V.,  C.)  ; 
Imnce,  the  section  is  a  circle  ;  which  was  to  be  proved. 

Gor,  1.  When  the  cutting  plane  passes  through  tlie  centre 
of  the  sphere,  the  radius  of  the  section  is  equal  to  that  of 

the  sphere  ;  when  the  cutting  plane  does  not  pass  through 
the  centre  of  the  spliere,  the  radius  of  the  section  will  he 

less  than  that  of  the  sphere. 

A  section  whose  plane  passes  through  tVie  centre  of  the 
sphere,  is  called  a  great  circle  of  the  sphere.  A  section 
whose  piano  does  not  pass  through  the  centre  of  the  sphere, 
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is  called  a  small  circle  of  the  sphere.  All  great  circles  of 
the  same,  or  of  equal  spheres,  are  equal. 

Gor.  2.  Any  ^reat  circle  divides  the  sphere,  and  also 

the  surface  of  the  sphere,  into  equal  parts.  For,  the  parts 
may  be  so  placed  as  to  coincide,  othanvise  there  would  be 
some  points  of  the  surface  unequally  distant  from  the  centre, 

which  is  impossible. 

Cor.  3.  The  centre  of  a  sphere,  and  the  centre  of  any 

small  circle  of  that  sphere,  are  in  a  straight  line  perpen¬ 
dicular  to  the  plane  of  the  circle. 

Cor.  4.  The  square  of  the  radius  of  any  small  circle  is 
equal  to  the  square  of  the  radius  of  the  sphere  diminished 

by  the  square  of  the  distance  from  the  centre  of  the  sphere 

to  the  plane  of  the  circle  (B.  IV.,  P.  XL,  C.  l)  :  hence, 

circles  which  are  equally  distant  from  the  centre,  are  equal  ; 

and  of  two  circles  which  are  unequally  distant  from  the 

centre,  that  one  is  the  less  whose  plane  is  at  the  greater 

distance  from  the  centre. 

Cor.  5.  The  circumference  of  a  great  circle  may  always 
be  made  to  pass  through  any  two  points  on  the  surface  of 
a  sphere.  For,  a  plane  can  always  be  passed  through  these 
points  and  the  centre  of  the  sphere  (B.  VI.,  P.  II.),  and  its 
section  will  be  a  great  circle.  If  the  two  points  are.  the 
extremities  of  a  diameter,  an  iniinite  number  of  planes  can 
be  passed  through  them  and  the  centre^  of  the  sphere  (B.  VI., 
P  I.,  S.)  ;  in  this  case,  an  infinite  number  of  great  circles 
^can  be  made  to  pass  through  the  two  points. 

Cor.  6.  Tiie  bases  of  a  zone  are  the  circumferences  of 
circles  (B.  16),  and  the  bases  of  a  segment  of  a  sphere  are 

circles.  , 
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PllOPOSITION  VIII.  THEOPEM. 


A?iy  plane  perpendicular  to  a  radius  of  a  sphere  at  its 
extremity^  is  tangent  to  the  sphere  at  that  point. 

Let  C  be  tlie  centre  of  a  sphere,  CA  any  radius,  and 
FA  G  a  plane  ])erpendicular  to  GA  at  A  :  then  will  the 
plane  FA  G  be  tangent  to  the  sphere  at  A. 

For,  from  any  other  point  of  the 
plane,  as  3f  draw  the  line  3fC: 
then  because  CA  is  a  perpendicular 
to  the  plane,  and  C3T  an  •  oblique 
line,  G3I  will  be  greater  than  CA 
(B.  VI.,  P.  V.)  :  hence,  the  point  31 
lies  without  the  sphere.  The  plane 
FAG.,  therefore,  touches  the  sphere 

at  A^  and  consequently  is  tangent  to  it  at  that  point  ; 
which  was  to  be  proved. 


Scholium.  It  may  be  shown,  by  a  course  of  reasoning 
analogous  to  that  employed  in  Book  III.,  Propositions  XI., 
XII.,  XIII.,  and  XIY.,  that  two  spheres  may  have  any  one 
of  six  positions  with  respect  to  each  other,  viz.  : 

1°.  When  the  distance  between  their  centres  is  greater  than 
the  sum  of  their  radii,  they  are  external.,  one  to  the  other  : 

2°.  When  the  distance  is  equal  to  the  sum  of  their 

radii,  they  are  tangent.,  externally : 

3°.  When  this  distance  is  less  than  the  sura,  and  greater 

than  the  difference  of  their  radii,  they  intersect  each  other : 

4°.  When  this  distance  is  equal  to  the  difference  of  their 
radii,  they  are  tangent  internally : 

5°.  When  this  distance  is  less  than  the  difference  of  their 
/ 

radii,  07ie  is  wholly  loithin  the  other  : 

6°.  When  this  distance  is  equal  to  zero,  they  have  a 

common  centre.,  or,  are  conc&ntric. 
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definitions. 

1°.  If  a  serai-circumference  be  divided  into  equal  arcs,  the 
chords  of  these  arcs  form  half  of  the  perimeter  of  a  regular 
inscribed  polygon  ;  this  half  periineter  is  called  a  reijular 
semi-perimeter.  The  figure  bounded  by  the  regular  semi- 
perimeter  and  the  diameter  of  the  semi-circumference  is  called 
a  regular  scmi-polggon.  The  diameter  itself  is  called  the 
axis  of  the  semi-polygon. 

2°.  If  lines  be  drawn  from  the  extremi¬ 
ties  of  any  side,  and  perpendicular  to  the 
axis,  the  intercepted  portion  of  the  axis  is 
called  the  projection  of  that  sicfr. 

The  broken  line  ABCDGP  is  a  regu¬ 
lar  semi-perimeter  ;  the  figure  bounded  by 
it  and  the  diameter  yiP,  is  a  regular 
semi-polygon,  ^4P  is  its  axis,  IIP  is  the 
projection  of  the  side  PC,  and  the  axis, 

^4P,  is  the  projection  of  the  entire  semi-perimeter. 


PROPOSITION  IX.  LEilMA. 

If  rcpular  semi-polyp  on  he  revolved  about  its  axis,  the 
surface  yenerated  by  the  semi-perimeter  will  be  efjual  to 
the  axis  multiplied  by  the  circumference  of  the  inscribed 

circle. 

Let  ABCDEF  be  a  regular  semi-polygon,  AF  its  axis, 
and  ON  its  apothem  :  then  will  the  surface  generated  by 
the  regular  semi-perimeter  be  equal  to  AF  X  circ.  Olt. 

From  the  extremities  of  any  side,  as  BE,  draw  DI 
an.l  Eli  perpendicular  to  AF  ;  draw  also  N3I  perpen¬ 
dicular  to  AF,  and  EK  peiq^endicular  to  DI.  Now,  the 
surfaee  generated  by  ED  is  equal  to  DE  x  drc.  NH 
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(P.  lY.,  S,).  Bnt,  because  the  triangles  EDK  and  OEM 
are  similar  (B.  IV.,  P.  XXL),  we  have, 

J)E  :  EK  or  IH  ::  ON  :  NM  :  :  circ.ON  :  circ.NM; 

whence, 

EE  x  'circ.  NM  =  IH  x  circ.ON  ; 

that  is,  the  surface  generated  by  any  side 
is  equal  to  the  projection  of  that  side 
multiplied  by  the  circumference  of  the  in¬ 
scribed  circle  :  hence,  the  surface  gene¬ 
rated  by  the  entire  semi-perimeter  is  equal 
to  the  sum  of  the  projections  of  its  sides, 
or  the  axis,  multiplied  by  the  circumfer-* 
ence  of  the  inscribed  circle  ;  which  wa^  to  be  proted. 

Cor.  The  surface  generated  by  any  portion  of  the  perim¬ 
eter,  as  CEE,  is  equal  to  its  projection  PE,  multiplied 
by  the  circumference  of  the  inscribed  circle. 

PROPOSITION  X.  THEOREM. 

The  surface  of  a  sphere  is  equal  to  its  diameter  multiplied 
by  the  circumference  of  a  great  circle. 

Let  ABCEE  be  a  semi-circumference, 

0  its  centre,  and  AE  its  diameter  :  then 
will  the  surface  of  the  sphere  generated 
by  revolving  the  semi-circumference  about 
AE,  be  equal  to  AE  x  circ.  OE. 

For,  the  semi-circumference  may  be  re- 
g-arded  as  a  regular  semi-perimeter  with  an 
infinite  number  of  sides,  whose  axis  is  AE 
and  the  radius  of  whose  inscribed  circle 
is  OE  '.  hence  (P.  IX.),  the  surface  generated  by  it  is  equ^ 

to  AE  X  circ^  0E\  which  was  to  be  proved. 

15 
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Cor.  1.  The  circumference  of  a  great  circle  is  equal  to 
‘I'kOE  (B.  V.,  P.  XVI.)  :  hence,  the  area  of  the  surface 
of  the  sphere  is  equal  to  2  0E  X  or  to 

that  is,  the  area  of  the  surface  of  a  sphere  is  equal  to  four 

great  circles. 

« 

Cor.  2.  Tlie  surface  generated  by  any 
arc  of  the  semicircle,  as  jS(7,  will  be  a 
zone,  whose  altitude  is  equal  to  the  pro¬ 
jection  of  that  arc  on  the  diameter.  But, 
the  arc  EC  is  a  portion  of  a  semi¬ 
perimeter  having  an  infinite  number  of 
sides,  and  the  radius  of  whose  inscribed 
circle  is  equal  to  that  of  the  sphere  : 
hence  (P.  IX.,  C.),  the  surface  of  a  zone 
is  equal  to  its  altitude  multiplied  by  the  circumference  of  a 
great  circle  of  the  sphere. 

Coi'.  3.  Zones,  on  the  same  sphere,  or  on  equal  spheres, 
are  to  each  other  as  their  altitudes. 

PKOPOSITION  XI.  LEMMA. 

If  a  triangle  and  a  rectangle  having  the  same  base  and 
equal  altitudes.,  he  revolved  about  the  common  base,  the 
volmne  generated  by  the  triangle  will  be  one-third  of  that 
generated  by  the  rectangle. 

Let  AE  (7  be  a  triangle,  and  EFE  C  a  rectangle,  having 
the  same  base  EC,  and  an  equal  altitude  AD,  and  let 
them  both  be  revolved  about  EC:  then  will'  the  volume 
generated  by  AE  C  be  one-third  of  that  generated  by 
EFEC. 

For,  the  cone  generated  by  the  right-angled  triangle 
ADE,  is  equal  to  one-third  of  the  cylinder  generated  by 


the  rectangle  A.D13F  (P.  V.,  C.  1)  j  and  tlie  cone  generated 
by  the  triangle  ADC^  is  equal  to  one-third  of  the  cylinder 
generated  by  the  rectangle  ADCE. 

Blit,  when  AD  falls  within  the  p  A  E 

triangle,  the  sum  of  the  cones 


generated  by  ADD  and  ADC, 
is  equal  to  the  volume  generated 
by  the  triangle  ABC  \  and  the 


sum  of  the  cylinders  generated  by  ^ 

^DBF  and  ADCE,  is  equal  to  the  volume  generated  by 
the  rectangle  EFBC.  When  AD  falls  without  the  triangle, 
the  difference  of  the  cones  generated  by  ADD  and  ADC, 
is  equal  to  the  volume  generated  by  ABC',  and  the  differ¬ 
ence  of  the  cylinders  generated  by  ADBF  and  ADCE,  is 
equal  to  the  volume  generated  by  EFBC  \  hence,  in  either 
case,  the  volume  generated  by  the  triangle  ABC,  is  equal 
to  one-third  of  the  volume  generated  by  the  rectangle 
EFBC ;  which  was  to  he  proved. 

Cor.  The  volume  of  the  cylinder  generated  by  EFBC, 
is  equal  to  the  product  of  its  base  and  altitude,  or  to 
X  BC:  hence,  the  volume  generated  by  the  triangle 
ABC,  is  equal  to  \^AD^  X  BC. 


PROPOSITIOI^-  XII.  LEMMA. 


If  a7i  isosceles  triangle  he  revolved  about  a  straight  line 
passing  through  its  vertex,  the  volume  generated  will  he 
eg^ual  to  the  surface  generated  hy  the  hase  multiplied  hy 
one-third  of  the  altitude. 

Let  CAB  be  an  isosceles  triangle,  C  its  vertex,  AB 
its  base.  Cl  its  altitude,  and  let  it  be  revolved  about  the 
line  CD,  as  an  axis  :  then  will  the  volume  o;enerated  be 
equal  to  surf.  AB  x  ^  Cl. 
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There  may  be  two  cases  :  the  base,  or  base  produced^ 
may  meet  the  axis  ;  or,  the  base  may  be  parallel  to  the  axis. 


1°.  Suppose  the  base,  when 
produced,  to  meet  the  axis  at 
D ;  draw  Mil/J  and  J3JV, 

perpendicular  to  CD,  and  £  0 
parallel  to  DC.  Now,  the 
volume  generated  by  CAB  is 
equal  to  the  difference  of  the 

volumes  generated  by  CAD  and  CBD  ;  hence  (P.  XL,  C.), 


volOAB=\’sAM'^  •xCD-\’sB]:^  y.GD=\'f{AM'^ -nW)  x  CB. 

But,  AM‘  —  BN^  is  equal  to  i^AM  +  BN)  (AM —  BN), 
(B.  rV.,  P.,X.);  and  because  AM  +  BN  is  equal  to  ilK 
(P.  IV.,  S.),  and  AM  -  BN  to  A  0,  we  have. 


ml  GAB  -  I tIK  y.  AO  X  CD. 


But,  the  right-angled  triangles  A  OB  and  CDI  are  simi¬ 
lar  (B.  IV.,  P.  XXL)  ;  hence, 

AO  i  AB  ::  Cl  \  CD’,  ov,  AO  x  CD  AB  x  CL 


Substituting,  and  changing  the  order  of  the  factors,  we  have, 
vol.  CAB  =  AB  X  2  X  ^  Cl. 


But,  AB  X  2  <t(IK  is  equal  to  the  surface  generated  by 
AB  ;  hence, 

vol.  CAB  =  surf.  AB  x  ^  Cl. 

This  demonstration  holds  good  when  the  axis  CD  coin¬ 
cides  with  one  side  of  the  triangle  CAB. 

2°.  Suppose  the  base  of  the  triangle  to  be  parallel  to 
the  axis. 
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Draw  AM  and  JBN  perpendicular 
volume  generated  by  GAB^  is  equal 
to  the  cylinder  generated  by  the  rectan¬ 
gle  ABNM^  diminished  by  the  sum  of 
the  cones  generated  by  the  triangles 
CAM  and*  BGN ;  hence, 


to  the  axis.  The 


vol.  CAB  =  ■KCf'  ^  AB  -  \«ci^  X  AI -  ^-iCt  x  IB. 


But  the  sum  of  AI  and  IB  is  equal  to  AB :  hence, 
we  have,  by  reducing,  and  changing  the  order  of  the  factors, 


vol.  GAI^  =  AB  X  2-1^01  X  ^GI 

But  AB  X  2  -r  GI  is  equal  to  the  surface  generated  by  AB  ; 
consequently, 

vol.  GAB  =z  surf.  AB  x  ^  GI ; 

hence,  in  all  cases,  the  volume  generated  by  GAB  is  equal 
to  surf.  AB  x  ^  GI ;  which  was  to  he  proved. 


PKOPOSITION  Xlir.  LEMMA. 


If  a  regular  semi-polygon  he  revolved  about  its  axis,  the 
volume  generated  loill  he  equal  to  the  surface  generated 
hy  the  semi-perimete)'  multiplied  hy  one-third  of  the 
apothem. 


Let  FBDG  be  a  regular  semi-poly¬ 
gon,  FG  its  axis,  01  its  apothem,  and 
let  the  semi-polygon  be  revolved  about 
FG  :  then  will  the  volume  generated 
be  equal  to  surf.  FDB  G  x  j  01. 

For,  draw  lines  from  the  vertices  to 
the  centre  0.  These  lines  will  divide 
the  semi-polygon  into  isosceles  triangles 
whose  bases  are  sides  of  the  semi-polygon, 
and  whose  altitudes  are  equal  to  01. 
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Now,  the  sum  of  the  volumes  generated  by  these  trian¬ 
gles  is  equal  to  the  volume  generated  by  the  semi-polygon. 
But,  the  volume  generated  by  any  triangle,  as  OAB^  is 
equal  to  surf,  AB  Y.  \0 1  (P.  XU.)  :  hence,  the  volume 
generated  by  the  semi-polygon  is  equal  to  su7f.  FBBG  X 
which  was  to  be  'proved. 

Cor.  The  volume  generated  by  a  portion  of  the  semi¬ 
polygon,  OABC,  limited  by  radii  OC,  OA,  is  equal  to 
»urf.  ABC  X  \OI. 

PROPOSITION  XIV.  THEOREM. 

The  volume  of  a  sphere  is  equal  to  its  surface  multiplied 

by  one-third  of  its  radius. 

Let  ACE  be  a  semicircle,  AE  its 
diameter,  0  its  centre,  and  let  the  semi¬ 
circle  be  revolved  about  AE\  then  will 
the  volume  generated  be  equal  to  the 
surface  generated  by  the  semi-circumfer¬ 
ence  multiplied  by  one-third  of  the  radius 
OA. 

For,  the  semicircle  may  be  regarded 
as  a  regular  semi-polygon  having  an  infi¬ 
nite  number  of  sides,  whose  semi-perimeter 
coincides  with  the  semi-circumference,  and  whose  apothem  is 
equal  to  the  radius  :  hence  (P.  XIII.),  the  volume  gene¬ 
rated  by  the  semicircle  is  equal  to  the  surface  generated  by 
the  semi-circumference  multiplied  by  one-third  of  the  radius  ; 
which  was  to  be  proved. 

Cor.  1.  Any  portion  of  the  semicircle,  as  OBC.,  bounded 
by  two  radii,  will  generate  a  volume  equal  to  the  surface 
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generated  by  the  arc  JjC  multiplied  by  one-third  of  the 
radius .  (P.  XIII.,  C.).  But  this  portion  of  the  semicircle  is 
a  circular  sector,  the  volume  which  it  generates  is  a  spheri¬ 
cal  sector,  and  the  surface  generated  by  the  arc  is  a  zone  : 
Iience,  the  volume  of  a  spherical  sector  is  equal  to  the  zone 
which  forms  its  base  multiplied  by  one-third  of  the  radius 

Cor.  2.  If  'we  denote  the  volume  of  a  sphere  by  F*, 
and  its  radius  by  i?,  the  area  of  the  surface  will  be  equal 
to  A'Tf  (f.  X.,  C.  1),  and  the  volume  of  the  sphere  will  be 
equal  to  x  consequently,  we  have, 

V= 

Again,  if  we  denote  the  diameter  of  the  sphere  by  we 
shall  have  B  equal  to  and  B^  equal  to  and 

eonsequently, 

■  F  =  ; 


hence,  the  volumes  of  spheres  are  to  each  other  as  the  cubes 
of  their  radiC  or  as  the  cubes  of  their  diameters. 

Scholium.  If  the  figure  EBDF., 
formed  by  drawing  lines  from  the  ex¬ 
tremities  of  the  arc  BID  perpendicular 
to  OA,  be  revolved  about  CA,  as  an 


and  subtracting 


axis,  it  will  generate  a  segment  of  a  ’ 
sphere  whose  volume  may  be  found  by 
adding  to  the  spherical  sector  generated 
by  C-Z>71,  the  cone  generated  by  GBE^ 
from  their  sum  the  cone  generated  by  CDF.  If  the  arc 
BD  is  so  taken  that  the  points  F  and  F  fall  on  oppo¬ 
site  sides  of  the  centre  O,  the  latter  cone  must  be  added, 
instead  of  subtracted  :  hence. 


seyment  FBDF—  zone  BD  x  CD~\-’kBF  x  ^  CF  ‘nDF  x  3  CF. 
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PEOPOSmON  XV.  THEOREM 

The  surface  of  a  sphere  is  to  the  entire  surface  of  the 
circumscribed  cylinder^  including  its  hases^  as  2  is  to  3  .* 
and  the  volumes  are  to  each  other  in  the  same  ratio. 


Let  PMQ  be  a  semicircle,  and  PAJ)Q  a  rectangle, 
whose  sides  PA  and  QP  are  tangent  to  the  semicircle  at 
P  and  and  whose  side  AD,  is  tangent  to  the  semi¬ 

circle  at  M.  If  the  semicircle  and  the  rectangle  be  revolved 
about  as  an  axis,  the  former  will  generate  a  sphere, 

and  the  latter  a  circumscribed  cylinder. 


1°.  The  surface  of  the  sphere  is  to  the  entire  surface  of 
the  cylinder,  as  2  is  to  3. 

For, ,  the  surface  of  the  sphere  is 
equal  to  four  great  circles  (P.  X.,  C.  1), 
the  convex  surface  of  the  cylinder  is 
equal  to  the  circumference  of  its  base 
multiplied  by  its  altitude  (P.  I.)  ; 
that  is,  it  is  equal  to  the  circumfer¬ 
ence  of  a  great  circle  multiplied  by 
its  diameter,  or  to  four  great  circles 
(B.  V.,  P.  XV.)  ;  adding  to  this  the 

two  bases,  each  of  .which  is  equal  to  a  great  circle,  we  have 

the  entire  surface  of  the  cylinder  equal  to  six  great  circles  : 

hence,  the  surface  of  the  sphere  is  to  the  entire  surface  of 

«  / 

he  circumscribed  cylinder,  as  4  is  to  C,  or  as  2  is  to  3  ; 
which  was  to  he  proved. 


2°.  The  volume  of  the  sphere  is  to  the  volume  of  the 
cylinder  as  2  is  to  3. 

For,  the  volume  of  the  sphere  is  equal  to  (P.  XIV., 

C.  2)  ;  the  volume  of  the  cylinder  is  equal  to  its  base 
multiplied  by  its  altitude  (P.  II.)  ;  that  is,  it  is  equal  to 
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ir'722  X  272,  or  to  f  <7r72^  :  hence,  the  volume  of  the  sphere 
is  to  that  of  the  cylinder  as  4  is  to  6,  or  as  2  is  to  3  ; 
which  teas  to  he  proved. 

Cor.  The  surface  of  a  sphere  is  to  the  entire  surface  of 
a  circumscribed  cylinder,  as  the  volume  of  the  sphere  is  to 
volume  of  the  cylinder. 

Scholium.  Any  polyedron  which  is  circumscribed  about  a 
^phere,  that  is,  whose  faces  are  all  tangent  to  the  sj^here, 
may  be  regarded  as  made  up  of  pyramids,  wdiose  bases  are 
the  faces  of  the  polyedron,  whose  common  vertex  is  at  the 
centre  of  the  sphere,  and  each  of  whose  altitudes  is  equal 
to  the  radius  of  the  sphere.  But,  the  volume  of  any  one 
of  these  pyramids  is  equal  to  its  base  multiplied  by  one- 
third  of  its  altitude  :  hence,  the  volume  of  a  circumscribed 
polyedron  is  equal  to  its  surface  multiplied  by  one-third  of 
the  radius  of  the  inscribed  sphere. 

Kow,  because  the  volume  of  the  sphere  is  also  equal  to 
its  surface  multiplied  by  one-third  of  its  radius,  it  folio w*s 
that  the  volume  of  a  sphere  is  to  the  volume  of  any  cir¬ 
cumscribed  polyedron,  as  the  surface  of  the  sphere  is  to  the 
surface  of  the  polyedron. 

Polyedrons  circumscribed  about  the  same,  or  about  equal 
spheres,  are  proportional  to  their  surfaces. 


GENERAL  FORMULAS. 

'  If  we  denote  the  convex  surface  of  a  cylinder  by  /S’,  its 
volume  by  F",  the  radius  of  its  base  by  and  its  alti¬ 

tude  by  AT,  we  have  (P.  I.,  II.), 


S  =  X  II  -  - 
V  ^  ‘TfB?  X  II  •  • 


•  •  (1-) 

•  •  (2.) 
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If  we  denote  the  convex  surface  of  a  cone  by  S,  its 
volume  by  the  radius  of  its  base  by  -K,  its  altitude  by 
and  its  slant  height  by  we  have  (P.  III.,  V.), 


S  =  B' . (3.) 

F=  X  . .  .  (4.) 


If  we  denote  the  convex  surface  of  a  frustum  of  a  cone 
by  its  volume  by  F,  the  radius  of  its  lower  base  by  Ry 
the  radius  of  its  upper  base  by  R'y  its  altitude  by  11,  and  its 
slant  height  by  H\  we  have  (P.  IV.,  VI.), 

S=t(R  +  M')xir . (5-) 

V  —  ^  +  a  X  R)  X  S  .  .  .  (6.) 

If  we  denote  the  surface  of  a  sphere  by  S,  its  volume 
by  V,  its  radius  by  R,  and  its  diameter  by  JD,  we  have 
(p.  X.,  c.  1,  XIV.,  a  2,  XIV.,  c.  1), 


/S'  =  . (7.) 

F  =  . (8.) 


If  we  denote  the  radius  of  a  sphere  by  R,  the  area  of 
any  zone  of  the  sphere  by  S,  its  altitude  by  11,  and  the 
volume  of  the  corresponding  spherical  sector  by  F,  we 
shall  have  (P.  X.,  C.  2), 

S  —  2  ^R  X  IT . .  •  •  •  ( 9.) 

F  ==  \^R?  X  II . (10.) 

If  we  denote  the  volume  of  the  corresponding  spherical 
segment  by  F,  the  radius  of  its  lower  base  by  RJ ,  the 
radius  of  its  upper  base  by  R” ,  the  distance  of  its  lowmr 
base  from  the  centre  by  IF,  and  the  distance  of  its  upper 
base  from  the  centre  by  II'',  we  have  (P.  XIV.,  S.), 

F  =  X  R”‘^  X  H"  zp  RR  X  IT)  .  .  (11.) 
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SPHERICAL  GEOMETRY. 

DEFINITIONS. 

1  A  Spherical  Angle  is  an  angle  included  between  the 
arcs  of  two  great  circles  of  a  sphere  meeting  at  a  point. 
The  arcs  are  called  sides  of  the  angle,  and  the  point  at 
which  they  meet  is  called  the  vertex  of  the  angle. 

The  measure  of  a  spherical  angle  is  the  same  as  that  of 
the  diedral  angle  included  between  the  planes  of  its  sides. 
Spherical  angles  may  be  aeute^  rights  or  obtuse. 

2.  A  Spherical  Polygon  is  a  portion  of  the  surface  of 
a  sphere  bounded  by  arcs  of  three  or  more  great  circles. 
The  bounding  arcs  are  called  sides  of  the  polygon,  and  the 
points  in  which  the  sides  meet  are  called  vertices  of  the 
polygon.  Each  side  is  supposed  to  be  less  than  a  semi-cir¬ 
cumference. 

Spherical  polygons  are  classified  in  the  same  manner  as 
plane  polygons. 

3.  A  Spheric.\l  Triangle  is  a  spherical  polygon  of  three 
sides. 

Spherical  'triangles  are  classified  in  the  same  manner  as 
plane  triangles. 

4.  A  Lune  is  a  portion  of  the  surface  of  a  sphere 
bounded  by  semi-circumferences  of  two  great  circles. 

5.  A  Spherical  Wedge  is  a  portion  of  a  sphere  bounded 
by  a  lune  and  two  semicircles  meeting  in  a  diameter  of  the 
[^>here. 
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6.  A  Spheeical  Pyeamid  is  a  portion  of  a  sphere 
bounded  by  a  spherical  polygon  and  sectors  of  circles  whose 
common  centre  is  the  centre  of  the  sphere. 

The  spherical  polygon  is  called  the  base  of  the  pyramid, 
and  the  centre  of  the  sphere  is  called  the  vertex  of  the 
pyramid. 

7.  A  Pole  op  a  Ciecle  is  a  point  on  the  shrface  of 
the  sphere,  equally  distant  from  all  the  points  of  the  cir¬ 
cumference  of  the  circle. 

8.  A  DiAGOJfAL  of  a  spherical  polygon  is  an  arc  of  a 
great  circle  joining  the  vertices  of  any  two  angles  which  are 
not  consecutive. 


PROPOSITIOIT  I.  THEOREM. 


Any  side  of  a  spherical  triangle  is  less  than  the  sum  of 

the  other  two. 

Let  ABG  be  a  spherical  triangle  situated  on  a  sphere 
whose  centre  is  O ;  then  will  any  side,  as  AJd.^  be  less 
than  the  sum  of  the  sides  AO  and  MO. 

For,  draw  the  radii  OA,  OB.,  and 
00 :  these  radii  form  the  edofes  of  a 
triedral  angle  whose  vertex  is  O,  and 
the  piane  angles  included  between  them 
are  measured  by  the  arcs  AB^  AO., 
and  BO  (B.  HI.,  P.  XVIL,  Sch.). 

But  any  plane  angle,  as  A  OB,  is  less 
than  the  sum  of  the  plane  angles  A  00 
and  BOO  (B.  VL,  P.  XIX.):  hence, 

the  arc  AB  is  less  than  the  sum  of  the  arcs  AO  and 
B  O ;  xohich  was  to  he  proved. 
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Cor.  1.  Any  side  AB.,  of  a  spherical  polygon  ABCDE.^ 
IS  less  than  the  sum  of  all  the  other  sides. 

For,  draw  the  diagonals  A  G  and  dividing  the 

polygon  into  triangles.  The  arc  AB  is  less  than  the  sum 
of  AG  and  B G.,  the  arc  AG  is 
less  than  the  sum  of  Al)  and  ^(7, 
and  the  arc  AB  is  less  than  the 
sum  of  BJS  and  JEA  ;  hence,  AB 
is  less  than  the  sum  of  B  G^  CB^ 

BE,  and  EA. 


Cor.  2.  The  arc  of  a  great  circle  joining  any  two  points 

on  the  surface  of  a  sphere,  is  less  than  the  arc  of  a  small 
circle  joining  the  same  points. 

For,  divide  the  arc  of  the  small  circle  into  equal  parts, 
and  through  the  extremities  of  each  part  pass  the  arc  of  a 
great  circle.  The  arc  of  the  great  circle  joining  the  given 
points  will  be  less  than  the  sum  of  these  arcs  (C.  1),  what¬ 
ever  may  be  their  number.  But  when  this  number  is  infinite, 
the  arcs  of  the  great  circle  coincide  with  the  corresponding 
arcs  of  the  small  circle,  and  their  sum  is  equal  to  the  entire 
arc  of  the  small  circle. 

Gor.  3.  The  shortest  distance  between  two  points  on  ^ 
the  surface  of  a  sphere,  is  measured  on  the  arc  of  a  great 
circle  joining  them. 


PKOPOSITIOIS'  II.  THEOREM. 

The  sum  of  the  sides  of  a  spherical  polygon  is  less  than 
the  circumference  of  a  grecU  circle. 

Let  AB  GBE  be  a  spherical  polygon  situated  on  a 
sphere  whose  centre  is  0 :  then  will  the  sum  of  its  sides 
be  less  than  the  circumference  of  a  great  circle. 
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For,  draw  the  radii  OM,  OC,  OD^  and  OE’. 

'  these  radii  form  the  edges  of  a  polyedral  angle  whose  vertex 
is  at  O,  and  tlie  angles  included  between 
them  are  measured  by  the  arcs  AJB^  J5(7, 

C.Z>,  and  EA.  But  the  sum  of 

these  angles  is  less  than  four  right  angles 
(B.  VI.,  P.  XX.)  :  hence,  the  sum  of  the 
arcs  which  measure  them  is  less  than  the 
circumference  of  a  great  circle  ;  lohich  was 
to  he  2^'oved. 


PROPOSITION  III.  THEOREM. 

If  a  diameter  of  a  sphere  he  drawn  perpendicidar  to  the 
plane  of  any  circle  of  the  sphere^  its  extremities  xoill  he 
poles  of  that  circle. 

Let  <7  be  the  centre  of  a  sphere,  FjSFG  any  circle  of 
the  sphere,  and  EE  a  diameter  of  the  sphere  perpendicular 
to  the  plane  of  FJSFG  :  then  will  the  extremities  D  and  jE', 

be  poles  of  the  circle  FJFG. 

The  diameter  EE^  being  D 

perpendicular  to  the  plane  of 
FJFG,  must  pass  through 
the  centre  0  (B.  VIII., 

P.  VII.,  C.  3).  If  arcs  of 
great  circles  EJF,  EF,  EG, 

&c.,  be  drawn  from  E  to 
different  points  of  the  cir¬ 
cumference  FJSFG,  and  chords 
of  these  arcs  be  drawn,  these 
chords  will  be  equal  (B.  VI., 

P.  V.),  consequently,  the  arcs  themselves  will  be  equal.  But 
these  ares  are  the  shortest  lines  that  can  be  drawn  from  the 
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point  Z),  to  the  different  points  of  the  circumference  (P.  I., 
0.  2)  :  hence,  the  point  is  equally  distant  from  all  the 

points  of  the  circumference,  and  consequently  is  a  pole  of 

the  circle  (D.  In  like  manner,  it  may  he  shown  that 

the  point  -E  is  also  a  pole  of  the  circle  :  hence,  both  I), 
and  E,  are  poles  of  the  circle  FEG ;  which  was  to  be 
proved. 

Cor.  1.  Let  AMB  be  a  great  circle  perpendicular  to 
DE\  then  will  the  angles  I)C3f^  EC 31.,  &c.,  be  right 
angles  ;  and  consequently,  the  ares  D3I.,  E3I.,  &c.,  will 

each  be  equal  to  a  quadrant  (B.  III.,  P.  XVII.,  S.)  :  hence, 
the  two  poles  of  a  great  circle  are  at  equal  distances  from 
the  circumference. 

Cor.  2.  The  two  poles  of  a  small  circle  are  at  unequal 
distances  from  the  circumference,  the  sum  of  the  distances 
being  equal  to  a  semi-circumference. 

Cor.  3.  The  line  DC  being  perpendicular  to  the  plane 
A3IB.,  any  plane,  as  D3IC.,  passed  through  it,  •vvdll  also 

^  be  perpendicular  to  the  plane  AMB  hence,  the  spherical 

angle  D3IA^  is  a  right-angle  ;  that  is,  if  any  point,  in  the 

circumference  of  a  great  circle',  be  joined  with  either  pole  by 
the  arc^of  a  great  circle,  such  arc  will  be  perpendicular  to 
the  circumference  of  the  given  circle. 

'Cor.  4.  If  the  distance  of  a  point  Z>,  from  each  of  the 
points  A  and  i!/,  in  the  circumference  of  a  great  circle, 
is  equal  to  a  quadrant,  the  point  is  the  pole  of  the 

arc  A3I. 

For,  let  'C  be  the  centre  of  the  sphere,  and  draw  tlie 
radii  (7Z>,  GA^  G3I.  Since  the  angles  A  CD.,  31 GD^  are 
right  angles,  the  line  Cl)  is  perpendicular  .  to  the  two 

straight  lines  GA^  C3I :  it  is,  therefore,  perpendicular  to  their 
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plane  (B.  VI.,  P.  IV.)  :  hence,  the  point  Y>,  is  the  pole  of 
the  arc  AM. 

Scholium.  The  properties  of  these  pole^  enable  us  to 
describe  arcs  of  a  circle  on  the  surface  of  a  sphere,  with 
the  same  facility  as  on  a  plane  surface.  For,  by  turning 
the  arc  DF  about  the  point  Z>,  the  extremity  F  will 
(Jescribe  the  small  circle  FNG  ;  and  by  turning  the  quad- 
I  ant  DFA  round  the  point  Y>,  its  extremity  A  will 
describe  an  arc  of  a  great  circle. 

% 


PKOPOSITION  rv.  THEOREM. 

The  angle  formed  by  two  arcs  of  great  circles^  is  equal  to 
that  formed  by  the  tangents  to  these  arcs  at  their  point 
of  intersection.,  and  is  measured  by  the  arc  of  a  great 
circle  described  from  the  vertex  as  a  pole,  and  limited 
by  the  sides,  produced  if  necessary. 


Let  the  angle  JSA  C  be  formed  by  the  two  arcs  AB, 
A  G :  then  is  it  equal  to  the  angle  FA  G  formed  by ,  the 
tangents  AF,  A  G,  and  is  measured  by  the  arc  JDF  of 
a  great  circle,  described  about  'A  as  q  pole. 

For,  the  tangent  AF,  drawn  in  the 
plane  of  the  arc  AB,  is  perpendicular 
to  the  radius  A  O  ;  and  the  tangent 
A  G,  drawn  in  the  plane  of  the  arc 
AC,  is  perpendicular  to  the  same  radius 
A  0  :  hence,  the  angle  FA  G  is  equal 
to  the  angle  contained  by  the  planes 
ABJDII,  ACEH  (B.  VI.,  E.  4)  ;  which 
is  that  of  the  arcs  AB,  AG.  Now,  if 
the  arcs  AD  ■  and  AE  are  both  quad¬ 
rants,  the  lines  OD,  OF,  are  perpendicular  to  OA,  and 
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the  angle  DOE  is  equal  to  the  angle  of  the  planes  ADDII^ 
A  CEII :  hence,  tlie  arc  DE  is  the  measure  of  the  angle 
contained  by  these  planes,  or  of  the  angle  GAD  ;  which 
was  to  be  proved. 

Cor.  1.  The  angles  of  spherical  triangles  may  be  com¬ 
pared  by  means  of  the  arcs  of  great  circles  described  from 
their  vertices  as  poles,  and  included  between  their  sides. 

A  spherical  angle  can  always  be  constructed  equal  to  a 
given  spherical  angle.  ^ 

Cor.  2.  Vertical  angles,  such  as 
AGO  and  DCE  are  equal;  for 
either  of  them  is  the  angle  formed 
by  the  two  planes  A  CD.,  0  GE, 

When  two  arcs  A  CD.,  in¬ 

tersect,  the  sum  of  two  adjacent 

« 

angles,  as  AGO.,  0GB.,  is  equal 
to  two  right  angles. 

PKOPOSmON  V.  THEOEEM. 

If  from  the  vertices  of  the  angles  of  a  spherical  triangle^ 
as  poles.,  arcs  he  described  forming  a  spherical  triangle., 
the  vertices  of  the  angles  of  this  second  triangle  will  be 
respectively  poles  of  the  sides  of  the  first. 

From  the  vertices  A,  B.,  p', 
as  poles,  let  the  arcs  EE.,  ED., 

ED,  be  described,  forming  the 
triangle  DEE :  then  will  the 
vertices  D,  E,  and  E,  be 
respectively  poles  of  the  sides 
BG,  A  G,  A  B. 

For,  the  point  A  being 

16 
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the  pole  of  the  arc  EF^  the  distance  A.E^  is  a  quadrant  ; 
the  point  C  being  tlie  pole  of  the  arc  DE^  the  distance 
CE^  is  likewise  a  quadrant  ;  hence,  the  point  E  is  at  a 
quadrant’s  distance  from  the  points  A  -and  G\  hence,  it  is 
the  pole  of  the  arc  A  G  (P.  IIL,  C.  4).  It  may  be  shown, 
in  like  manner,  that  E  is  the  2:)ole  of  the  arc  EC^  and 

F  that  of  the  arc  AB ;  xoliich  was  to  he  proved. 

* 

Scholium.  The  triangle  AB  (7,  may  be  described  by 
means  of  BEF^  as  JDEF  is^  described  by  means  of  ABG. 
Ti  iangles  thus  related  are  called  polar  triangles.^  or  siippW 
merited  triangles. 

PROPOSITION  VI.  THEOREM. 

* 

Anxj  angle.,  in  one  of  two  polar  triangles,  is  xneasured  by  a 
seird-circumference,  minus  the  side  lying  opposite  to  it  in 
the  other  triangle. 

Let  ABG,  and  EFl),  be  any  two  polar  triangles; 
then  will  any  angle  in  either  triangle  be  measured  by  a 
semi-circumference,  minus  the  side  lying  opposite  to  it  in  tlie 
other  triano-le. 

o 

For,  produce  the  sides  AB, 

A  G,  if  necessary,  till  they 
meet  EF,  in  G  and  H,  The 
point  A  being  the  pole  of 
the  arc  GII,  the  angle  A  is 
measured  by  that  arc  (P.  IV.). 

But,  since  E  is  the  pole  of 
AH,  the  arc  EH  is  a  quad¬ 
rant  ;  and  since  F  is  the 
pole  of  AG,  FG  is  a  quadrant  :  lienee,  the  sum  of  the 
arcs  EH  and  GF,  is  equal  to  .a  semi-circumference.  But, 


BOOK  IX. 


243 


\ 


tho  sum  of  the  arcs  EH  and  G-F^  is  equal  to  the  sum 
of  the  arcs  EF  and  GH  \  hence,  the  arc  GH,  which 
measures  tlie  angle  is  equal  to  a  semi-circumference, 

minus  the  arc  JhF.  In  like  manner,  it  may  be  sho^vn,  that 
any  other  angle,  in  either  triangle,  is  measured  by  a  semi¬ 
circumference,  minus  the  side  lying  opposite  to  it  in  the 
other  triangle  ;  which  loas  to  be  proved. 


Scholium.  Besides  the  triano-le  FEE. 

O  7 

three  others  may  be  formed  by  the 
intersection  of  the  arcs  DE.,  EF.,  DF. 

But  the  proposition  is  applicable  only 
to  the  central  triangle,  which  is  dis¬ 
tinguished  from  the  other  three  by  the 
circumstance,  that  the  two  vertices,  A 

and  lie  on  the  same  side  of  EG  \  the  two  vertices, 

B  and  E.,  on  the  same  side  of  AC  \  and  the  two  verti¬ 
ces,  G  and  on  the  same  side  of  AB. 


/ 


PROPOSITION  YII.  THEOREM. 

If  from  the  vertices  of  any  two  angles  of  a  spherical  tri¬ 
angle.,  as  poles.,  arcs  of  circles  be  described  passing 
through  the  vertex  of  the  third  angle  ;  and  if  from  the 
second  point  in  which  these  arcs  intersect^  arcs  of  great 
circles  be  drawn  to  the  vertices.,  used  as  poles.,  the  parts 
of  the  triangle  thus  formed  will  be  equal  to  those  of  the 
given  triangle.,  each  to  each. 

Let  ABG  be  a  spherical  triangle  situated  on  a  sphere 
whose  centre  is  0,  GED  and  GFB  arcs  of  circles 
described  about  B  and  A  as  poles,  and  let  I)A  and 
DB  be  arcs  of  great  circles  :  then  will  the  parts  of  the 
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triangle  ABB  be  equal  to  those  of  the  given  triangle 
ABC^  each  to  each. 

For,  by  construction,  the  side  AB 
18  equal  to  A  (7,  the  side  BB  is 

equal  to  BC^  and  the  side  AB  is 

common  :  hence,  the  sides  are  equal, 
each  to  each.  Draw  the  radii  OM, 

OB^  OG^  and  OB.  The  radii  OM, 

OJ5,  and  0(7,  will  form  the  edges 
of  a  triedral  angle  whose  vertex  is 
O ;  and  the  radii  OM,  0-R,  and  0/),  will  form  the 
edges  of  a  second  triedral  angle  whose  vertex  is  also  at  O  ; 
and  the  plane  angles  formed  by  these  edges  will  be  equal, 
each  to  each  :  hence,  the  planes  of  the  equal  angles  are 

equally  inclined  to  each  other  (B.  VI.,  P.  XXI.).  But,  the 

angles  made  by  these  j^lanes  are  equal  to  the  corresponding 
spherical  angles  ;  consequently,  the  angle  BAB  is  equal  to 
BAC^  the  angle  ABB  to  ABG^  and  the  angle  Ai:>B 
to  A  CB :  hence,  the  parts  of  the  triangle  ABB  are  equal 
to  the  parts  of  the  triangle  A  CB.^  each  'to  each  ;  which 
was  to  he  proved. 


Scholhtm  1.  The  triangles  ABG  and  ABB^  are  not, 
in  '  general,  capable  of  superposition,  but  their  parts  are 
symmetrically  disposed  with  respect  to  AB.  Triangles 
which  can  ^  be  so  placed  are  called  symmetrical  triangles. 


Scholium  2.  If  symmetrical  triangles  are  isosceles,  they 
can  be  so  placed  as  to  coincide  throughout  :  hence,  they 
are  equal  in  area. 
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PKOPOSITION  VIII.  THEOREM. 

V  tico  spherical  triangles^  on  the  same^  or  on  equal  spheres^ 
have  two  sides  and  the  included  angle  of  the  one  equal 
to  two  sides  and  the  included  angle  of  the  othei\  each 
'  to  each^  the  remaining  parts  are  equals  each  to  each. 

Let  the  spherical  triangles  ABC  and  EFG^  have  the 
side  EF  equal  to  AB.,  the  side  EG  equal  to  AG.,  and 
the  angle  FEG  equal  to  BA  C :  then  will  the  side  EG  be 
equal  to  B  (7,  the  angle  EFG  to  AB  (7,  and  the  angle 
EGF  to  AGB. 

For,  the  triangle  EFG  may 
be  placed  upon  AB  C',  or  upon 
its  symmetrical  triangle  ABB.,  so 
as  to  coincide  with  it  throughout, 
as  may  be  shown  by  the  same  j) 
course  of  reasoning  as  that  em¬ 
ployed  in  Book  I.,  Proposition  Y.  : 
hence,  the  side  EG  is  equal  to 
BC.,  the  angle  FA^G  to  ABC.,  and  the  angle  EGF  to 
A  GB  ;  which  %oas  to  he  proved. 

PKOPOSITIOIT  IX.  THEOEEM. 

If  two  spherical  triangles  on  the  same.,  or  on  equal  spheres, 
have  two  angles  and  the  hicluded  side  of  the  one  equal 
to  two  angles  and  the  included  side  of  the  other,  each 
to  each,  the  remaining  parts  will  he  equal,  each  to  each. 

Let  the  spherical  triangles  ABG  and  EFG,  linve  the 
angle  FEG  equal  to  BAG,  the  angle  EFG  equal  to 
ABG,  and  the  side^  EF  equal  to  AB :  then  will  the 
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side  EG  be  equal  to  AC,  the  side  EG  to  BG^  and 
the  angle  FGE  to  BCA. 


For,  the  triangle  EFG  may 
be  placed  upon  ABC,  or  upon 
its  symmetrical  triangle  ABB,  so 
as  to  coincide  with  it  throughout, 
as  may  be  shown  by  the  same 
(iourse  of  reasoning  as  that  em¬ 
ployed  in  Book  L,  Proposition 
VI. :  hence,  the  side  EG  is  equal 
to  A  C,  the  side  EG  to  B  C, 
BCA  ;  which  loas  to  he  proved. 


and  the  angle  FGE  to 


PROPOSITION  X.  THEOREM. 

If  two  spherical  triangles  on  the  same,  or  on  equal  spheres, 
have  their  sides  equal,  each  to  each,  their  angles  will  he 
equal,  each  to  each,  the  equal  angles  lying  op>posite  the 
equal  sides. 

Let  the  spherical  triangles  EFG  and  ABC  have  the 
side  EE  equal  to  AB,  the  side  EG  equal  to  AC,  and 
tbe  side  EG  equal  to  BG\  then  will  the  angle  FEG  be 
equal  to  BA  C,  the  angle  EEG  to  AB  C,  ^  and  the  angle 
EGF  to  ACB,  and  the  equal  angles  will  lie  opposite  the 
equal  sides. 

For,  it  may  be  shown  by  the 
same  course  of  reasoning  as  that 
employed  in  B.  I.,  P.  X.,  that  the 
triangle  EFG  is  equal  in  all 

respects,  either  to  the  triangle 
ABC,  or  to  its  symmetrical  tri¬ 
angle  ABB  :  hence,  the  angle 
FEG,  opposite  to  the  side  EG,  is  equal  to  the  angle  BAG, 
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opposite  to  BG\  the  angle  EFG^  opposite  to  is  equal 

to  the  angle  ABC^  opposite  to  AC  \  and  the  angle  EGE^ 
oi>f)Osite  to  EE,  is  equal  to  the  angle  AGE,  opposite  to 
A  B  ;  which  was  to  he  proved. 


PKOPOSITION  XL  THEOREM. 


In  any  isosceles  spherical  triangle.^  the  angles  opposite  the 
■  equal  sides  are  equcd ;  and  conversely,  if  two  angles  of 
a  spherical  triangle  are  equal,  the  triangle  is  isosceles. 


w 

1°.  Let  ABC  be  a  spherical  triangle,  having  the  side 


.li>‘ 


the  angle 


equal  to  AG',  then  will  the  angle  G  be  equal  to 

B. 

For,’  draw  the  arc  of  a  great  circle 
from  the  vertex  A,  to  the  middle  point 
D,  of  the  base  BG:  then  in  the  two 
triangles  ABB  and  ABC,  we  shall  have 
the  side  AB  equal  to  AC,  by  hypothe- 
8is,  the  side  BB  equal  to  BG,  by  con¬ 
struction,  and  the  side  AB  common  ; 

consequently,  the  triangles  have  their  angles  equal,  each  to 
each  (F.  X.)  :  hence,  the  angle  C  is  equal  to  the  angle 
B  ;  loliich  was  to  he  proved. 


2°.  Let  ABG  be  a  spherical  triangle  having  th^  angle 
G  equal  to  the  angle  B  :  then  will  the  side  AB  be 
equal  to  the  side  AC,  and  consequently  the  triangle  wil 

De  isosceles. 

For,  suppose  that  AB  and  AG  are  not  equal,  but  that 
one  of  them,  as  AB,  is  the  greater.  On  AB  lay  off  the 
.arc  BO  equal  to  AG,  and  draw  the  arc  of  a  great  circle 
from  0  to  G '.  then  in  the  triangles  ACB  and  OBG, 
we  shall  have  the  side  AG  equal  to  OB,  by  construction, 
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the  side  3G  common,  and  the  included  angle  ACB  equal 
to  the  included  angle  OB  (7,  by  hypothesis  :  hence,  the 
remaining  parts  of  the  triangles  are  equal, 
each  to  each,  and  consequently,  the  angle 
OCB  is  equal  to  the  angle  ABC.  But, 
the  angle  A  CB  is  equal  to  AB  (7,  by 
hypothesis,  and  therefore,  the  angle  OCB 
is  equal  to  A  CB.,  or  a  part  is  equal  to 
the  whole,  which  is  impossible  :  hence,  the 
supposition  that  AB  and  A  C  ai-e  un- 
equal,  is  absurd  ;  they  are  therefore  equal,  and  consequently, 
the  triangle  ABC  is  isosceles  ;  which  was  to  he  proved. 

Cor.  The  triangles  ABB  and  ABC.,  having  all  of 
tlieir  parts  equal,  each  to  each,  the  angle  ABB  is  equal  , 
to  ABC.,  and  the  angle  BAB  is  equal  to  BAC  ;  that 
is,  if  an  are  of  a  great  circle  he  drawn  from  the  vertex 
of  an  isosceles  spherical  triangle  to  the  middle  of  its  base., 
it  will  he  perpendicular  to  the  base,  and  will  bisect  the  verti¬ 
cal  angle  of  the  triangle. 


'A 


ritoPOsmoN  xii.  theorem. 

Jn  any  spherical  triangle,  the  greater  side  is  opposite  the 
greater  angle  ;  and  conversely,  the  greater  angle  is  opptj- 
site  the  greater  side. 

1°,  Let  ABC  be  a  spherical  triangle,  in  which  the  angle 
A  IS  greater  than  the  angle  B  :  then  will  the  side  BC 
be  greater  than  the  side  A  C. 

For,  draw  the  arc  AB, 
making  the  angle  BAB  equal 
to  ABB :  then  will  AB  be 
equal  to  BB  (P.  XI.).  But, 
the  sum  of  AB  and  BC  is 


A 
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greater  tlian  AO  (P.  I.)  ;  or,  putting  for  AD  its  equal 

DD,  wo  have  the  sum  of  DD  and  DO,  or  DO,  greater 
than  A  0 ;  which  was  to  he  proved. 

2°.  In  the  triangle  AD  O,  let  the  side  D  0  be  greater 
than  A  O :  then  will  the  angle  A  be  greater  than  the 

angle  D. 

For,  if  the  angles  A  and  B  were  equal,  the  sides  BO 

and  AO  would  be  equal  ;  or  if  the  angle  A  was  less 

than  the  angle  B,  the  side  BO  would  be  less  than  AO, 

either  of  which  conclusions  is  absurd  :  hence,  the  an  He  A 
is  greater  than  the  angle  B ;  which  was  to  he  proved. 

PEOPOSITION  XII  r.  TIIEOP.EM. 

If  two  triangles  on  the  same,  or  on  equal  spheres,  are 

mutually  equiangular,  they  are  also  mutually  equilateral. 

Let  the  spherical  triangles  A  and  B,  be  mutually  equi¬ 
angular  ;  then  will  they  also  be  mutually  equilateral. 

For,  let  P  be  tlie  polar  triangle  of  A, 

and  Q  the  polar  triangle  of  B  :  then,  be¬ 
cause  the  triangles  A  and  B  are  mutually 
equiangular,  their  polar  triangles  P  and  Q, 

must  be  mutually  equilateral  (P.  VL),  and  con¬ 
sequently  mutually  equiangular  (P.  X.).  But, 

the  triangles  P  and  Q  being  mutually  equi¬ 
angular,  their  polar  triangles  A  and  B,  are 
mutually  equilateral  (P.  VI.)  ;  which  was  to  he  proved. 

Scholium.  This  proposition  does  not  hold  good  for  plane 
triangles,  for  all  similar  plane  triangles  are  mutually  equi¬ 
angular,  but  not  necessarily  mutually  equilateral.  Two 

spherical  triangles  on  the  same  or  on  equal  spheres,  cannot 

be  similar  without  being  equal. 
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PROPOSITION  XIV.  THEORi::\r. 

The  sum  of  the  angles  of  a  spherical  triangle  is  less  than 
six  right  angles^  and  greater  than  two  right  angles. 

Let  ABC  bo  a  spherical  triangle,  and  'DEF  its  polar 
trian<T^le  :  then  will  the  sum  of  the  angles  yi,  and  (7, 

O 

b<"  less  than  six  right  angles  and  greater  than  two. 

For,  any  angle,  as  M,  be¬ 
ing  measured  by  a  semi-cir¬ 
cumference,  minus  the  side 
EF  (P.  VL),  is  less  than' two 
right  angles :  hence,  the  sura 
of  the  three  angles  is  less  than 
six  right  angles  ;  and  because 
the  measure  of  each  angle  is 
equal  to  a  semi-circumference, 
minus  the  side  lying  opposite 
to  it,  in  the  polar  triangle,  the  measure  of  the  sum  ot  the 
three  angles  is  equal  to  three  semi-circumferences,  minus  the 
gum  of  the  sides  of  the  polar  triangle  DEF.  But  the 
latter  sum  is  less  than  a  circumference  ;  consequently,  the 
measure  of  the  sum  of  the  angles  and  (7,  is 

greater  than  a  semi-cii’cumference,  and  therefore  the  sum  of 
the  angles  is  greater  than  two  right  angles:  hence,  the  sum 
of  the  angles  yl,  J5,  and  C',  is  less  than  six  right  angles, 
and  greater  than  two;  which  was  to  he  prosed. 

Cor.  1.  The  sum  of  the  three  angles  of  a  spherical  tri¬ 
angle  is  not  constant,  like  that  of  the  ano-lcs  of  a  rectilineal 
triangle,  but  varies  between  two  right  angles  and  six,  with¬ 
out  ever  reaching  either  of  these  limits.  Two  angles,  there¬ 
fore,  do  not  serve  to  determine  the  third. 
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Cor.  2.  A  splici'icnl  triangle  may  have  two,  or  even. three 
of  its  angles  right  angles  ;  also  two,  or  even  three  of  its 
angles  obtuse. 

Cor.  3.  If  the  triangle  ABC  is  hi-rectan~ 
gulm\  that  is,  has  two  right  angles  B  and 
C"',  the  opposite  sides  of  the  polar  triangle 
will  be  quadrants,  and  their  point  of  intersec¬ 
tion  will  be  the  pole  of  the  other  side  (P. 

III.,  C.  4).  The  angles  opposite  the  equal 

sides  are  right  angles  (P.  III.,  C.  3)  :  hence,  the  sides  AB 

and  A  C  are  quadrants. 

If  the  angle  A  is  also  a  right  angle,  the  triangle  AB  C 
is  trl-rectangular  /  each  of  its  angles  is  a  right  angle,  and 
its  sides  are  quadrants.  Four  tri-rectangular  triangles  make 
up  the  surflice  of  a  hemisphere,  and  eight  the  entire  surface 
of '  a  sphere. 

Scholium.  The  rij^ht  angle  is  taken  as  the  unit  of  mea- 
sure  of  spherical  angles,  and  is  denoted  by  1. 

The  excess  of  the  sum  of  the  angles  of  a  spherical  trb 
aimle  over  two  right  angles,  is  called  the  spherical  excess. 
If*  we  denote  the  spherical  excess  by  AJ,  and  the  three 
angles  expressed  in  terms  of  the  right  angle,  as  a  unit,  by 
J_,  i>,  and  (7,  we  shall  have, 


E  =:  A  +  B  +  C  -2. 

The  spherical  cxc&ss  of  any  spherical  polygon  is  equal  to 
the  excess  of  the  sum  of  its  angles  over  two  right  angles 
taken  as  many  times  as  the  polygon  has  sides,  less  two. 
If  we  denote  the  spherical  excess  by  E,  the  sum  of  the 
angles  by  S,  and  the  niunber  of  sides  by  we  shall 

have, 

•  E  ---=  S  -  2{n  -  2)  ^  S  -  2n  4. 
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PROPOSITION  XV.  THEOREM. 

Any  lime,  is  to  the  surface  of  the  sphere,  as  the  angle 

s 

of  the  lune  is  to  four  right  angles,  or  as  the  arc  which 

measures  that  angle  is  to  the  circumference  of  a  great 

\ 

circle. 

Let  AM  BN  be  a  lupe,  and  MCN  the  angle  of  the  lune 
then  will  tlie  area  of  the  lune  be  to  the  surface  of  the  sphere, 
as  the  arc  AIN  is  to  the  circumference  of  a  great  circle 
MNPQ\  or,  which  is  the  same  thing,  as  the  angle  MCN  is 
to  four  right  angles. 

In  the  first  place,  suppose  the  arc 
AIN  and  the  circumference  AINJ^Q 
to  be  commensurable.  For  example, 
let  them  be  to  each  other  as  5  is 
to  48.  Divide  the  circumference 
AINPQ  into  48  e(|ual  parts,  be¬ 
ginning  at  31 ;  MN  will  contain 
five  of  these  parts.  Join  each  point 
of  division  with  the  points  A  and  B,  by  a  quadrant  : 

there  will  be  formed  96  equal  isosceles  spherical  triangles 
(P.  VII.,  S.  2)  on  the  surface  of  the  sphere,  of  which  the 
lune  will  contain  10  :  hence,  in  this  case,  the  area  of  the 

lune  is  to  the  surface  of  the  sphere,  as  10  is  to  96,  or 

as  5  is  to  48  ;  that  is,  as  the  arc  3IN  is  to  the  circum¬ 

ference  AINPQ,  or  as  the  angle  of  the  lune  is  to  four 
riccht  angles. 

In  like  manner,  the  same  relation  may  be  shown  to 
exist  when  the  arc  AIN,  and  the  circumference  AINPQ, 
are  to  each  other  as  any  other  whole  numbers. 

If  the  arc  AIN,  and  the  circumference  AINPQ,  are  not 
commensurable,  the  same  relation  may  be  shown  to  exist  by 
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a  course  of  reasoning  entirely  analogous  to  that  employed  in 
Book  IV.,  Proposition  III.  Hence,  in  all  cases,  the  area  of 
^  a  lime  is  to  the  surface  of  the  sphere,  as  the  angle  of  the 
lune  is  to  four  right  angles,  or  as  the  arc  wliicli  measures 
that  angle  is  to  the  circumference  of  a  great  circle  ;  which 
was  to  he  proved. 

Cor.  1.  Luiies,  on  the  same  or  on  equal  spheres,  are  to 
each  other  as  their  angles. 

Cor.  2.  If  we  denote  the  area  of  a  tri-rectangular  triangle 
by  V,  the  area  of  a  lune  by  X,  and  the  angle  of  the 
lune  by  H,  the  right  angle  being  denoted  by  1,  we  sliall 
have, 

X  :  8X  :  :  A  :  4  ; 

whence, 

X  =  Tx  2A  ; 

\ 

hence,  the  area  of  a  lune  is  equal  to  the  area  of  a  tri- 
rectangular  triangle  multiplied  by  twice  the  angle  of  the 
lune. 

Scholium.  The  spherical  wedge,  whose  angle  is  AlCN^ 
is  to  the  entire  sphere,  as  the  angle  of  the  wedge  is  to  four 
right  angles,  as  may  be  shown  by  a  course  of  reasoning 
entirely  analogous  to  that  just  employed  :  hence,  we  infei 
that  the  volume  of  a  spherical  wedge  is  equal  to  tlie  lune 

f. 

.  which  forms  its  base,  multiplied  by  one-third  of  the  radius. 

PROPOSITION  XVI.  THEOREM. 

Symmetrical  triangles  are  equal  in  area. 

Let  Aid  C  and  DEF  be  symmetrical  triangles,  the 
side  DE  being  equal  to  HX,  the  side  DE  to  A  (7,  and 
the  side  EE  to  EC  :  then  will  the  triangles  be  equal  in 


area. 


254 


GEOMETRY. 


For,  coiiccivc  n  smiill  circle  to  be  drawn  througli  vl,  -2?, 
and  (7,  and  let  F  be  its  pole  ;  draw  arcs  of  great  circles 
from  P  to  B,  and  G :  these 
arcs,  will  be  eojual  (D.  Y).  Draw 
the  arc  of  a  great  circle  FQ-, 
making  the  angle  FFQ  equal  to 
A  CF,  and  lay  off  on  it,  FQ 
equal  to  .  CP ;  draw  arcs  of  great 
circles  QD  and  QF. 

In  the  triangles  FA  C  and 
FFQ^  we  have  the  side  FF 

equal  to  MG,  by  hypothesis;  the  side  FQ  equal  to  PG, 
construction,  and  the  angle  T)FQ  equal  to  A  CP^  by 
construction  :  hence  (P.  VIII.),  the  side  F  Q  is  equal  to 


M-P,  the  angle  FFQ  to  PAC^  and  the  angle  FQF  to 

A  PC.  Now,  because  the  triangles  QFF  and  PAG  are 

isosceles  and  equal  in  all  their  parts,  they  may  bo  placed  so 
as  to  coincide  throughout,  the  side  FF  falling  on  A  G, 

and  the  side  QF  on  PM  :  hence,  they  are  equal  in  area. 

If  we  take,  from  the  angle  DFF  the  angle  FFQ,  and 
from  the  angle  MGP  the  angle  M  GP,  the  remaining 
angles  QFF  and  PGP,  Avill  be  equal.  In  the  triangles 
FQF  and  PGP,  we  have  the  side  QF  equal  to  PG, 
by  construction,  the  side  FF  equal  to  PG,  by  hypothesis, 
and  the  angle  QFF  equal  to  PGB,  from  what  has  just 
been  shown  ;  hence,  the  triangles  are  equtd  in  all  their 
parts,  and  being  isosceles,  they  may  be  placed  so  as  to 

coiiuade  throughout,  the  side  QF  falling  on  PP,  and  the 
side  QF  on  PG ;  these  triangles  are,  therefore,  equal  in 


\ 


area. 

In  the  triangles  QFIA  and  PAB,  we  have  the  sides 
QD,  Q'F,  PA,  and  PP,  all  equal,  and  the  angle  FQF 
equal  to  APF,  because  they  are  the  sums  of  equal  angles: 
hence,  the  triangles  are  equal  in  all  their  parts,  and 
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because  they  are  'isosceles,  they  may  bo  so  placed  as  to 
coincide  tlu-cughout,  the  side  QD  falling  on  and  the 

side  QE  on  PA  ;  these  trinngles  are,  therefore,  equal  in 
area. 

% 

Hence,  the  sum  of  the  triangles  QFP  and  QFE^  is 
equal  to  the  sum  of  the  triangles  FAG  and  PPG,  If 
from  the  former  sum  we  take  away  the  triangle  QPE^ 
there  will  remain  the  triangle  PFE ;  and  if  from  the  latter 
Bum  we  take  away  the  triangle  PAB^  there  will  remain 
the  triangle  ABG  :  hence,  the  triangles  ABG  and  DEB 
are  equal  in  area  ;  which  teas  to  he  proved. 

Scholium.  If  the  point  P  falls  within  the  triangle  ABG., 
the  point  Q  will  fall  within  the  triangle  BEF.  In  this 
case,  the  triangle  DEF  is  equal  to  the  sum  of  the  triangles 
QFP.,  QFE^  and  QDEy  and  the  triangle  ABG  is  equal 
to  the  sum  of  the  equal  triangles  PAG.,  PBG.,  and  PAB  ) 
the  proposition,  therefore,  still  holds  good. 

PROPOSITION  XVII.  THEOREM. 

If  the  circumferences  of  two  great  circles  intersect  on  tJie 
surface  of  a  hemisphere.,  the  sum  of  the  opposite  triangles 
thus  formed.,  is  equal  to  a  lime  ichose  angle  is  equal  to 
that  formed  hy  the  circles. 

Let  the  circumferences  A  OB.,  GOP., 
intersect  on  the  surface  of  a  hemis¬ 
phere  :  then  will  the  sum  of  the  oppo¬ 
site  triangles  AOG.,  BOp,  be  equal 
to  the  lune  whose  angle  is  BOP. 

For,  produce  the  arcs  OB.,  OP., 
on  the  other  hemisphere,  till  they  meet 
at  F.  Xow,  since  AOB  and  OBF 
are  semi-circumferences,  if  we  take  away  the  common  part 


O 


356 


GEOMETRY. 


0/>,  we  shall  have  BN  equal  to  A  O.  For  a  like  rea¬ 
son,  we  liave  BN  equal  to  C 0,  and  BB  equal  to  AC i 
lienee,  the  two  triangles  AOC^  BBNy 
In^ve  their  sides  respectively  equal  ; 
they  are  therefore  syinraetrical  ;  con¬ 
sequently,  they  are  *  equal  in  area 
(F.  XVL).  But  the  sum  of  the  tri¬ 
angles  BBN^  B  OB.,  is  equal  to 
the  lune  OBNBO.,  whose  angle  is 
BOB',  hence,  the  sum  of  AOG  and 
BOB  is  equal  to  the  lune  whose 
angle  is  BOD  which  teas  to  he  proved. 

Scholium.  It  is  evident  that  the  two  spherical  pyramids, 
which  have  the  triangles  AOC.,  BOB.,  for  bases,  are 
together  equal  to  the  spherical  wedge  whose  angle  is  BOB. 

PROPOSITION  XVIII.  THEOREM. 

The  area  of  a  spherical  triangle  is  equal  to  its  spherical 
excess  multiplied  by  a  tri-rectangular  triangle. 

Let  ABC  he  a  spherical  triangle  :  then  will  its  surface 
be  equal  to  "" 

(M  +  R  f  G  -  2)  X  T. 

For,  produce  its  sides  till  they  meet 
the  great  circle  BEFG.,  drawn  at  plea¬ 
sure,  without  the  triangle.  By  the  last 
theorem,  the  two  triangles  ADE.,  AGTI., 
are  together  equal  to  the  lune  whose 
angle  is  A  ;  but  the  area  of  this  lune 
is  equal  to  2A  x  T  (P.  XV.,  C.  2)  : 
hence,  the  sum  of  the  triangles  ABE  and  AGII.,  is  equal 
to  2M  X  T.  In  like  manner,  it  may  be  shown  that  the 
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sum  of  the  triangles  BJB'G  and  is  equal  to  ^B  x 

and  that  the  sum  of  the  triangles  GIH  and  GFE^  is 
equal  to  2G  X  T. 

But  the  sum  of  these  six  triangles  exceeds  the  hemis¬ 
phere,  or  four  times  by  twice  the  triangle  ABG.  Wg 
shall  therefore  have, 

2  X  area  ABG  =  2A  x  T  +  2B  x  T+  2G  x  T  —  4T ; 
or,  by  reducing  and  factoring, 

area  AB  G  =  {A  B  A  G  —  2)  x  T  \ 
wfiieh  was  to  he  proved. 

Scholium  1.  The  same  relation  which  exists  between  the 
spherical  triangle  AB  (7,  and  the  tri-rectangular  triangle, 
exists  also  between  the  spherical  pyramid  which  has  ABG 
for  its  base,  and  the  tri-rectangular  pyramid.  The  triedral 
angle  of  the  pyramid  is  to  the  triedral  angle  of  the  tri- 
rectangular  pyramid,  as  the  triangle  AB  G  to  the  tri-rectan¬ 
gular  triangle.  From  these  relations,  the  following  conse¬ 
quences  are  deduced  : 

1°.  Triangular  spherical  pyramids  are  to  each  other  as 
their  bases  ;  and  since  a  polygonal  pyramid  may  always  be 
divided  into  triangular  pyramids,  it  follows  that  any  two 
spherical  pyramids  are  to  each  other  as  their  bases. 

2°.  Polyedral  angles  at  the  centre  of  the  same,  or  of 
equal  spheres,  are  to  each  other  as  the  spherical  polygons 
intercepted  by  their  faces. 

Scholium  2.  A  polyedral  angle  whose  faces  are  perpen¬ 
dicular  to  each  other,  is  called  a  right  polyedral  angle  y 
and  if  placed  at  the  centre  of  a  sphere,  its  faces  will  inter¬ 
cept  a  tri-rectangular  triangle.  The  right  polyedral  angle  is 

17 
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taken  as  the  unit  of  polyedral  angles,  and  the  tri-rectangular 
spherical  triangle  is  taken  as  its  measure.  If  the  vertex  of 
a  polyedral  angle  he  taken  as  the  centre  of  a  sphere,  the 
portion  of  the  surface  intercepted  by  its  faces  will  be  the 
measure  of  the  polyedral  angle,  a  tri-rectangular  triangle  of 
the  same  sphere,  being  the  unit. 

PKOPOSITION  XIX.  THEOREIM. 

The  area  of  a  spherical  polygon  is  equal  to  its  spherical 
excess  multiplied  hy  the  tri-rectangular  triangle. 

Let  ABODE  be  a  spherical  polygon,  the  sum  of  whose 
angles  is  /S',  and  the  number  of  whose  sides  is  n  :  then 
will  its  area  be  equal  to 

(/Sf  —  2;^  +  4)  X  T. 

% 

For,  draw  the  diagonals  M(7, 
dividing  the  polygon  into  spherical  tri¬ 
angles  :  there  Avill  be  —  2  such  tri¬ 
angles.  Now,  the  area  ,of  each  tri- 
angle  is  equal  to  its  spherical  excess 
into  the  tri-rectangular  triangle  :  hence, 
the  sum  of  the  areas  of  all  the  triangles,  or  the  area  of  the 
polygon,  is  equal  to  the  sum  of  all  the  angles  of  the  tri¬ 
angles,  or  the  sum  of  the  angles  of  the  polygon  diminished 
by  2(?^  —  2)  into  the  tri-rectangular  triangle  ;  or, 

area  ABODE  =  [S  -  2(n  -  2)]  X  Y  ; 

whence,  by  reduction, 

area  AB  ODE  ~  (/S  —  2;z  4)  x  T  \ 


which  loas  to  he  proved. 
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GENERAL  SCHOLIUM. 

From  any  point  on  a  hemisphere*  two  arcs  of  great  circles 
can  always  be  drawn  which  shall  be  perpendicular  to  the  cir¬ 
cumference  of  the  base  of  the  hemisphere,  and  they  will  in 
general  be  unequal.  Now,  it  may  be  proved,  by  a  course  of 
reasoning  analogous  to  that  employed  in  Book  L,  Proposition 
XV.: 

1°.  That  the  shorter  of  the  two  arcs  is  the  shortest  arc 
that  can  be  drawn  from  the  given  point  to  the  circum¬ 
ference  . 

2°.  Tliat  two  oblique  arcs  drawn  from  the  same  point,  to 
points  of  the  circumference  at  equal  distances  from  the  foot 
of  the  perpendicular,  are  equal  : 

% 

3®.  That  of  two  oblique  arcs,  that  is  the  longer  which 
meets  the  circumference  at  the  greater  distance  from  the  foot 
of  the  perpendicular. 

This  property  of  the  sphere  is  used  in  the  discussion  of 
ti-iangles  in  spherical  trigonometry. 
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MENSURATION. 


imODUGTION  TO  TRIGONOMETRY. 


LOGARITHMS. 

1.  The  Logarithm  of  a  number  is  the  exponent  of  the 
power  to  which  it  is  necessary  to^  raise  a  fixed  number,  to 
produce  the  given  number. 

The  fixed  number  is  called  the  base  of  the  system.  Any 
positive  number,  except  1,  may  be  taken  as  the  base  of  a 
system.  In  the  common  system,  the  base  is  10. 

2.  If  we  denote  any  positive  number  by  7?,  and  the 
corresponding  exponent  of  10,  by  a;,  we  shall  have  the 
exponential  equation, 

lO""  71 . (1.) 

In  this  equation,  x  is,  by  definition,  the  logarithm  of  n, 
which  may  be  expressed  thus, 

X  z=z  log  n .  (2.) 

3.  From  the  definition  of  a  logarithm,  it  follows  that,  the 
logarithm  of  any  power  of  10  is  equal  to  the  exponent  of 
that  power  :  hence  the  formula, 

log  (lO)'  j? . (3.) 

If  a  number  is  an  exact  power  of  10,  its  logarithm  is 
a  whole  number. 
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If  a  number  is  not  an  exact  power  of  10,  its  logarithm 
will  not  be  a  whole  number,  but  will  be  made  up  of  cm 
entire  part  plus  a  fractional  part^  which  is  generally  expres¬ 
sed  decimally.  The  entire  part  of  a  logarithm  is  called  the 
characteristic^  the  decimal  part,  is  called  the  mantissa. 

4.  If,  in  Equation  ( 3 ),  we  make  p  successively  equal 
to  0,  1,  2,  3,  &c.,  and  also  equal  to  —  0,  —  1,  —  2,  —  3, 
&c.,  we  may  form  the  following 


TABLE. 


log 

log 

log 


1  =  0 

10  =  1 


log 


100  = 
log  1000  = 

&c.,  <S;c. 


log 


3 


.1  = 
.01  = 
log  .001  = 

&C.,  &G. 


-  1 
—  2 
-  3 


If  a  number  lies  between  1  and  10,  its  logarithm  lies 
between  0  and  1,  that  is,  it  is  equal  to  0  plus  a  deci¬ 
mal  ;  if  a  number  lies  between  10  and  100,  its  logarithm 
is  equal  to  1  plus  a  decimal ;  if  between  100  and  1000, 
its  logarithm  is  equal  to  2  plus  a  decimal ;  and  so  on  : 
hence,  we  have  the  following 


RULE. 

The  characteristic  of  the  logarithm  of  an  entire  number  is 
positive.^  and  numerically  1  less  than  the  number  of  places 
of  figures  in  the  given  number. 

If  a  decimal  fraction  lies  between  .1  and  1,  its  loiraf 
rithm  lies  between  —  1  and  0,  that  is,  it  is  equal  to  —  1 
plus  a  decimal  ;  if  a  number  lies  between  .01  and  .1,  its 
logarithm  is  equal  to  —  2,  plus  a  decimal  ;  if  between  .001 
and  .01,  its  logarithm  is  equal  to  —  3,  plus  a  decimal ; 
and  so  on  :  hence,  the  following 
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RULE. 

The  characteristic  of  the  logarithm  of  a  decimal  fraction 
is  negative^  and  numerically  1  greater  than  the  number 
of  O’s  that  immediately  follow  the  decimal  point. 

The  characteristic  alone  is  negative,  the  mantissa  being 
always  positive.  '  This  fact  is  indicated  by  writing  the  neg¬ 
ative  sign  over  the  characteristic  :  thus,  2.3'71465,  is  equiv¬ 
alent  to  —  2  -f  .3'71465. 

It  is  to  be  observed,  that  the  characteristic  of  the  logarithm 
of  a  mixed  number  is  the  same  as  that  of  its  entire  part. 
Thus,  the  mixed  number  '74.103,  lies  between  10  and  100; 
hence,  its  logarithm  lies  between  1  and  2,  as  does  the  logarithm 

of  74. 

GENEKAL  PRINCIPLES. 

5.  Let  m  and  n  denote  any  two  numbers,  and  cc 
and  y  their  logarithms.  We  shall  have,  fi’om  the  define 
tion  of  a  logarithm,  the  following  equations, 

\{f  ziz  m.  ' . (4.) 

10^  =  . . (5.) 

Multiplying  (4)  and  (5),  member  by  member,  we  havn„ 

10*  =  mn  ; 

whence,  by  the  definition, 

a;  -f  2/  r=  log  (mn) . (  6.) 

That  is,  the  logarithm  of  the  product  of  two  numbers  is 
equal  to  the  sum  of  the  logarithms  of  the  iiumbers.  - 


6  INTRODUCTIOI^. 

6.  Dividing  ( 4 )  by  ( 5 ),  member  by  member,  we  have, 


whence,  by  the  definition, 

x-y  =  log  . (7.) 

That  is,  the  logarithm  of  a  quotient  is  equal  to  the  loga¬ 
rithm  of  the  dividend  diminished  by  that  of  the  divisor. 


7.  Raising  both  members  of  ( 4 )  to  the  power  denoted 
by  y?,  we  have, 

whence,  by  the  definition, 

xp  =  log  wF . (8.) 

That  is,  the  logarithm  of  any  povjer  of  a  number  is  equal 
to  the  logarithm  of  the  number  multiplied  by  the  exponent 
of  the  power. 

8.  Extracting  the  root,  indicated  by  r,  of  both  members 
of  (4),  we  have. 


X 


whence,  by  the  definition, 

•C 

-  =  log  •  •  •  •  ( 9.) 

That  is,  the  logarithm  of  any  root  of  a  number  is  equal 

to  the  logarithm  of  the  number  divided  by  the  index  of  ths 

root. 

The  preceding  principles  enable  us  to  abbreviate  the  oper- 
ations  of  multiplication  and  division,  by  converting  them  into 
tb©  simpler  ones  of  addition  and  subtraction. 
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TABLE  OF  LOGARITHMS. 

9.  A  Table  op  Logarithms,  is  a  table  by  means  of 
which  we  can  find  the  logarithm  corresponding  to  any  num¬ 
ber,  or  the  number  corresponding  to  any  logarithm. 

In  the  table  appended,  the  complete  logarithm  is  given 
for  all  numbers  from  1  up  to  100.  For  other  numbers,  the 
mantissas  alone  are  given ;  the  characteristic  may  be  found  by 
one  of  the  rules  of  Art.  4. 

Before  explaining  the  use  of  the  table,  it  is  to  be  shown 
thaf  the  mantissa  of  the  logarithm  of  any  number  is  not 
changed  by  multiplying  or  dividing  the  number  by  any  exact 
power  of  10. 

Let  n  represent  any  number  whatever,  and  10^  any 
power  of  10,  p  being  any  whole  number,  either  positive 
or  negative.  Then,  in  accordance  with  the  principles  of  Arts. 

5  and  3,  we  shall  have, 

log  (n  X  10^)  =  log  n  -p  log  10^  =  -p  log  n  ; 

but  p  is,  by  hypothesis,  a  whole  number :  hence,  the  deci¬ 
mal  part  of  the  log  {n  x  10^)  is  the  same  as  that  of  log  n  ; 
which  was  to  he  proved. 

Hence,  in  finding  the  mantissa  of  the  logarithm  of  a  num¬ 
ber,  we  may  regard  the  number  as  a  decimal,  and  move  the 
decimal  point  to  the  right  or  left,  at  pleasure.  Thus,  the 
mantissa  of  the  logarithm  of  45635Y,  is  the  same  as  that  of 
the  number  4563.57  ;  and  the  mantissa  of  the  logarithm  of 
2.00357,  is  the  same  as  that  of  2003.57. 
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MANJSTER  OF  USING  THE  TABLE. 

1®.  To  find  the  logarithm  of  a  number  less  than  100. 

10.  Look  on  the  first  page,  in  the  column  headed  “N,” 
for  the  given  number  ;  the  number  opposite  is  the  logarithm 
required.  Thus, 

log  67  =  1.826075.' 

2®.  To  find  the  logarithm  of  a  number  betweeyi  100  and 

10,000. 

11.  Find  the  characteristic  by  the  first  rule  of  Art.  4. 

To  find  the  mantissa,  look  in  the  column  headed  “  N,” 

fbr  the  first  three  figures  of  the  number  ;  then  pass  along 
a  horizontal  fine  until  you  come  to  the  column  headed  with 
the  fourth  figure  of  the  number  ;  at  this  place  will  be  found 
four  figures  of  the  mantissa,  to  which,  two  other  figures, 
taken  from  the  column  headed  “  0,”  are  to  be  prefixed.  If 
the  figures  found  stand  opposite  a  row  of  six  figures,  in  the 
column  headed  “  0,”  the  first  two  of  this  row  are  the  ones 
to  be  prefixed  ;  if  not,  ascend  the  column  till  a  row  of  six 
figures  is  found  ;  the  first  two,  of  this  row,  are  the  ones  to 
be  prefixed. 

If,  however,  in  passing  back  from  the  four  figures,  first 
found,  any  dots  are  passed,  the  two  figures  to  be  prefixed 
must  be  taken  from  the  hne  immediately  below.  If  the 
figures  first  found  faU  at  a  place  where  dots  occur,  the  dots 
must  be  replaced  by  O’s,  and  the  figures  to  be  prefixed  must 
be  taken  from  the  line  below.  Thus, 

Log  8979  =  3.953228 
Log  3098  =  3.491081 
Log  2188  =  3.340047 
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3°.  To  find  the  logarithm  of  a  number  greater  than  10,000. 

12.  Find  the  characteristic  by  the  first  rule  of  Art.  4. 

To  find  the  mantissa,  place  a  decimal  point  after  the  fourtli 
figure  (Art.  9),  thus  converting  the  number  into  a  mixed 
number.  Find  the  mantissa  of  the  entire  part,  by  the  me¬ 
thod  last  given.  Then  take  from  the  column  headed  “  D,” 
the  corresponding  tabular  difference^  and  multiply  this  by  the 
decimal  part  and  add  the  product  to  the  mantissa  just  found. 
The  result  will  be  the  required  mantissa. 

It  is  to  be  observed  that  when  the  decimal  part  of  the 
product  just  spoken  of  is  equal  to  or  exceeds  .5,  we  add 
1  to  the  entire  part,  otherwise  the  decimal  part  is  rejected. 


EXAMPLE. 

1.  To  vfind  the  logarithm  of  672887. 

The  characteristic  is  5.  Placing  a  decimal  point  after  the 
fourth  figure,  the  number  becomes  6728.87.  The  mantissa 
of  the  logarithm  of  6728  is  827886,  and  the  corresponding 
number  in  the  column  “D”  is  65.  Multiplying  65  by  .87, 
we  have  56.55  ;  or,  since  the  decimal  part  exceeds  .5,  57. 
We  add  57  to  the  mantissa  already  found,  giving  827943, 
and  we  finally  have, 

log  672887  =  5.827943. 

The  numbei's  in  the  column  “  R  ”  are  the  differences  be¬ 
tween  the  logarithms  of  two  consecutive  whole  numbers,  and 
are  found  by  subtracting  the  number  under  the  heading  “  4  ” 
from  that  under  the  heading  “5.” 

In  the  example  last  given,  the  mantissa  of  the  logarithm 
of  6728  is  827886,  and  that  of  6729  is  827951,  and 
tlieir  difference  is  65  ;  87  hundredths  of  this  difference  is 
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57  :  hence,  the  mantissa  of  the  logarithm  of  6728.87  is  found 
by  adding  57  to  827886.  The  principle  employed  is,  that 
the  differences  of  numbers  are  proportional  to  the  differences 
of  their  logarithms,  when  these  differences  are  small. 


4°.  To  find  the  logarithm  of  a  decimal, 

13.  Find  the  characteristic  by  the  second  rule  of  Art.  4. 

To  find  the  mantissa,  drop  the  decimal  point,  thus  reduc¬ 
ing  the  decimal  to  a  whole  number.  Find  the  mantissa  of 
tlie  logarithm  of  this  number,  and  it  will  be  the  mantissa 
required.  Thus, 

log  .0327  =  2.514548 
log  378.024  =  2.577520 


6°.  To  find  the  number  corresponding  to  a  given  logarithm. 

14.  The  rule  is  the  reverse  of  those  just  given.  Look 
in  the  table  for  the  mantissa  of  the  given  logarithm.  If  it 
cannot  be  found,  take  out  the  next  less  mantissa,  and  also 
the  'Corresponding  number,  which  set  aside.  Find  the  differ¬ 
ence  between  the  mantissa  taken  out  and  that  of  the  given 
logarithm ;  annex  as  many  O’s  as  may  be  necessary,  and 
^divide  this  result  by  the  corresponding  number  in  the  column 
^  D.”  Annex  the  quotient  to  the  number  set  aside,  and  then 
point  off,  from  the  lefj:  hand,  a  number  of  places  of  figures 
equal  to  the  characterististic  plus  1  :  the  result  will  be  the 
number  required.  If  the  characteristic  is  negative,  the  result 
will  be  a  pure  decimal,  and  the  number  of  O’s  which  im¬ 
mediately  follow  the  decimal  point  will  be  one  less  than  the 
number  of  units  in  the  cliaracteristic. 
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EXAMPLES. 

1.  Let  it  be  required  to  find  the  number  corresponding 
to  the  logarithm  5.233568. 

Tlie  next  less  mantissa  in  the  table  is  233504  ;  the  cor¬ 
responding  number  is  1^12,  and  the  tabular  difference  is 
253. 

OPERATION. 

Given  mantissa, . 233568 

Next  less  mantissa,  •  •  •  233504  •  •  1712 

253  )  6400000  (  25296 

The  required  mumber  is  171225.296. 

The  number  corresponding  to  the  logarithm  2.233568  is 
.0171225. 

2.  What  is  the  number  corresponding  to  the  logarithm 

2.785407  ?  Ans.  .06101084. 

3.  What  is  the  number  corresponding  to  the  logarithm 

1.846741  ?  '  A7ZS.  .702653. 


MULTIPLICATION,  BY  MEANS  OF  LOGARITHMS. 


15.  From  the  principle  proved  in  Art.  5,  we  deduce  th« 
following 


RULE. 


Find  the  logarithms  of  the  factors^  and  take  their  sum  / 
then  find  the  number  corresponding  to  the  resulting  logarithm^ 
and  it  will  be  the  product  required. 
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EXAMPLES. 

1,  Multiply  23.14  by  5.062. 

OPEEATION. 

\ 

log  23.14  •  •  •  1.364363 
log  6.062  •  •  •  0.704322 

2.068685  .*.  117.1347,  product. 


2.  Find  tbe  continued  product  of  3.902,  697.16,  and 
0.0314728. 

OPERATION. 

log  3.902  •  •  •  0.591287 

log  597.16  •  •  •  2.776091 

log  0.0314728  •  •  •  2.497936 

1.865314  .*.  73.3354,  product. 

Here,  the  2  cancels  the  +  2,  and  the  1  carried  from 
the  decimal  part  is  set  down. 


3.  Find  the  continued  product  of  3.586,  2.1046,  0.8372, 

and  0.0294.  Ans.  0.1857615. 


DIVISION  BY  MEANS  OF  LOGARITHMS. 


16.  From  the  principle  proved  in  Art.  6,  we  have  the 
following 


RULE. 


Find  the  logarithms  of  the  dividend  and  divisor^  and 
subtract  the  latter  froyn  the  former ;  then  find  the  number 
corresponding  to  the  resulting  logarithm^  and  it  will  be  the 
quotient  required. 
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EXAMPLES. 

* 

X.  Divide  24163  by  4567. 

OPEKATION. 

loff  24163  •  •  •  4.383151 

O 

log  4567  •  •  •  3.659631 

0.723520  .•.  5  59078,  quotient. 


Z  Divide  0.7438  by  12.9476. 

OPERATION. 

log  0.7438  •  •  •  1.871456 

log  12.9476  •  •  •  1.112189 

2.759267  .*.  0.057447,  quotient. 

Here,  1  taken  from  1,  gives  2  for  a  result.  The 
subtraction,  as  in  this  case,  is  always  to  be  performed  in  the 
algebraic  sense. 

3.  Divide  37.149  by  523.76. 

Ans.  0.0709274. 

The  operation  of  division,  particularly  when  combined  with 
that  of  multiplication,  can  often  be  simplified  by  using  the 
principle  of 

THE  ARITHMETICAL  COMPLEMENT. 

17.  The  Arithmetical  Complement  of  a.  logarithm  is  the 
result  obtained  by  subtracting  it  from  10.  Thus,  8.130456 
is  the  arithmetical  complement  of  1.869544.  The  arithmetical 
complement  of  a  logarithm  may  be  written  out  comme^ie 
ing  at  the  left  hand  and  sahtracthig  each  figure  from  9, 
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until  the  last  significant  figure  is  reached^  which  9nust  be 
taken  from  10.  The  arithmetical  complement  is  denoted  by 
the  symbol  (a.  c.). 

Let  a  and  b  represent  any  two  logarithms  whatever, 
and  a  —  b  their  difference.  Since  we  may  add  10  to, 
and  subtract  it  from,  a  —  b,  without  altering  its  value,  we 
have, 

a  —  b  =  a  +  (10  —  b)  —  10,  .  .  .  ( 10.) 

\ 

But,  10  —  5  is,  by  definition,  the  arithmetical  complement 
of  b  :  hence,  Equation  ( 10 )  shows  that  the  difference  be¬ 
tween  two  logarithms  is  equal  to  the  first,  plus  the  arith¬ 
metical  complement  of  the  second,  minus  10. 

Hence,  to  divide  one  number  by  another  by  means  of 
the  arithmetical  complement,  we  have  the  following 

s  RULE. 

Find  the  logarithm  of  the  dividend,  and  the  arithmetical 
complement  of  the  logarithm  of  the  divisor,  add  them  toge¬ 
ther,  and  diminish  the  sum  by  10  ;  the  number  corresponds 
'  ing  to  the  residting  logarithm  will  be  the  quotient  required. 


\ 

EXAMPLES. 

1.  Divide  327.5 

by  22.07. 

OPERATION. 

log  327.5  . 

•  •  2.515211 

(a.  c.)  log  22.07  • 

•  •  8.656198 

1.171409  .•.  14.839,  quotient. 

2.  Divide  37.149  by  523.76. 

Ans.  0.0709273. 
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3.  Multiply  358884 

by 

5672,  and 

divide  the  pioduct 

by  89721. 

OPERATION. 

log 

358884  . 

•  m 

5.554954 

log 

5672  . 

•  • 

3.753736 

(a,  c.)  log 

89721  . 

•  • 

5.047106 

• 

4.355796 

.  22688,  result. 

4.  Solve 

the  proportion, 

3976  : 

7952 

:  :  5903 

:  X, 

OPERATION. 

log  V952  •  ‘  •  3.900476 

log  5903  •  •  •  3.771073 

(a.  c.)  log  3976  •  •  •  6.400554 

4.072103  OJ  =  11806 


The  operation  of  subtracting  10  is  always  performed 
mentally. 


EAISIIS^G  TO  POWEES  BY  MEANS  OP  LOGAEiriBIS. 


\ 


18.  From  the  principle  proved  in  Art.  7,  we  have  the 
following 


XS  TJ  Xi  • 


Find  the  logarithm  of  the  number^  and'  midtiply  it  by 
the  exponent  of  the  poioer  y  then  find  the  number  correspond¬ 
ing  to  the  resulting  logarithm^  and  it  will  be  the  power 
required. 
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EXAMPLES. 

1.  Find  tho  5th  power  of  9. 

OPERATION. 

log  9  •  •  •  0.954243 

_ 5 

4.'771215  .  * .  59049,  power. 

2.  Find  the  7th  power  of  8.  Ans.  2097152. 

\ 

EXTEACTING  EOOTS  BY  MEANS  OF  LOGAKITHMS. 

19.  From  the  principle  proved  in  Art.  8,  we  have  the 
following 

RULE. 

Find  the  logarithm  of  the  number^  and  divide  it  hy  the 
index  of  the  root  /  then  find  the  number  corresponding  to 
the  resulting  logarithm^  and  it  will  he  the  root  repaired. 

EXAMPLES. 

1.  Find  the  cube  root  of  4096. 

The  logarithm  of  4096  is  3.612360,  and  one-third  of 
this  is  1.204120.  The  corresponding  number  is  16,  which 
is  the  root  sought. 

When  the  characteristic  is  negative  and  not  divisible  by 
the  index^  add  to  it  the  smallest  negative  number  that  will 
malce  it  divisible^  and  then  prefix  the  same  number.,  with  a 
plus  sign.,  to  the  mantissa. 

2.  Find  the  4th  root  of  .00000081. 

The  logarithm  of  .00000081  is  7.908485,  which  is  equal 
to  8  -K  1.908485,  and  one-fourth  of  this  is  2.477121. 

The  number  ^  corresponding  to  this  logarithm  is  .03  : 
hence,  .03  is  the  root  required.  ..  ' 


PLANE  TKieONOMETEY. 


20  Plane  Trigonometry  is  that  branch  of  Mathematics 
which  treats  of  the  solution  of  plane  triangles. 

In  every  plane  triangle  there  are  six  parts  :  three  sides 
and  three  angles.  When  three  of  these  parts  are  given,  one 
beino-  a  side,  the  remaining  parts  may  be  found  by  compnt- 
ation.  The  operation  of  finding  the  unknown  parts,  is  called 

the  solution  of  the  triangle. 


21.  A  plane  angle  is  measured  by  the  arc  of  a  ciicle 
included  between  its  sides,  the  centre  of  the  circle  being  at 
the  vertex,  and  its  radius  being  equal  to  1. 


Thus,  if  the  vertex  A  be  taken 
as  a  centre,  and  the  radius  AJy  be 
equal  to  1,  the  intercepted  arc  BG 
ill.  measure  the  angle  A  (B.  III.,  P. 
XYII.,  S.). 

Let  ABGB  represent  a  circle  whose 
1,  and  AC,  BJD,  two  diameters  per¬ 
pendicular  to  each  other.  These  dia¬ 
meters  divide  the  circumference  into 
four  equal  parts,  called  quadrants  ;  and 
because  each  of  the  angles  at  the  cen¬ 
tre  is  a  right  angle,  it  follows  that  a 
right  angle  is  measured  by  a  quad- 


radius  is  equal  to 


I 


B 
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rant.  An  acute  angle  is  measured  by  an  arc  less  than  a 
quadrant^  and  an  obtuse  a7igle^  by  a7i  arc  greater  than  a 
quadi'ant. 

22.  In  Geometry,  the  unit  of  angular  measure  is  a  right 
angle  ;  so  in  Trigonometry,  the  primary  unit  is  a  quadrant^ 
vrhich  is  the  measure  of  a  right  angle. 

For  convenience,  the  quadrant  is  divided  into  90  equal 
parts,  each  of  which  is  called  a  degree  y  each  degree  into 
60  equal  parts,  called  mmutes  y  and  each  minute  into  60 
equal  parts,  called  seco7ids.  Degrees,  mmutes,  and  seconds, 
are  denoted  by  the  symbols  °,  ',  Thus,  the  expression 

7°  22'  S3",  is  read,  7  degi'ees^  22.  7nmutes^  and  33  seco7ids. 
Fractional  parts  of  a  second  are  expressed  decimally. 

A  quadrant  contains  324,000  seconds,  and  an  arc  of  7° 
22'  33"  contains  26553  seconds ;  hence,  the  angle  measured 
by  the  latter  arc,  is  the  part  of  a  right  angle. 

In  like  manner,  any  angle  may  be  expressed  in  terms  of  a 
right  angle. 

23.  The  compleme7it  of  a7i  arc  is 
that  arc  and  90°.  The  co7nple7nent 
of  an  ^  a7igle  is  the  difference  be¬ 
tween  that  angle  and  a  right  angle. 

Thus,  EB  is  the  complement  of 
AE,  and  FB  is  the  complement 
of  AF,  In  like  manner,  FOB 
is  the  complement  of  AOE^  and 
FOB  is  the  complement  of  A  OF, 

In  a  right-angled  triangle,  the 
acute  angles  are  complements  of  each 

24.  The  suppleme7it  of  an  arc  is 


the  difference  between 
B 


other. 

the  difference  between 
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that  arc  and  180°.  The  suppl&iiwiit  of  ci'n,  dnglo  is  the  dit 
ference  between  that  angle  and  two  right  angles. 

Thus,  2^0  is  the  supplement  of  A22^  and  FG  the 
supplement  of  AF,  In  like  manner,  FOG  is  the  supple¬ 
ment  of  A  OE^  and  FO  G  the  supplement  of  A  OF. 

In  any  plane  triangle,  either  angle  is  the  supplement  of 
the  sum  of  the  other  two. 

25.  Instead  of  employing  the  arcs  themselves,  we  usually 
employ  certain  fimctions  of  the  arcs,  as  explained  below. 
A  function  of  a  quantity  is  something  which  depends  upon 
that  quantity  for  its  value. 

The  following  fuiictions  are  the  only  ones  needed  foi  solv¬ 
ing  triangles  : 

26.  The  sine  of  an  arc  is  the  distance  of  one  extremity 
of  the  arc  from  the  diameter,  through  the  other  extremity. 

Thus,  PM  is  the  sine  of 
AM,  and  P'M’  is  the  sine  of 

AM\ 

If  AM  is  equal  to  J/'  G, 

AAI  and  AM'  will  be  supple¬ 
ments  of  each  other  ;  and  be¬ 
cause  AIA2'  is  parallel  to  AG, 

J^AT  will  be  equal  to 
(B.  I.,  p.  xxm.)  :  hence,  the 
sine  of  cm  arc  is  equal  to  the 
sme  of  its  supplement. 

27.  The  cosine  of  an  arc  is  the  sine  of  the  complement 
of  the  arc. 

Thus,  NAI  is  the  cosine  of  AAI,  and  NAP  is  the 
cosine  of  AAP .  These  lines  are  respectively  equal  to  OP 

and  OP 
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It  is  evident,  from  the  equal  triangles  of  the  figure,  that 
the  cosme  of  an  arc  is  equal  to  the  cosine  of  its  supple¬ 
ment. 


28.  The  tangent  of  an  arc  is  the  perpendicular  to  the 
radius  at  one  extremity  of  the  arc,  limited  by  the  prolon¬ 
gation  of  the  diameter  through  the  other  extremity 
Thus,  AT  is  the  tangent  of 
the  arc  AJSf  and  AT'"  is 


the  tangent  of  the  arc  AM'. 

If  A3I  is  equal  to  31'  (7, 

A3I  and  A3I'  will  be  supple¬ 
ments  of  each  other.  But  A3I'" 
and  A 31'  are  also  supplements 
of  each  other  :  hence,  the  arc 
A3f  is  equal  to  the  arc  A  3f'"^ 
and  the  correspondmg  angles, 

A  031  and  A  031'".,  are  also  equal.  The  right-angled  tri¬ 
angles  AOT ^  and  AOT'".,  have  a  common  base  AO,  and 
the  angles  at  the  base  equal  ;  consequently,  the  remaining 
parts  are  respectively  equal:  hence,  AT  is  equal  to  AT'". 
But  AT  is  the  tangent  of  and  AT'"  is  the  tangent 

of  AJf'  :  hence,  the  tangent  of  an  arc  is  equal  to  the  tan¬ 
gent  of  its  supplement. 

It  is  to  be  observed  that  no  account  is  taken  of  the  alge¬ 
braic  signs  of  the  cosines  and  tangents,  the  numerical  values 
alone  being  referred  to. 


29.  The  cotangent  of  an  arc  is  the  tangent  of  its  com¬ 
plement. 

Thus,  BT'  is  the  cotangent  of  the  arc  AilT,  and  BT'’ 
is  the  cotangent  of  the  are  A3I' . 

The  sine,  cosine,  tangent,  and  cotangent  of  an  arc, 
are,  for  convenience,  written  sin  a,  cos  a,  tan  a,  and  cot  a. 
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These  functions  of  an  arc  have  been  defined  on  the  sup¬ 
position  that  the  radius  of  the  arc  is  equal  to  1  ;  in  this 
case,  they  may  also  be  considered  as  functions  of  the  angle 
which  the  arc  measures. 

Thus,  PJi,  JSFM^  AT^  and  BT\  are  respectively  the 
sine,  cosine,  tangent,  and  cotangent  of  the  angle  AOM^  as 
well  as  of  the  arc  AM. 

30.  It  is  often  convenient  to  use  some  other  radius  than 
1  ;  in  such  case,  the  functions  of  the  arc,  to  the  radius  1, 
may  bo  reduced  to  corresponding  functions,  to  the  radius  B. 

Let  AOM  represent  any  angle, 

AM  an  arc  described  from  0  as 
a  centre  with  the  radius  1,  PM 
its  sine  ;  A'M'  an  arc  described 
from  0  as  a  centre,  with  any  ra- 
radius  P,  and  P’M'  its  sine. 

Then,  because  0PM  and  OP'M' 
are  similar  triangles,  we  shall  have, 

OM  :  PM  :  :  OM'  :  P'M\  or,  1 
whence, 

pjf  ^  ■ ,  and,  PAP  =  PAI  x  P  ; 

Jtk) 

and  similarly  for  each  of  the  other  functions. 

That  is,  any  f  unction  of  an  arc  whose  radius  is  1,  is 
equal  to  the  corresponding  function  of  an  arc  %ohose  radius 
is  P,  divided  by  that  radius.  Also,  any  function  of  an 
arc  whose  radius  is  P,  is  equal  to  the  corresponding  func¬ 
tion  of  an  arc  whose  radius  is  1,  multiplied  by  the  rev- 
dius  P. 

By  making  these  changes  in  any  formula,  the  formula  will 
be  rendered  homogeneous. 


:  PM  :  :  P  :  P'Jf'  ; 
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V 

TABLE  OF  NATURAL  SINES. 

31.  A  Natceal  Sine,  Cosine,  Tangent,  oe  Cotangent, 
is  the  sine,  cosine,  tangent,  or  cotangent  of  an  arc  whose 
radius  is  1. 

A  Table  op  Nateeal  Sines  is  a  table  by  means  of  which 
the  natural  sine,  cosine,  tangent,  or  cotangent  of  any  arc, 
may  be  found. 

Such  a  table  might  be  used  for  all  the  purposes  of  tri¬ 
gonometrical  computation,  but  it  is  found  more  convenient  to 
employ  a  table  of  logarithmic  sines,  as  explained  in  the  next 
article. 

TABLE  OF  LOGARITHMIC  SINES. 

32.  A  Logaeithmic  Sine,  Cosine,  Tangent,  or  Cotan¬ 
gent  is  the  logarithm  of  the  sine,  cosine,  tangent,  or  cotan¬ 
gent  of  an  arc  whose  radius  is  10,000,000,000. 

A  Table  of  Logaeithmic  Sines  is  a  table  from  which  the 
logarithmic  sine,  cosine,  tangent,  or  cotangent  of  any  arc  may 
be  found. 

The  logarithm  of  the  tabular  radius  is  10. 

Any  logaritJimic  function  of  an  arc  may  be  found  by  mul¬ 
tiplying  the  corresponding  natural  function  by  10,000,000,000 
(Art.  30),  and  then  taking  the  logarithm  of  tlie  result  ;  or 
more  simply,  by  taking  ,the  logarithm  of  the  corresponding 
natural  function,  and  then  adding  10  to  the  result  (Art.  5), 

33.  In  the  table  appended,  the  logarithmic  functions  are 
given  for  every  minute  from  0°  up  to  90°.  In  addition, 
their  rates  of  change  for  each  second,  are  given  in  the 
column  headed  “D.” 

The  method  of  v  computing  the  numbers  in  the  column 
headed  “D,”  will  be  understood  from  a  single  example.  The 
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logaritlimic  sines  of  27°  34',  and  of  27°  35',  are,  respect¬ 
ively,  9.6G5375  and  9.G65617.  The  difference  between  their 
mantissas  is  242  ;  this,  divided  by  -  60,  the  number  of  sec¬ 
onds  in  one  minute,  gives  4.03,  which  is  the  change  in  the 
mantissa  for  1",  between  the  limits  27°  34'  and  27°  35'. 

For  the  sine  and  cosine,  there  are  separate  columns  of 
differences,  which  are  Avritten  to  the  right  of  the  respective 
columns  ;  but  for  the  tangent  and  cotangent,  there  is  but  a 
siimle  column  of  differences,  which  is  Avritten  between  them. 
The  loo-arithm  of  the'  tangent  increases,  just  as  fast  as  that 
of  the  cotangent  decreases,  and  the  reverse,  their  sum  being 
alAAaaA^s  equal  to  20.  The  reason  of  this  is,  that  the  product 
of  the  tangent  and  cotangent  is  always  equal  to  the  square 
of  the  radius  ;  hence,  the  sum  of  their  logarithms  must 
abvays  be  equal  to  twice  the  logarithm  of  the  radius,  or  20. 

The  angle  obtained  by  taking  the  degrees  from  the  top 
of  the  page,  and  the  minutes  from  any  line  on  the  left  hand 
of  the  page,  is  the  complement  of  that  obtained  by  taking 
the  degrees  from  the  bottom  of  the  page,  and  the  minutes 
from  the  same  line  on  the  right  hand  of  the  page.  Eut, 
by  definition,  the  cosine  and  the  cotangent  of  an  arc  are, 
respectively,  the  sine  and  the  tangent  of  the  complement  of 
that  arc  (Arts.  2G  and  28)  :  hence,  the  columns  designated 
sine  and  tan//,  at  the  top  of  the  page,  are  designated  cosine 
and  cotang  at  the  bottom. 

USE  OF  THE  TABLE. 

To  find  the  logarithmic  functions  of  an  arc  ichich  is  eXr 

pressed  in  degrees  and  minutes. 

34.  If  the  arc  is  less  thgn  45°,  lOok  for  the  degrees  at 
the  top  of  the  page,  and  for  the  minutes  in  the  left  hand 
column  ;  then  folloAV  the  corresponding  horizontal  line  till  you 
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come  to  the  column  designated  at  the  top  by  sine^  cosine^ 
tang^  or  cotang ^  as  the  case  may  be  ;  the  number  there 
found  is  the  logarithm  required.  Thus, 

log  sin  19°  55'  *  •  •  9.532312 

log  tan  19°  55'  •  •  •  9.559097 

If  the  angle  is  greater  than  45°,  look  for  the  degrees  at 
the  bottom  of  the  page,  and  for  the  minutes  in  the  right 
hand  column  ;  then  follow  the  corresponding  horizontal  line 
backwards  till  you  come  to  the  column*  designated  at  the  bot¬ 
tom  by  sme,  cosine^  tang^  or  cotang^  as  the  case  may  be  ; 
the  number  there  found  is  the  logarithm  required.  Thus, 

log  cos  52°  18'  •  •  •  9.786416 

log  tan  52°  18'  •  •  •  10.111884 

I 

To  find  the  logarithmic  functions  of  an  arc  which  is  ex- 
pressed  in  degrees^  mmutes^  and  seconds. 

35.  Find  the  logarithm  corresponding  to  the  degrees  and 
minutes  as  before  ;  then  multiply  the  corresponding  number 
taken  from  the  column  headed  “D,”  by  the  number  of  sec¬ 
onds,  and  add  the  product  to  the  preceding  result,  for  the 
sine  or  tangent,  and  subtract  it  therefrom  for  the  cosine  or 
cotangent. 

EXAMPLES. 

1.  Find  the  logarithmic  sine  of  40°  26'  28". 


t 

OPERATION. 

log  sin  40°  26' . .  0.811952 

Tabular  difference  2.47 
ISTo.  of  seconds  28 

Product  •  •  •  69.16  to  be  added  •  •  69 

log  sin  40°  26'  28" .  9.812021 
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The  same  rule  is  followed  for  decimal  parts,  as  in  Art.  12. 

2.  Find  the  logarithmic  cosine  of  53°  40'  40". 

OPEKATION. 

log  cos  53°  . . 

Tabular  difference  2.86 

No.  of  seconds  _ ^ 

Product  •  •  •  114.40  to  be  subtracted 

log  cos  53°  40'  40."  . 

If  the  arc  is  greater  than  90°,  we  fin 
function  of  its  supplement  (Arts.  26  and  28). 

3.  Find  the  logarithmic"  tangent  of  118°  18'  25". 

OPEKATION. 

180° 

Given  arc . 118°  18'  25" 

Supplement  . 61°41'35" 

log  tan  61°  41'  •  •  , .  10.268556 

Tabular  difference  5.04 
No.  of  seconds  35 

Product  •  •  •  176.40  to  be  added  •  _ _ 1^ 

lo2-  tan  118°  18'  25" .  10.268732 

O  — - - 


9.772675 


114 

9.772561 


the  required 


4,  Find  the  logarithmic  sine  of  32°  18'  35". 

Ans.  9.727945. 

6,  Find  the  logarithmic  cosine  of  95°  18'  24". 

Ans.  8.966080. 

Find  the  logarithmic  cotangent  of  126°  23'  50". 

Ans.  10.132333. 


I 
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To  find  the  arc  corresponding  to  any  logarithmic  function 

36.  This  is  done  by  reversing  the  preceding  rule  : 

Look  in  the  proper  column  of  the  table  for  .the  given  log¬ 
arithm  ;  if  it  is  found  there,  the  degrees  are  to  be  taken 
from  the  top  or  bottom,  and  the  minutes  from  the  left  or 
right  hand  column,  as  the  case  may  be.  If  the  given  log¬ 
arithm  is  not  found  in  the  table,  then  find  the  next  less 
loirarithm,  and  take  from  the  table  the  corresponding  degrees 
and  minutes,  and  set  them  aside.  Subtract  the  logarithm 
found  in  the  table,  from  the  given  logarithm,  and  divide  the 
remainder  by  the  corresponding  tabular  difierence.  The  quo¬ 
tient  will  be  seconds,  which  must  be  added  to  the  degrees 
and  minutes  set  aside,  in  the  case  of  a  sine  or  tangent,  and 
subtracted,  in  the  case  of  a  cosine  or  a  cotangent. 


EXAMPLES. 


1 .  Find  the 
eine  9.422248. 


arc  corresponding  *  to  the  logarithmic 

OPERATION. 


Given  logarithm  •  •  •  9.422248 

Next  less  in  table  •  •  •  9.421857  •  •  •  15°  19' 

Tabular  difierence  7.68  )  391.00  (  51",  to  be  added 

Hence,  the  required  arc  is  15°  19' ’51". 


2.  Find  the 
cosine  9.427485. 


arc  corresponding  to 

OPERATION. 


the  logarithmic 


Given  logarithm  •  •  •  9.427485 

Next  less  in  table  •  •  9.427354  •  •  •  74°  29'. 

Tabular  difference  7.58  )  131.00  (  17",  to  be  subt. 

Hence,  the  required  arc  is  74°  28'  43". 
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3.  Find 

the  arc 

corresponding 

to 

the 

logarithmic 

sine  9.880054. 

Ans.  49° 

20'  50". 

4.  Find 

the  arc 

corresponding 

to 

the 

logarithmic 

cotangent  10.008088. 

Ans.  44° 

25'  37". 

5.  Find 

the  ai’C 

corresponding 

to 

the 

logarithmic 

cosine  9.944599. 

Ans. 

28° 

19'  45". 

SOLUTION  OF  RIGHT-ANGLED  TRIANGLES. 

37.  In  what  follows,^  we  shall  designate  the  three  angles 
of  every  triangle,  by  the  capital  letters  jS,  and  (7,  A 
denoting  the  right  angle  ;  and  the  sides  lying  opposite  the 
angles,  by  the  corresponding  small  letters  a,  &,  and  c. 
Since  the  order  in  which  these  letters  are  placed  may  be 
changed,  it  follows  that  whatever  is  proved  with  the  letters 
placed  in  any  ^given  order,  will  be  equally  true  when  the 
letters  are  correspondingly  placed  in  kny  other  order. 

Let  CAJ^  represent  any  triangle, 
right-angled  at  A.  With  C  as  a 
centre,  and  a  radius  OJ?,  equal  to  1, 
describe  tlie  arc  DO,  and  draw  OD 
and  D.D  perpendicular  to  CA  :  then 
will  DO  be  the  sine  of  the  angle  0,  OF  will  be  its 

cosine,  and  DE  its  tangent. 

Since  the  three  triangles  CFO,  CDF,  and  CAE  are 
similar  (B.  IV.,  P.  XVIII.),  we  may  write  the  propor¬ 
tions. 


OF  : 

CO 

:  :  AB 

:  FO, 

or, 

a  : 

1 

•  •  /»  • 

•  •  K/  • 

sin  C ; 

CB  : 

CO 

:  :  C A 

:  CF, 

or, 

a  : 

1 

.  •  A  • 

•  •  1/  • 

cos  C  ; 

CA  : 

CD 

:  :  AB 

:  DE, 

or, 

h  : 

1 

•  •  • 

•  •  i/  •» 

tan  C ; 
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•  •  (4.) 

•  •  (5.) 

•  •  (6.) 

Translating  these  formulas  into  ordinary  language,  we  hav© 
the  following 

PRINCIPLES. 

1.  The  perpendicular  of  any  right-angled  triangle  is  equcu 
to  the  hypothenuse  into  the  sine  of  the  angle  at  the  base. 

2.  The  base  is  equal  to  the  hypothenuse  into  the  cosine 
of  the  angle  at  the  base. 

t 

3.  The  perpendicular  is  equal  to  the  base  into  the  tan- 
gent  of  the  angle  at  the  base. 

4.  The  sine  of  the  angle  at  the  base  is  equal  to  the 
perpendicular  divided'  by  the  hypothenuse. 

5.  The  cosine  of  the  angle  at  the  base  is  equal  to  the 
base  divided  by  the  hypothenuse. 

6.  The  tangent  of  the  angle  at  the  base  is  equal  to  the 
pjerpendicular  divided  by  the  base. 

Either  side  about  the  right  angle  may  be  regarded  as  the 
base  ;  in  which  case,*  the  other  is  to  be  regarded  as  the 
perpendicular.  We  see,  then,  that  the  above  principles  are 
sufficient  for  the  solution  of  every  case  of  right-angled  tri¬ 
angles.  When  the  table  of  logarithmic  sines  is  used,  in  the 
solution,  Formulas  (  1  )  to  ( 6 )  must  be  made  homogeneous, 
by  substituting  for  sin  G,  cos  (7,  and  tan  (7,  respectively, 


hence,  we  have  (B.  II.,  P.  L), 


c  —  a  G  •  •  •  (1.) 

sin  G  =  — , 

a 

b  —  a  cos  (7  •  •  •  (2.) 

cos  G  =  —  , 

..r 

a 

c  —  b  tan  (7  •  •  •  ( 3.) 

tan  , 

L  b 

PLANE 
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sin  0  cos  G 

,  tan  C 

B  being 

equal  to 

n  ’  Ji 

B  ’ 

10,000,000,000,  as  explained  in  Art.  30. 

• 

Making  these 

changes,  and 

reducing. 

we  have. 

a  sin  C 

^  Ji  ■ 

•  •  (7-) 

sin  G  : 

Be 

" —  ■  •  • 

a 

•  (10.) 

a  cos  C 

•  •  (8.) 

cos  G 

Bh 

(11.) 

^  ~  B 

a 

h  tan  C 

^  =  R  ■ 

•  •  (9*) 

tan  G 

Be 

—  ■■  .  ■  •  • 
h 

•  (12.) 

In  applying  these  formulas, 

four  cases  may  arise 

CASE  I. 


Given  the  hypothenuse  and  one  of  the  acute  angles^  to  find 

the  remaining  parts. 

38.  The  other  acute  angle  may  he  found  by  subtracting 
the  given  one  from  90°  (Art.  23). 

The  sides  about  the  right  angle  may 
be  found  by  Formulas  ( 7 )  and  (  8 ). 


EXAMPLES. 


1.  Given 
B,  dj  and 


a  =  749,  and  C  =  47°  31'  10" 

e. 

OPERATION. 


required 


^  =  90°  —  47°  03'  10"  42°  56'  50". 


Applying  logarithms  to  Formula  (7),  remembering  that  the- 
logarithm  of  B  is  equal  to  10,  we  have, 

log  c  =:  log  a  +  log  sin  G  —  10  ; 

log  a  (749)  ....  2.874482 

log  sin  C  (47°  03'  10")  .  9.864501 

log  . .  2.738983  .-.  c  =:  548.255. 
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Ap2)lyiiig  logarithms  to  Formula  (8),  we  have, 

log  h  =  log  a  +  log  cos  (7  —  10  ; 

log  a  (749)  ....  2.874481 

log  cos  G  (47°  03'  10")  •  9.833354 

log  5 .  2.707835  h 

Ans.  JB.  ~  42°  56'  50",  §  z=:  510.31,  and  c 


2.  Given  a 
G,  J,  and  c. 


439,  and  B  =  27°  38'  50", 

OPERATION. 


G  =  90°  —  27°  38'  50"  =  62°  21'  10"  ; 

log  a  •  (439)  ....  2.642465 

log  sin  G  (62°  21'  10")  •  9.947346 

log  c . .  .  2.589811  .-.  .c  = 

'  log  a  .  (439)  ....  2.642465 

log  cos  G  (62°  21'  10")  •  9.666543 

log  6 .  2.309008  h  = 


Ans.  G  =  62°  21'  10",  h  —  203.708,  and  c  = 


3.  Given  a  ==  125.7  yds.,  and  B  —  75°  12', 
the  other  jiarts. 

Ans.  C  =.  14°  48',  b  =  121.53  yds.,  and  c  = 

4.  Given  a  =  325  ft.,  and  G  =  27°  34',  to 
other  parts. 

Ans.  B  =  62°  26',  c  =  150.4  ft.,  and  ^  = 


=  510.31 
548.255 

to  find 

t 

388.875  ; 

203.708. 

388.875. 

to  find 

2.11  yds. 

find  the 

288.1  ft. 
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CASE  II. 

Given  one  of  the  sides  about  the  right  angle  and  one  of 
the  acute  angles^  to  find  the  remaining  parts. 

39.  The  other  acute  angle  may  be  found  by  subtracting 
the  given  one  from  90°. 

The  hypothenuse  may  be  found  by  Formula  ( 7 ),  and 
the  unknown  side  about  the  right  angle,  by  Formula  (8). 


EXAMPLES. 

1.  Given  c  ~  56.293,  and  G  =  54°  27'  39",  to  find 
and  b. 

OPERATION. 

-S  =  90°  —  54°  27'  39"  =  35°  32'  21". 

Applying  logarithms  to  Formula  (7),  we  have, 

log  c  —  log  a  4-  log  sin  G  —  lo  ;  whence, 

log  a  =  log  c  4-  10  —  log  sin  (7  =  log  c  +.  (a.  c.)  log  sin  G\ 

log  c  (56.293)  .  .  .  1.750454 
(a.  c.)  log  sin  G  (54°  27'  39")  •  0.089527 

log  a . '•  L839981  .-.  a  =  69.18.  ' 

Applying  logarithms  to  Formula  (8),  we  have, 

log  b  =  log  a  +  log  cos  (7  —  10  ; 

log  a  (69.18)  ....  1.839981 

log  cos  G  (54°  27'  39")  .  .  9.764370 

^ .  1.604351  5  =  40.2114. 


Am.  B  =  35“  32'  21",  a  =  69.18,  and  h  =  40.2114. 
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2.  Given  c  =  358, 
And  h» 


and  JB  =  28°  47', 

OPERATION. 


to  find  (7,  a, 


G  =  90°  —  28°  47'  =  61°  13'. 

We  have,  as  before, 

log  a  =  log  c  +  (a.  c.)  log  sin  (7, 

and,  log  h  =  log  a  +  log  cos  (7  —  10  ; 

log  c  (358)  •  •  •  2.553883 

(a.  c.)  log  sin  6  (61°  13')  •  '  •  0.057274 

log  a . 2.611157  a  =  408.466  ; 

log  a  (313.776)  •  •  2.611157 

log  cos  C  (61°  13')  •  •  9.682595 

log  5 .  2.293752  .-.  h  =  196.676. 

Ans.  C  =  61°  13',  a  =  408.466,  and  b  =  196.676. 


3.  Given  b  =.  152.67  yds.,  and  G  =  50°  18'  32",  to 
find  the  other  parts. 

Ans.  B  =  39°  41'  28",  c  =  183.95,  and  a  =  239.05. 


,  4.  Given  c  =  379.628,  and  G  =  39°  26'  16",  to  find 

B^  a,  and  b. 

Ans.  B  =  50°  33'  44",  a  =  597.613,  and  b  =  461.55. 


CASE  III. 

Given  the  two  sides  about  the  right  angle,  to  find  the  re- 

maining  parts. 

40.  The  angle  at  the  base  may  be  found  by  Formula 
( 12 ),  and  the  solution  may  be  completed  as  in  Case  II. 
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examples'. 

1.  Given  h  ='  26,  and  c  =  15,  to  find  C,  and  05. 

'  .  / 

OPERATIOIS’. 

Applying  logarithms  to  Formula  (12),  we  have, 

'log  tan  G  =  logo  +  10  —  log  5  ==  log  c  +  (a.  c.)  log  h ; 

log  c  (15)  ....  1.1'76091 

(a.  c.)  log  h  (26)  ....  8.585027 

log  tan  (7  •  •  •  9.761118  . (7  =  29°  58' 54"  ; 

^  =  90°  —  (7  =  60°  01'  06". 

As  in  Case  11.,  log  a  =  log  c  +  (a.  c.)  log  sin  G  ; 

.  I 

log  a  •  •  (15)  .  •  1.176091 

(a.  c.)  log  sin  G  (29°  58'  54")  0.301271 

lo^  a .  1.477362  a  =  30.017. 

Ans.  G  =  29°  58'  54",  B  =  60°  01'  06",  and  a  =  30.017. 

2.  Given  h  =  1052  yds.,  and  c  =  347.21  yds.,  to  find 

B^  (7,  and  a. 

B  =  71°  44'  05",  G  =  18°  15'  55",  and  a  =  1108.05  yds. 

3.  Given  h  =:  122.416,  and  c  =  118.297,  to  find  B^ 
C,  and  a. 

B  —  45°  58'  50",  G  =  44°  1'  10",  and  a  —  170.235. 

r 

4.  Given  h  =  103,  and  c  —  101,  to  find  B^  (7, 
and  a. 

B  =  45°  33'  42",  G  =  44°  26'  18",  and  a  =  144.256. 
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CASE  lY. 

Give7i  the  hypothenuse  and  either  side  about  the  right  angle^ 

to  find  the  remaming  parts. 

41.  The  angle  at  the  base  may  be  found  by  one  of 
Formulas  (10)  and  (11),  and  the  remaining  side  may  then 
be  found  by  one  of  Formulas  (7)  and  (8). 


EXAMPLES. 

1.  Given  a  =■  2391.76,  and  h  =  385.7,  to  find 
(7,  and  c. 


OPERATIOIf. 

4 

Applying  logarithms  to  Formula  (11),  we  have. 


log  cos  (7  =  log  +  10  —  log  a  =  log  h  +  (a.  c.)  log  a ; 

log  b  (385.7)  •  •  •  2.586250 

(a.  c.)  log  a  (2391.76)  •  •  6.621282 

log  cos  (7  •  •  •  9.207532  (7  =  80°  43' 11"; 


J?  =  90°  -  80°  43'  11"  =  9°  16'  49". 

From  Formula  ( 7 ),  we  have, 

log  c  =  log  a  4-  log  sin  (7  —  10  ; 

log  a  (2391.76)  •  3.378718 

log  sin  G  (80°  43'  11^')  9.994278 

log  c .  3.372996  c  =  2360.46. 


Ans.  =  9°  16'  49",  G  =  80°  43'  11",  and  c  =  2360.45. 
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2.  Given  a  —  12'7.1'74  yds.,  and  c  =  125.7  yds.,  to 
find  i?,  and  h. 


OPERATION. 

\ 

From  Formula  (10),  we  have, 

'log  sin  (7  =  log  c  +  10  -  log  a  =  log  c  +  (a.  c.)  log  a  ; 

log  c  (125.7)  •  •  •  2.099335 

(a.  c.)  log  a  (127.174)  .•  •  7.895602 

log  sin  c  •  •  •  •  9.994937  .*.  G  —  81°  16  6  \ 

S 

^  _  90°  —  81°  16'  6"  3=  8°  43'  54". 

From  Formula  (8),  we  have, 

* 

log  b  —  log  a  log  cos  (7  —  10  ; 

log  a  (127.174)  •  2.104398 

log  cos  G  (81°  16'  6")  ♦  9.181292 

log  .  1.285690  b  =  19.3. 

Ans.  5  =  8°  43'  54",  G  =  81°  16'  6",  and  h  =  19.3  yds. 

3.  Given  a  =  100,  and  b  =  60,  to  find  B,  C,  and  e. 

Ans.  .  5  =  36°  62'  11",  G  =  63°  '7'  49",  and  c  =  80. 

4.  Given  a  =  19.209,  and  c  =  15,  to  find  5,  (7, 

and  b. 

Ans,  B  =  38°  39'  30", 


G  —  51°  20'  30",  h  —  12. 
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SOLUTION  OF  OBLIQUE-ANGLED  TRIANGLES. 

42i  In  the  solution  of  oblique-angled  triangles,  four  cases 
may  arise.  We  shall  discuss  these  cases  in  order. 


CASE  I. 

Given  one  side  and  two  anglesl  to  determine  the  remaining 

parts, 

43.  Let  AB  C  represent  any 
oblique-angled  triangle.  From  the 
vertex  (7,  draw  Cl)  perpendicular 
to  the  base,  forming  two  right- 
angled  triangles  A  CD  and  BCD. 

Assume  the  notation  of  the  figure. 

From  Formula  (  1  ),  we  have, 

CD  =  h  sin  A,  and  ^  CD  =  a  sin  ; 

Equating  these  two  values,  we  have, 

^  sin  A  =  sin  ; 
whence  (B.  II.,  P.  II.), 

I 

:  5  :  :  sin  A  :  sin  .  .  ( 13.) 

Since  a  and  h  are  any  two  sides,  and  A  and  B  the 
angles  lying  opposite  to  them,  Ave  have  the  following  princi¬ 
ple  : 

The  sides  of  a  plane  triangle  are  proportional  to  the 
sines  of  the  opposite  angles. 

It  is  to  be  observed  that  Formula  ( 13 )  is  true  for  any 
value  of  the  radius.  Hence,  to  solve  a  triangle,  when  a  side 
and  tAvo  angles  are  given : 


c 
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First  find  the  third  angle,  by  subtracting  the  sum  of  the 
given  angles  from  180°  ;  then  find  each  of  the  requir{,d  sides 
by  means  of  the  principle  just  demonstrated. 

EXAMPLES. 

58°  07',  O  =  22°  37',  and  a  .. ;  4<^S,  to 

c. 

OPEKATION. 

.....  58°  07' 

.  22°  37' 

.  .  180°  —  80°  44'  =  99°  16 

To  find  df  write  the  proportion, 

sin  A  :  sin  :  :  a  ;  h  ; 

that  is,  the  sine  of  the  angle  opposite  the  given  stde,  is  to 
the  sme  of  the  angle  opposite  the  required  side^  as  the  given 
side  is  to  the  required  side. 

Applying  logarithms,  and  reducing,  we  have, 

log  h  =  log  a  +  log  sin  B  +  (a.  c.)  log  sin  ^  —  10  ; 

log  a  •  •  (408)  ....  2.610660 

log  sin  B  (58°  07')  •  •  •  9.928972 

(a.  c.)  log  sin  A  (99°  16')  «  •  .  0.005705 

log  h  . .  2.545337  .*.  =  351.024, 

In  like  manner, 

log  0  =  log  a  +  log  sin  G  4-  (a.  c.)  log  sin  ^  —  10  ; 

log  a  .  .  (408)  .  .  .  2.610660 

log  sin  G  (22°  37')  •  •  .  9.584968 

(a.  c.)  log  sin  ^  (99°  16')  .  •  .  0.005705 

log  c .  2.201333  .*.  c  =  158.976. 

A91s.  a  =  99°  16',  b  —  351.024,  and  c  =  158.976. 


1.  Given  B  = 
find  A,  b,  and 


B 

G 

A 
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2. 

Given 

A 

o 

00 

CO 

11. 

25', 

B 

=  57° 

42',  and  c  =  400, 

to  find  (7, 

a, 

and  b. 

Ans. 

G  = 

83°  53', 

a  — 

249.974, 

b  =  340.04.’ 

-  3. 

Given 

A 

=  15' 

=  19' 

51", 

C 

=  72° 

44'  05",  and 

c  = 

250.4  yds,  to  find 

a. 

and 

b. 

Am 

?.  B  = 

91° 

56'  04'‘ 

',  a 

=  69 

.328  yds.,  b 

=  262.066  yds. 

4. 

Given 

B 

=  51' 

°  15' 

35", 

G 

o 

CO 

11 

21'  25",  and 

a  — 

305.296' 

ft.. 

to  find 

A 

and 

C. 

Ans. 

A 

=  91°  : 

23', 

b  = 

238.1978  ft.. 

C  =  185.3  ft. 

CASE  II. 

Given  two  sides  and  an  angle  opposite  one  of  them^  to  find 

the  remaining  parts. 

44.  The  solution,  in  this  case,  is  commenced  by  finding 
a  second  angle  by  means  of  Formula  (13),  after  which  we 
may  proceed  as  in  Case  I.  ;  or,  the  solution  may  be  com¬ 
pleted  by  a  continued  application  of  Formula  (13). 

EXAMPLES. 

1.  Given  A  —  22°  37',  b  =  216,  and  a  —  117,  to 
find  (7,  and  c.  ^ 

From  Formula  (13),  we  have, 

a  :  h  :  :  sin  M  :  sin  ^  ; 

that  is,  the  side  opposite  the  given  angle.,  is  to  the  side  op¬ 
posite  the  required  angle.,  as  the  sine  of  the  given  angle  is 
to  the  sine  of  the  required  angle. 
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Whence,  by  the  application  of  logarithms, 

log  sin  B  —  log  h  +  log  sin  A  -j-  (a.  c.)  log  a  —  10  ; 

log  b  •  •  (216)  •  •  2.334454 

log  sin  A  (22°  37')  •  •  9.584968 

(a.  c.)  log  «  .  .  (117)  •  •  7.931814 

log  sin  ^  ....  9.851236  .\B~  45°  13' 55", 

and  B'  =  134°  46'  05". 

Hence,  we  lind  two  values  of  B^  which  are  supplements  of 
each  other,  because  the  sine  of  any  angle  is  equal  to  the 
sine  of  its  supplement.  ,  This  would  seem  to  indicate  that 
the  problem  admits  of  two  solutions.  It  now  remains  to 
determine  under  what  conditions  there  will  be  two  solutions^ 
one  solution^  or  no  solution. 

There*  may  be  two  cases  :  the  given  angle  may  be  aaute^ 
or  it  may  be  obtuse. 

First  Case.  Let'  AB  C  re¬ 
present  the  triangle,  in  which  the 
angle  M,  and  the  sides  a  and 
b  are  given.  From  G  let  fall 
a  perpendicular  upon  pro¬ 
longed  if  necessary,  and  denote  its  length  by  We  shall 

have,  from  Formula  ( 1  ),  Art.  37, 

p  =  5  sin  M  ; 

from  which  the  value  of  p  may  be  computed. 

If  a  is  intermediate  in  value  between  p  and  5,  there 
will  be  two  solutions.  For,  if  with  G  as  a  centre,  and  a 
as  a  radius,  an  arc  be  described,  it  will  cut  the  line  AB 
in  two  points,  B  and  B',  each  of  which  being  joined  with 
will  give  a  triangle  which  will  conform  to  the  conditions 
of  the  problem. 


C 
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In  this  case,  the  angles  JB'  and  of  the  two  ti'ianglee 
AB'C  and  ABC^  will  be  supplements  of  each  other. 

If  a  —  there  will  be  but 
one  solutio7i.  For,  in  this  case, 
the  arc  will  be  tangent  to  AB^ 
the  two  points  B  and  B'  will 
unite,  and  there  will  be  but  a  single  triangle  formed. 

In  this  case,  the  angle  ABC  will  be  equal  to  90°, 


If  a  is  greater  than  both  p  G 

and  there  will  also  be  but  one 
solution.  For,  although  the  arc 
cuts  AB  in  two  points,  and  con¬ 
sequently  gives  two  triangles,  only 
one  of  them  conforms  to  the  con¬ 
ditions  of  the  problem. 

In  this  case,  the  angle  ABC  will  be  less  than  A,  and 
consequently  acute. 


If  a  <i  P-)  there  will  be  no 
solution.  For,  the  arc  can  neither 
cut  AJ5,  nor  be  tangent  to  it. 


C 


Second  Case.  When  the  given  angle  A  is  obtuse,  tne 
angle  AB  G  will  be  acute  ;  the 
side  a  will  be  greater  than  5, 
and  there  will  be  but  one  solu- 

/ 

tion.  / 

✓ 

< - 

% 

s 

In  the  example  under  considera- 
tion,  there  are  two  solutions,  the  ' 
first  corresponding  to  ^  45°  13'  55",  and  the  second  to 

jB'  =  134°  46'  05". 


C 


B 
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In  the  first  case,  we  have, 


A 

JB 


.  22°  37' 

.  45°  13'  55" 


C . 180°  —  67°  50'  55"  =  112°  09'  05". 

As  in  Case  I.,  we  have, 

log  c  =  log  b  4-  log  sin  (7  +  (a.  c.)  log  sin  —  10  ; 

log  b  •  •  (216)  •  •  •  2.334454 

log  sin  G  (112°  09'  05")  •  9.966700 

(a.  c.)  log  sin  JB  (  45°  13'  55")  •  0.148764 

lo^  c .  2.449918  .*.  c  —  281.785. 

Ans.  B  =  45°  13' 55",  G  =  112°  09'  05",  and  c  =  281.785, 

« 

In  the  second  case,  we  have, 

A . 22°  37' 

JB' . 134°  46'  05" 

C . 180°  —  157°  23'  05"  =  22°  36'  55"  ; 

and  as  before, 

log  b  •  •  (21®)  *  *  *  2.334454 

log  sin  G  (22°  36'  55")  •  9.584943 

(a.  c.)  log  sin  B  (134°  46'  05")  •  0.148764 


c  =  116.993. 


2.068161 


log  c 


Ans.  B'  —  134°  46'  05",  G  =  22°  36'  55",  and  c  =  116.993. 

2.  Given  A  =  32°,  a  =  40,  and  b  =  50,  to  find 

J5,  (7,  and  c. 

B  —  41°  28'  59",  G  =  106°  31'  01",  ^  C  =  72.368. 

B  =  138°  31'  01",  G  —  9°  28'  59", 


Ans. 


e  =  12.436. 


42 


PLA^iE  TRIGONOMETRY. 


3.  Given  A  =  18°  52'  13",  a  =  27.465  yds.,*  and 

b  =  13.189  yds.,  to  find  jB,  (7,  and  c. 

Ans.  JS  z=z  8°  56'  05",  *  G  =  152°  11'  42",  c  =  39.611  yds. 

4.  Given  A  =  32°'  15'  26",  b  =  176.21  ft.,  and 

a  —  94.047  ft.,  to  find  (7,  and  c. 

Ans.  B  —  90°,  G  =  57°  44'  34",  c  =  149.014  ft. 

CASE  III. 

Given  two  sides  and  their  included  angle^  to  find  tJ}A 

maining  parts. 

4.5.  Let  AB  G  represent  any 
plane  triangle,  AB  and  AG  any 
two  sides,  and  A  their  included 
angle.  With  A  as  a  centre, 

and  A  (7,  the  shorter  of  the  two 
sides,  as  a  radius,  describe  a 'semi¬ 
circle  meeting  AB  in  and  the  prolongation  of  AB 

in  E.  Draw  GI  and  EG.,  '  and  through  I  draw  III 

parallel  to  EG. 

Because  EGI  is  an  angle  inscribed  in  a  semicircle,  it  is 
a  right  angle  (B.  III..  P.  XVIII.,  C.  2)  ;  and  consequently, 
both  GE  and  IH  are  perpendicular  to  GI.  The  angle 
EAG  being  external  to  the  triangle  ABG.,  is  equal  to  the 
sum  of  the  opposite  interior  angles,  that  is,  equal  to  G 
’^plus  B  ;  the  angle  EAG  being  also  external  to  the  isos¬ 

celes  triangle  AIG.,  it  is  equal  to  twice  the  angle  AIG  : 
hence,  twice  the  angle  AIG  is  equal  to  G  plus  R,  or. 


E 


AIG  =  i{G  -f  B). 
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The  angle  ICB  is  equal  to  AIG  diminislied  by  the  angle 
IBG  (B.  L,  P.  XXV.,  C.  6)  ;  that  is, 

IGH  =  \i^G  B)  -  B  ^  \{G  -  B). 

From  the  two  right-angled  ^triangles  IGE  and  IGH^  we 
have  (Formula  3,  Art.  37), 

EG  ^  IG  tan  i((7  +  B\  and  IH  =  IG  tan \{G  -  B)  ; 

hence,  from  the  preceding  equations,  we  have,  after  omitting 
the  equal  factor  IG  (B.  11.,  P.  VIL), 

EG  :  IE  :  :  tan  ^{G  B)  :  tan  i((7  —  B). 

The  triangles  EGB  and  lEB  being  similar,  their  homo- 
■ 

logons  sides  are  proportional  ;  and  because  EB  is  equal  to 
AB  +  A  G^  and  IB  to  AB  —  A  (7,  we  shall  have  the 
proportion, 

EG  :  IE  ::  AB  +  AG  :  AB  -  AG. 

Combining  the  prej3eding  proportions,  and  substituting  for 
AB  and  AG  their  representatives  c  and  5,  we  have,  * 

c  +  6  :  c  —  h  :  :  tani((7+jS)  :  tan  ■!(  (7— _S)  .  .  (14.) 

Hence,  we  have  the  following  principle  : 

In  any  plane  triangle.,  the  sum  of  the  sides  mcludmg 
either  angle.,  is  to  their  difference.,  as  the  tangent  of  half 
the  sum  of  the  two  other  angles.,  is  to  the  tangent  of  half 
their  difference. 

The  half  sum  of  the  angles  may  be  found  by  subtracting 
the  given  angle  from  180°,  and  dividing  the  remainder  by  2  ; 
the  half  difference  may  be  found  by  means  of  the  principle 
just  demonstrated.  Knowing  the  half  sum  and  the  half 


44 


PLANE  TRIGONOMETRY. 


difference,  the  greater  angle  is  found  by  adding'  the  half 
difference  to  the  half  sum,  and  the  less  angle  is  found  by 
subtracting  the  half  difference  from  the  half  sum.  Then  the 
solution  is  completed  as  in  Case  I. 

m 

EXAMPLES. 

1.  Given  c  =  540,  b  =  450,  and  A  =  80°,  to  find 
C,  and  a. 

OPERATION. 

c  +  5  =  990  ;  c  -  ^  =  90  ;  i{C+JB)  =  i(180°  -  80°)  =  50°. 
» 

Applying  logarithms  to  Formula  (14),  we  have, 

log  sin  ( (7  —  J?)  =  log  (c  —  b)  -f-  log  tan  i{G  -f  ^)  -f 

(a.  c.)  log  (c  +  ^)  —  10  ; 

log  {c  —  b)  •  •  ( 90 )  1.954243 

logtan|(G  +  J5)  (50°)  10.0'76187 
(a.  c.)  log  (c  +  ^)  •  •  (990)  '7.004365 

'  log  tan  4  ( (7  -  jS)  9.034795  .  • .  |(C-^)  =  6°  11%^ 

C  =  50°  +  6°  11'  66°  11'  ;  B  =  50°  —  6°  11'  =  43°  49'. 

From  Formula  (  13 ),  we  have, 

log  a  =  log  G  -f  log  sin  A  +  (a.  c.)  log  sin  (7  —  10  ; 

log  c  •  •  (540)  •  •  2.732394 

log  sin  A  (80°)  •  •  9.993351 

(a,  c.)  log  sin  G  (56°  11')  •  ^80492 

log  a  . .  2.806237  .  * .  a  =  640.082. 

Ans.  B  43°  49',  G  —  56°  11',  a  —  640.082. 
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2.  Given  c  —  1686  yds.,  h  —  960  yds.,  and  A  —  128"  04', 

to  find  (7,  and  a. 

Ans,  B  ^  18°  21'  21",  C  =  33°  34'  39",  a  =  2400  yds. 

3.  Given  a  =  18.739  yds.,  h  =.  7.642  yds.,  and 

C  =  45°  18'  28",  to  find  A,  B,  and  c. 

Ans.  J.  =  112°  34' 13",  ^  =  22°  07' 19",  c  z=  14.426  yds. 

4.  Given  a  =  464.7  yds,  h  =  289.3  yds.,  and 

C  —  87°  03'  48",  to  find  A,  i7,  and  c. 

Ans.  A  =  60°  13'  39",  B  =  32°  42'  33",  c  ^  534.66  yds. 

5.  Given  C6  =  16.9584  ft.,  d  =  11.9613  ft.,  and 

C  =  60°  43'  36",  to  find  M,  B,  and  e. 

Ans.  A  =  76°  04'  10",  B  ==  43°  12'  14",  c  ==  15.22  ft. 


6.  Given  a  —  3754,  d  =  3277.628,  and  O  =  57°  53'  17", 
to  find  A,  -S,  and  c. 

Ans.  A  =  68°  02'  25",  B  =  54°  04'  18",  c  =  3428.512. 


CASE  IV. 


Given  the  three  sides  of  a  triangle.,  to  fiyid  the  remaining 

parts.^ 

46.  Let  AB  C  represent  any 
plane  triangle,  of  which  BC  is 
the  longest  side.  Draw  AB  per¬ 
pendicular  to  the  base,  dividing  it 
into  two  segments  BB  and  BB. 


*  The  angles  may  be  found  by  Formula  (^)  or  O),  Lemma.  Pages 
109,  and  110,  Mensuration. 
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From  the  right-angled  triangles  BAD  and  GAD^  W9 
have, 

"  AD''  =  AB^  -  j^\  and  JCd"  =  AG^  -  DG^  ; 

t 

«  _ 

Equating  these  values  of  AD^^  we  have, 

AB^  -  =  AG^  -  ; 

whence,  by  transposition, 

JTG"  -  JLB"  rr:  _  ^2^ 

Factoring  each  member,  we  have, 

[AG  -h  AB)  (AG-  AB)  ==  (DG  +  BD)  (DG  -  BD). 

Converting  this  equation  into  a  proportion  (B.  11.,  P.  II.), 
we  have, 

DG  +  BD  ;  AG  +  AB  AG  —  AB  :  DG  -  BD  \ 

or,  denoting  the  segments  by  s  and  s',  and  the  sides 
of  the  triangle  by  ‘a,  and  c, 

s  +  s'  :  h  G  :  :  b  ~  c  :  s  —  s'  ;  ( !»•) 

that  is,  if  in  any  plane  triangle,  a  line  be  drawn  from  the 
vertex  of  the  vertical  angle  perpendicular  to  the  base,  divid¬ 
ing  it  into  two  segments  ;  then. 

The  sum  of  the  two  segments,  or  the  whole  base,  is  to 
the  sum  of  the  two  other  sides,  as  the  difference  of  these 
ides  is  to  the  difference  of  the  segment. 

The  half  difference  added  to  the  half  sum,  gives  the 
greater,  and  the  half  difference  subtracted  from  the  half  sum 
gives  the  less  segment.  We  .shall  then  have  two  right- 
angled  tiiangles,  in  each  of  which  we  know  the  hypothenuse 
and  the  base  ;  hence,  the  angles  of  these  triangles  may  be 
found,  and  consequently,  those  of  the  given  triangle. 
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EXAMPLES. 

1.  Given  ci  —  40,  h  ~  34,  and  e  25,  _*to  find 
j5,  and  C. 

OPERATION. 

I 

Applying  logaritlims  to  Formula  ( 15 ),  we  have, 
log  (s  —  s’)  —  log  (5  +  c)  +  log  (h  —  c)  +  (a.  c.)  log  (s  +  s')  — 10 ; 

t 

log  {b  -\-c)  .  (59)  •  .  1. '770852 

log  (5  —  c)  .  (9)  •  .  0.954243 

(a.  c.)  log  (s  +  s')  .  (40)  .  .  8.397940 

log  (s  -  s')  .  .  .  .  1.123035  .  *.  s  s'  =  13.275. 

5  4-  s')  +  |(s  -  s')  =  26.6375 

« 

=  Us  +  s')  —  ^-(s  —  s')  :=  13,3625 
From  Formula  (11),  we  find, 

log  cos  (7  =  log  s  4-  (a.  c.)  log  b  .-.  (7  =  38°  25'  20",  and 

log  cos  ^  =  log  s'  4-  (a.'c.)  log  c  JB  =  57°  41'  25" 

«  _ 

96°  06'  45" 

A  =  180°  —  96°  06'  45"  =r  83°  53'  15". 


2.  Given  a  —  6,  b  —  5,  and  c  4,  to  find  A^ 
7?,  and  C. 

Ans.  A  =  82°  49'  09",  JB  z=z  55°  46'  16",  C  —  41°  24'  35". 

V 

3.  Given  a  —  71.2  yds.,  b  =  64.8  yds,,  and  c  =  37.4 

yds.,  to  find  A,  JB^  and  C. 

4ns.  A  =  83°  44'  32",  £  ~  64°  46'  56",  0  =  31°  28'  30". 


48 


PLANE  TRIGONOMETRY. 


PKOBLEMS. 

1.  Knowing  the  distance 
equal  to  600  yards,  and  the  angles 
BAG  =  51°  35',  ABC  =  64°  51', 
find  the  two  distances  A  G  and 
BG. 


Ans.  AG  —  643.49  yds.,  BG  =  600.11  yds. 


2.  At  what  horizontal  distance  from  a  column,  200  feet 

high,  will  it  subtend  an  angle  of  31°  IV'  12"? 

Ans,  329.114  ft. 


3.  Required  the  height 
of  a  hill  I)  above  a  hor¬ 
izontal  plane  AB^  the  dis¬ 
tance  between  A  and  B 
being  equal  to  975  yards, 
and  the  angles  of  elevation  at  A  and  B  being  respect¬ 
ively  15°  36'  and  27°  29'.  Ans.  BG  —  587.61  yds. 


4.  The  .distances  A  G  and  B  G 
are  found  by  measurement  to  be,  res¬ 
pectively,  588  feet  and  672  feet,  and 
their  included  angle  55°  40'.  Requir¬ 
ed  the  distance  AB. 

Ans.  592.967  ft. 

5.  Being  on  a  horizontal  plane,  and  wanting  to  ascertain 
the  height  of  a  tower,  standing  on  the  top  of  an  inaccessible 
hill,  there  Avere  measured,  the  angle  of  elevation  of  the  top 
of  the  hill  40°,  and  of  the  top  of  the  tower  51°  ;  then 
measuring  in  a  direct  line  180  feet  farther  from  the  hill,  the 
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angle  of  elevation  of  the  top  of  the  tower  was  33°  45'  ; 
required  the  height  of  the  tower.  Ans.  83.998  ft. 


6.  Wanting  to  know  the  horizontal  distance  between  two 
inaccessible  objects  E  and  TFJ  the 
following  measurements  were  made  : 


VIZ  :  < 


AB  = 

536 

yards 

BAW  = 

o 

O 

16' 

WAE  ^ 

57° 

40' 

ABE  = 

to 

o 

22' 

EBW  = 

71° 

07'. 

Required  the  distance  EWi 


Ans.  939.634  yds. 


7.  Wanting  to  know  the* 
horizontal  distance  between 
two  inaccessible  objects  A 
and  and  not  finding  any 
station  from  which  both  of 
them  could  be  seen,  two 
points  G  and  were  chosen 
at  a  distance  from  each  other 

equal  to  200  yards  ;  from  the  former  of  these  points,  A 
could  be  seen,  and  from  the  latter,  E  ;  and  at  each  of  the 
points  G  and  E,  a  staff  was  set  up.  From  (7,  a  dis¬ 
tance  GF  was  measured,  not  in  the  direction  7>(7,  equal 
to  200  yards,  and  from  Z>,  a  distance  EE.,  equal  to  200 
yards,  and  the  following  angles  taken  : 

^  83°  00',  BEE  =  54°  30',  AGE  =  53°  30', 

beg  =  156°  25',  AGE  =  54°  31', 


Required  the  distance  AB. 


BEE  =  88°  30'. 
Ans.  345  467  yds. 
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8.  The  distances  AB^  AO,  and 
BO,  between  the  points  A,  B,  and 
O,  are  known  ;  viz.  :  AB  —  800  yds., 
AO  ~  600  yds.,  and  BO  —  400  yds. 
From  a  fourth  point  JP,  the  angles 
APO  and  BPO  are  measured  ; 

viz,  :  APO  =  33°  45', 

and  22°  30'. 


Required  the  distances 


AP, 


BP, 


Ans. 


A 


and 

c 


OP, 

AP  —  710.193  yds. 

BP  =  934.291  yds. 

OP  —  1042.522  yds. 


This  problem  is  used  in  locatmg  the  position  of  buoys  in 
maritime  surveying,  as  follows.  Three  points  A,  B,  and 
O,  on  shore  are  known  in  position.  The  surveyor  stationed 
at  a  buoy  P,  measures  the  angles  APO  and  BPO.  The 
distances  AP,  BP,  and  OP,  are  then  found  as  follows  : 

Suppose  the  circumference  of  a  circle  to  be  described 
tlirough  the  points  A,  B,  and  P.  Draw  OP,  cutting 
the  circumference  in  D,  and  draw  the  lines  BB  and  BA. 

The  angles  OPB  and  BAB,  being  inscribed  in  the 
same  segment,  are  equal  (B.  III.,  P.  XVIIL,  C.  1)  ;  for  a 
like  reason,  the  angles  OP  A  and  BBA  are  equal  :  hence, 
in  the  triangle  ABB,  we  know  two  angles  and  one  side  ; 
we  may,  therefore,  find  the  side  BB.  In  the  triangle  AOB, 
we  know  the  three  sides,  and  we  may  compute  the  angle  B. 
Subtracting  from  this  the  angle  BBA,  we  have  the  angle 
BBO.  Now,  in  the  triangle  BBO,  we  have  two  sides 
and  their  included  angle,  and  we  can  find  the  angle  BOB. 
Finally,  m  the  triangle  OPB,  we  have  two  angles  and  one 
side,  from  which  data  we  can  find  OP  and  BP.  In  like 
manner,  we  can  find  AP. 
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ANALYTICAL  TKIGONOMETRY. 


47.  Analytical  Tkigonometjry  is  that  branch  of  Mathe* 
matics  which  treats  of  the  general  properties  and  relations 
of  trigonometrical  functions. 


DEFINITIONS  AND  GENERAL  PRINCIPLES. 


48.  Let  ABGJ)  represent  a  cir¬ 
cle  whose  radius  is  1,  and  suppose  . 
its  circumference  to  be  divided  into 

four  equal  'parts,  by  the  diameters  (^{ - - 

AG  and  BJD^  drawn  perpendicular  to 
each  other.  The  horizontal  diameter 
AG^  is  called  the  initial  diameter  y  D 

the  vertical  diameter  is  called 

the  secondary  diameter  y  the  point  A^  from  which  arcs  are 
usually  reckoned,  is  called  the  origin  of  arcs^  and  the  point 
B,  90°  distant,  is  called ,  the  secondary  origin.  Arcs  esti¬ 
mated  from  A^  around  towards  B^  that  is,  in  a  direction 
contrary  to  that  of  the  motion  of  the  hands  of  a  watch,  are 
considered  positive  y  consequently,  those  reckoned  in  a  con¬ 
trary.  direction  must  be  regarded  as  negative. 

The  arc  AB,  is  called  Axq  first  quadrant;  the  arc  ^(7, 
the  second  quadrant]  j  the  arc  (7-Z),  the  third  quadrant  ^ 
and  the  arc  (7^,  the  fourth  quadrant.  The  point  at  which 
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an  arcs  terminates,  is  called  its  extremity^  and  an  arc  is  said 
to  be  in  that  quadrant  in  which  its  extremity  is  situated. 
Thus,  the  arc  AM  '  is  in  the  first 
quadrant^  the  arc  AM'  in  the  sec¬ 
ond,  the  arc  AM"  in  the  third, 
and  the  arc  AM'"  in  the  fourth. 

49.  The  complement  of  an  arc 
has  been  defined  to  be  the  differ¬ 
ence  between  that  arc  and  90°  (Art. 

23)  ;  geometrically  considered,  the 
complement  of  an  arc  is  the  arc  included  between  the  extremity 
of  the  arc  and  the  seco7idary  origm.  Thus,  MB  is  the 
complement  of  A3f  ;  31' B,  the  complement  of  A3L' ; 

3I"B,  the  complement  of  AM",  and  so  on.  When  the 
arc  is  greater  than  a  quadrant,  the  complement  is  negative, 
according  to  the  conventional  principle  agreed  upon  (Art.  48). 

Tile  supplement  of  an  arc  has  .  been  defined  to  be  the 
difference  between  that  arc  and  180°  (Art.  24)  ;  geometrically 
considered,  it  is  the  arc  included  between  the  extreinity  of 
the  ai'c  and  the  left  hand  extremity  of  the  initial  diameter. 
Thus,  31 G  is  the  supplement  of  AM,  and  M"  G  the  sup¬ 
plement  of  A3I".  The  supplement  is  negative,  when  the 
arc  is  greater  than  two  quadrants. 

50.  The  shie  of  an  arc  is 
the  distance  from  the  initial 
diameter  to  the  extremity  of  the 
arc.  Thus,  PM  is  the  sine 
of  AM,  and  P"M”  is  the 
Sine  of  the  arc  A3I".  The 
term  distance,  is  used  in  the 
sense  of  shortest  or  perpendicu- 
lcL3'  distatice. 
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51.  The  cosine  of  an  arc  is  the  distance  from  the  sec- 
ondary  diameter  to  the  extremity  of  the  arc  :  thus,  NM 
is  the  cosine  of  AM^  and  NM'  is  the  cosine  of  AM'. 

The  cosine  may  be  measured  on  the  initial  diameter  : 
thus,  OP  is  equal  to  the  cosine  of  AM.,  and  OP'  to  the 
cosine  of  AM' . 

52.  The  versed-sine  of  an  arc  is  the  distance  from  the 
sine  to  the  origin  of  arcs  :  thus,  PA  is  the  versed-sine  of 
AM.,  and  P'A  is  the  versed-sine  of  AAf. 

53.  The  co-versed-sine  of  an  arc  is  the  distance  from 
the  cosine  to  the  secondary  origin  :  thus,  NB  is  the  co- 
versed-sine  of  AAf  and  N"B  is  the  co-verse'd-sine  of  AM". 

54.  2' he  tangent  of  a7i  arc  is  that  part  of  a  perpen¬ 
dicular  to  the  initial  diameter.,  at  the  origin  of  arcs.,  in- 

/ 

eluded  between  the  origin  aiid  the  pu'olongation:  of  the  diam¬ 
eter  Ih^'ough  the  extremity  of  the  arc  :  thus,  AT  is  the 

tangent  of  AM,  or  of  AM",  and  AT"  is  the  tangent 
of  AM',  or  of  AM'". 

55.  The  cotangent  of  an  arc  is  that  part  of  a  perpei^ 

dicular  to  the  seco7idary  diameter,  at  the  secondanj  origin^ 
mclitded  between  the  secondai'y  origin  and  the  prolongation 
of  the  diameter  through  the  extremity  of  the  arc  :  thus, 
BT'  is  the  cotangent  of  AM,  or  of  AM",  and  BT” 
is  the  cotangent  of  AM',  or  of  AM'". 

56.  The  secant  of  a7i  arc  is  the  distance  from  the  cetv- 

tre  of  the  arc  to  the  extremit7j  of  the  tangent :  thus,  OT 
is  the  secant  of  AM,  or  of  AM",  and  OT'"  is  the  se¬ 
cant  of  AM',  or  of  A3I’". 

57.  The  cosecant  of  an  arc  is  the  distemee  from  the 
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centre  of  the  arc  to  the  extremity  of  the  cotangent  :  thus, 
OT'  is  the  cosecant  of  AM,  or  of  AM",  and  OT"  is 

the  cosecant  of  AM',  or  of  AM"'. 

The  term  co,  in  combination,  is  equivalent  to  complement 
of ;  thus,  the  cosine  of  an  arc  is  the  same  as  the  sme  of 
the  complement  of  that  arc,  the  cotangent  is  the  same  as 
the  tangent  of  the  complement,  and  so  on. 

The  eight  trigonometrical  functions  above  defined  are  also 
called  circular  functions. 

KULES  FOR  DETERMINING  THE  ALGEBRAIC  SIGNS  OF  CIRCULAR 

FUNCTIONS.  '' 

58,  All  distances  estimated  upwards  are  regarded  as  pos- 
itive  ;  consequently,  all  distances  estimated  downwards .  must 
he  considered  negative. 

Thus,  AT,  FM,  NB,  P'M', 
are  positive,  and  AT"',  P'"3f'", 

P''3£'',  &c.,  are  negative. 

All  distances  estimated  towards 
the  right  are  regarded  as  positive  y 
consequently,  all  distances  estimat¬ 
ed  towards  the  left  must  he  con¬ 
sidered  negative. 

Thus,  NAI,  BT',  PA,  &c., 
are  positive,  and  N'31',  BT",  &g.,  are  negative. 

All  distances  estimated  from  the  centre  in  a  direction  to- 
towards  *  the  extremity  of  the  arc  are  regarded  as  positive  ; 
consequently,  all  distances  estimated  in  a  direction  from  the 
second  extremity  of  the  arc  must  he  considered  negative. 

Thus,  OT,  regarded  as  the  secant  of  AM,  is  estimated 
in  a  direction  towards  M,  and  is  positive ;  but  OT,  re- 
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garded  as  the  secant  of  is  estimated  in  a  direction 

from  and  is  neo^ative. 

.  ^ 

These  conventional  rules,  enable  us  at  once  to  give  the 

proper  sign  to  any  function  of  an  arc  in  any  quadrant. 


59.  In  accordance  with  the  above  rules,  and  the '  defini¬ 
tions  of  the  circular  functions,  we  have  the  following  princi¬ 
ples  : 

The  sine  is  positive  in  the  first  and  second  quadrants^ 
and  negative  in  the  third  and  fourth. 

The  'cosine  is  positive  in  the  first  and  fourth  quadrants.^ 
and  negative  in  the  second  and  third. 

The  versed-sine  and  the  co-versed-sine  are  always  positive. 

The  tangent  and  cotangeyit  are  positive  in  the  first  and 
third  quadrants.^  and  negative  in  the  second  and  fourth. 

The  secant  is  positive  in  the  first  and  fourth  quadrants^ 
and  negative  in  the  second  and  third. 

The  cosecant  is  positive  in  the  first  and  second  quadrants^ 
and  negative  in  the  third  and  fourth. 


LIMITING  VALUES  OF  THE  CIRCULAK  FUNCTIONS. 

f 

60.  The  limiting  values  of  the  circular  functions  are  those 
values  which  they  have  at  the  beginning  and  end  of  the 
different  quadrants.  Their  numerical  values  are  discovered 
by  following  them  as  the  arc  increases  from  0°  around  to 
360°,  and  so  on  around  through  450°,  540°,  &c.  The  signs 
of  these  values  are  determined  by  the  principle,  that  the  sign 
of  a  varying  magnitude  up  to  the  limit.,  is  the  sign  at  the 
limit.  For  illustration,  let  us  examine  the  limiting  values  of 
the  sine  and  tangent. 
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If  we  suppose  the  arc  to  be  0,  the  sine  will  be  0  ;  as 
the  arc  increases,  the  sine  increases  until  the  arc  becomes 
equal  to  90°,  when  the  sine  becomes'  equal  to  +1,  which  is 
its  greatest  possible  value  ;  as  the  arc  increases  from  90°, 
the  sine  goes  on  diminishing  until  the  arc  becomes  equal  to 
180°,  when  the  sine  becomes  equal  to  4-  0  ;  as  the  arc 
increases  from  180°,  the  sine  becomes  negative,  and  goes  on 
increasing  numerically,  but  decreasing  algebraically^  until  the 
arc  becomes  equal  to  270°,  when  the  sine  becomes  equal  to 
—  1,  which  is  its  least  algebraical  value  ;  as  the  arc  increases 
from  270°,  the  sine  goes  on  decreasing  numerically,  but 
creasing  algebraically^  until  the  arc  becomes  360°,  when  the 
sine  becomes  equal  to  —  0.  It  is  —  0,  for  this  value  of 
the  arc,  in  accordance  with  the  principle  of  limits. 

The  tanc^ent  is  0  when  the  arc  is  0,  and  increases  till 
the  arc  becomes  90°,  when  the  tangent  is  +  co  ;  in  passing 
through  90°,  the  tangent  changes  from  q-  co  to  —  co  ,  and 
as  the  arc  increases  the  tangent  decreases,  numerically,  but 
increases  algebraically,  till  the  arc  becomes  equal  to  180°, 
when  the  tangent  becomes  equal  to  —0;  from  180°  to 
270°,  the  tangent  is  again  positive,  and  at  270°  it  becomes 
equal  to  +  co  ;  from  270°  to  360°,  the  tangent  is  again 
negative,  and  at  360°  it  becomes  equal  to  —  0. 

If  we  still  suppose  the  arc  to  increase  after  reaching  360°, 
the  functions  will  again  go  through  the  same  changes,  that 
is,  the  functions  of  an  arc  are  the  same  as  the  functions 
'  that  are  increased  by  360°,  720°,  &c. 

« 

By  discussing  the  limiting  values  of  all  the  circular  func¬ 
tions  we  arc  enabled  to  form  the  following  table  : 


1 


\ 
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TABLE  I. 


Arc  = 

0. 

Arc  = 

90‘ 

Arc  = 

180° 

Arc  = 

2Y0°. 

Arc  = 

360°. 

sin 

r= 

0 

sin 

•  ~ 

1 

sin 

0 

sin 

=-i 

sin 

==-0 

cos 

1 

cos 

=r: 

0 

cos 

=  — 

1 

cos 

^-0 

cos 

=  1 

v-sin 

= 

0 

v-sin 

= 

1 

v-sin 

2 

v-sin 

=  1 

v-sin 

=  0 

co-v-sin 

1 

co-v-sin 

= 

0 

co-v-sin 

r= 

1 

co-v-sin 

=  2 

c-v-sin 

=  1 

tan 

0 

tan 

CO 

tan 

=  — 

•0 

tan 

=  CO 

tan 

=  -0 

cot 

CO 

cot 

= 

U 

cot 

CO 

cot 

=  0 

cot 

—  —  CO 

sec 

— 

1 

sec 

CO 

sec 

=  — 

-1 

sec 

=  —00 

sec 

=  1 

cosec 

CO 

cosec 

1 

cosec 

rz: 

CO 

cosec 

=-l 

cosec 

— CO 

RELATIONS  BETWEEN  THE  CIRCULAR  FUNCTIONS  OF  ANY  ARC. 

61.  Let  AM  represent  any  arc  de¬ 
noted  by  a.  Draw  the  lines  as  repre¬ 
sented  in  the  figure.  Then  we  shall 
have,  by  definition 

OM  =  0x4  =  1  ;  P3I  =  ON  =  sin  a  ; 

NM  —  OP  =  cos  «  ;  PA  =  ver-sin  a  ; 

NB  =  co-ver-sin  a  ;  AT  =  tan  a  ; 

BT'  —  dot  a\  OT  —  sec  a  ;  and  OT'  —  cosec  a. 

From  the  right-angled  triangle  OP 31^  we  have, 

PM^  +  OP^  =  OJf^  ,  or,  sin^a  -f  cos^a  =  1.  .  (L) 

The  symbols  sin^^ir,  cos^a,  &c.,  denote  the  square  of  the 
sine  of  a,  the  square  of  the  cosine  of  a,  &c. 

From  Formula  ( 1 )  we  have,  by  transposition, 


gin^a  =  1  —  cos^a  .  (  2  )  ;  and  cos^a  =  1  —  sin^a.  .  ,  ( 3.) 
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We  have,  from  the  figure, 

I^A  =  OA  -  OF, 

or,  ver-sin  <2  =  1  —  cos  «.  .  .  ( 4.) 

aud,  =  OF  -  ON, 

or,  co-ver-sin  a  =  1  —  sin  .  .  (5.) 

From  the  similar  triangles  OAT  and  0PM,  we  have, 

OF  :  PM  :  :  OA  :  AT,  or,  cos  a  :  sin  <2  :  :  1  ;  tan  a\ 

,  sin  (2  ,  . 

whence,  tan  a  —  . . (6.) 

cos  a  ' 

From  the  similar  triangles  ONM  and  OFT',  we  have, 

{ 

ON  :  NM  :  :  OF  :  FT',  or,  sin  a  :  cos  a  :  :  1  :  cot  a; 

-  cos  a 

whence,  cot  a  =  - 

sm  a 

Multiplying  ( 6 )  and  ( 7 ),  member  by  member,  we  have, 

tan  a  cot  a  =  1  ;  . (8.) 

whence,  by  division, 

tan  a  =  — —  :  •  (  9.)  and  cot  a  =  — ^ —  •  •  ( 10.) 

cot  a '  ^  ^  tan  a  '  ' 

From  the  similar  triangles  0PM  and  OAT,  we  have, 

OP  :  OM  :  :  OA  :  OT,  or,  cos  a  :  1  :  :  1  :  sec  a ; 

1 


whence. 


sec  a 


cos  a 


(11.) 
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*From  the  similar  triangles  ONM  and  OBT\  we  have, 
ON  :  OM  :  :  OJB  :  OT\  ‘or,  sin  a  \  1  :  :  1  :  co-sec  a ; 

whence,  co-sec  a  —  — . (12.) 

sin  a  ^ 

From  the  right-angled  triangle  OAT]  we  have, 

OT^  =  OA^  AT^  \  or,  sec^a  =  1  -f  tan^a.  .  (13.) 

From  the  right-angled  triangle  •  OB  T\  we  have, 

OT'^  _  Qjf  _j_  J^T'^  \  'or,  co-sec^a  =  1  cot^a.  .  (14.) 

It  is  to  be  observed  that  Formulas  (5),  (Y),  (12),  and 
(14),  may  be  deduced  from  Formulas  (4),  (6),  (11),  and 
( 13  ),  by  substituting  90°  —  a,  for  a,  and  then  making  the 
jiroper  reductions. 

Collecting  the  preceding  Formulas,  we  have  the  following 
table  : 


TABLE  II. 


(1.) 

8in®a  -f  cos“a 

1. 

(9.) 

tan  a 

1 

/ 

(2.) 

sin^a 

=: 

1  —  cos*a. 

cot  a 

(8.) 

cos^a 

1  —  sin’a. 

(10.) 

cot  a 

1 

tan  a  ‘ 

(4.) 

ver-sin  a 

1  —  cos  a. 

1 

(11.) 

sec  a 

(5.) 

co-ver-sin  a 

= 

1  —  sin  a. 

cos  a 

(6.) 

tan  a 

sin  a 

(12.) 

cosec  a 

 1 

...  ^ 

cos  a 

sin  a 

('7.) 

cot  a 

_ _ 

cos  a 

(13.) 

sec“a 

=  1  -f  tan*«. 

sin  a 

(8.) 

tan  a  cot  a 

1. 

(14.) 

cosec*a 

=  1  +  cot®a. 

I 
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FUNCTIONS  OF  NEGATIVE  ARCS. 


62.  Let  AM''\  estimated  from  A  towards  7>,  be 
numerically  equal  to  AM ;  then, 
if  we  denote  the  arc  AM  by  g, 
the  arc  AM'"  will  be  denoted 
by  —a  (Art.  48). 

All  the  functions  of  AM'"^ 
will  be  the  same  as  those  of 
ABAI"’ ;  that  is,  the  functions  of 
—  a  are  the  same  as  the  func¬ 
tions  of  360°  —  a. 

From  an  inspection  of  the  fig¬ 
ure,  we  shall  discover  the  following  relations,  viz.  : 

sin  {—a)  =  —  sin  a  ;  cos  {—a)  =  cos  a  ; 

tan  {—a)  =  —  tan  a  ;  cot  {—  ci)  =  —  cot  a  ; 

sec  (  —  a)  =  sec  a  ;  cosec  (—  a)  =  —  cosec  a. 


FUNCTIONS  OF  ARCS  FORMED  BY  ADDING  AN  ARC  TO,  OR  SUB¬ 
TRACTING  IT  FROM  ANY  NUMBER  OF  QUADRANTS. 

63.  Let  a  denote  any  arc  less  than  90°.  From  what 
lias  preceded,  we  know  that, 

sin  (90°  —  a)  =z  cos  a  ;  cos  (90°  —  a)  =  sin  a. 

tan  (90°  ~  a)  ■=  cot  a  ;  cot  (90°  —  a)  =  tan  a. 

sec  (90°  —  a)  ~  cosec  a  ;  cosec  (90°  —  a)  r=  sec  a. 

Now,  suppose  that  B3I'  =  a. 

We  see  from  the  figure  that. 


then  will  AM'  =  90°  -f-  a, 
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JVM'  = 

sin  a. 

P'M'  = 

cos  a. 

BT"  =  tan  a. 

•  AT'"  = 

cot  a, 

'  OT"  =. 

sec  «, 

OT'"  —  cosec 

without  reference  to  their  signs. 

» 

By  a  simple  inspection  of  the  figure,  observing  the  rule 
for  signs,  we  deduce  the  following  relations  : 

sin  (90°  -f-  =  cos  a,  cos  (90°  +  a)  =  —  sin  a, 

tan  (90°  +  a)  =  —  cotan  a,  cot  (90°  +  a)  =  —  tan  a, 

sec  (90°  +  a)  =  —  cosec  a,  cosec  (90°  +  a)  =  sec  a. 

Again,  suppose 

Jlf'C  =z  AM  =  a  ;  then  will  A3£'  =  180°  — •  a. 


We  see  from  the  figure  that, 

P'M'  =  sin  «,  OP'  =  cos  a,  AT'"  =  tan  a, 

BT"  =  cot  OT"  =  sec  a,  OT'"  =  cosec 

without  reference  to  their  signs  :  hence,  we  have,  as  before, 
the  following  relations  : 


sin  (180°  —  d)  —  sin  a,  cos  (180°  —  a)  —  —  cos  a, 

Ian  (180°  —  a)  =  —  tan  a,  cot  (180°  —  a)  =  —  cot  «, 


sec  (180°  —  a)  =  —  sec  a,  cosec  (180  —  =  cosec  a. 


By  a  similar  process,  we  may  discuss  the  remaining  arcs 
in  question.  Collecting  the  results,  we  have  the  following 
table  : 


21 
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TABLE  III. 


Arc  = 

90°  + 

Arc  = 

270^  -  a. 
y 

siu 

cos  a, 

cos 

=  — 

sin  a, 

sin 

— 

—  cos  a, 

cos  =  — 

sin  a, 

tan 

—  cot  a, 

cot 

=  — 

tiQlXi  CCy 

tan 

cot  a, 

cot  == 

tan  a, 

sec 

—  cosec  a, 

cosec 

sec  a. 

sec 

—  cosec  a, 

cosec  =  — 

sec  a. 

Arc  = 

180° 

—  a. 

Arc  = 

270“  f  a. 

sin 

sin  a, 

cos 

=  — 

cos  a, 

sin 

—  cos  a, 

cos  = 

sin  a, 

tan 

—  tan  a, 

cot 

=  — 

cot  a, 

tan 

—  cot  a, 

cot  =  — 

tan  a, 

sec 

= 

—  sec  a, 

cosec 

= 

cosec  a. 

sec 

= 

cosec  a, 

cosec  =  — 

sec  a. 

Arc  = 

o 

O 

00 

+  a. 

Arc  = 

360°  -  a. 

sin 

—  sin  a, 

cos 

=  — 

cos  a, 

sin 

—  sin  a, 

cos  = 

cos  a, 

tan 

= 

tan  a, 

cot 

= 

cot  a, 

tan 

= 

—  tan  a, 

cot  =  — 

cot  a, 

sec 

Z3: 

—  sec  a, 

cosec 

- 

cosec  a. 

sec 

sec  a, 

cosec  =  — 

cosec  a. 

It  will  be  observed  that,  when  the  arc  is  added  to,  or 
subtracted  from,  an  emn  number  of  quadrants,  the  name  of 
the  function  is  the  same  in  both  columns  ;  and  when  the 
arc  is  added  to,  or  subtracted  from,  an  odd  number  of  quad¬ 
rants,  the  names  of  the  functions  in  the  two  columns  are 
contrary :  in  all  cases,  the  algebraic  sign  is  determined  by 
the  rules  already  given  (Art.  58). 

By  means  of  this  table,  we  may  find  the  functions  of 
any  arc  in  terms  of  the  functions  of  an  arc  less  than  90® 
Thus, 


sin  115°  =  sin  (  90°  +  25°)  = 

COS  25°, 

sin  284°  =  sin  (270°  +  14°)  •=  ■ 

—  cos  14°, 

sin  400°  =  sin  (360°  +  40°)  = 

sin  40°, 

tan  210°  =  tan  (180°  +  30°)  = 

tan  30°. 
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PARTICULAE  VALUES  OF  CERTAIN  FUNCTIONS. 

64.  Let  MAM'  be  any  arc,  denoted 
by  2a,  M’M  its  chord,  and  OA  a 
radius  drawn  perpendicular  to  M’M\  then 
will  PM  —  PM'^  and  A3I  =  AM' 

(B.  ni.,  P.  VL).  But  PM  is  the  sine 
of  AM,  or,  PM  =  sin  a  :  hence, 

sin  a  =  \M'M ; 

that  is,  the  sine  of  an  arc  is  equal  to  one  half  the  chord 
of  twice  the  arc. 

Let  M'AM  -  60°  ;  then  will  AM  ==  30°,  and  M'M 
wiU  equal  the  radius,  or  1  :  hence,  we  have, 

sin  30°  =  i ; 


M 


that  is,  the  sine  of  30°  is  equal  to  half  the  radius. 
Also, 

cos  30°  =  'fl  —  sin^  30°  = 

hence. 


tan  30° 


sin  30° 
cos  30° 


Again,  let  AI'AM  =.  90°  ;  then  will  AM  —  45°,  and 
M'M  =  (B.  V.,  P.  III.)  ;  hence,  we  have. 


Also, 

hence, 


sin  45°  =  j 

cos  45°  =  -y/l  —  sin^  45°  =  \ 


tan  45° 


sin  45° 
cos  45° 


Many  other  numerical  values  might  be  deduced. 


64 


ANALYTICAL 


FORMULAS  EXPRESSING  RELATIONS  BETWEEN  THE  CIRCULAR 
FUNCTIONS  OF  DIFFERENT  ARCS. 


65.  Let  AB  and  BM  represent 
common  radius  1  ;  denote  the  first  by 
A  and  the  second  by  a.  From  M 
draw  J/P,  perpendicular  to  CA,  and 
JfJV  perpendicular  to  CB  ;  from  N 
draw  KB'  perpendicular  to  CA-t  and 
NL  parallel  to  AG. 

Then,  by  definition,  we  shall  have, 


two  arcs,  having  the 


PM  =  sin  {a  +  ^>),  MM  =  sin  a,  and  CM  =  cos  a. 
From  the  figure,  we  have, 

P3I  =  PL  +  LM. . (1.) 

From  the  right-angled  triangle  GP'M  (Art.  37),  we  have, 

P'M  =  CM  sin  h  ; 

or,  since  P'M  —  PL^  PL  =  cos  a  sin  h. 

Sin«e  the  triangle  MLN  is  similar  to  GP'N.,  the  angle 
LMN  is  equal  to  the^  angle  P'QN ;  hence,  frcuii  the 
right-angled  triangle  MLN^  we  have, 

L3I  =  MM  cos  h  =  sin  a  cos  h  ; 

Substituting  the  values  of  PM^  PL.,  and  LM^  in  Equa¬ 
tion  (  1 ),  we  have, 

sin  {a  -\-h)  =  sin  a  cos  h  -f  cos  cs  sin  5  ;  •  ( ^.) 

that  is,  the  sine  of  the  sum  of  two  arcs.,  is  equal  to  the 
sine  of  the  first  into  the  cosine  of  the  second,  plus  the  co¬ 
sine  of  the  first  into  the  sine  of  the  second. 


I 


t 
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Since  the  above  formula  is  true  for  any  values  of  a  and 
we  may  substitute  —  for  h  ;  whence, 

sin  {a  —  V)  —  sin  a  cos  (  —  &)  +  cos  a  sin  (  —  5)  ; 

9 

but  (Art.  62), 

cos  (  —  5)  =  cos  6,  and,  sin  (  —  ^)  =  —  sin  h  ; 
hence, 

sin  (a  —  5)  =  sin  a  cos  h  —  cos  a  sin  ^  ;  •  ( 0).) 

that  is,  the  sine  of  the  difference  of  two  arcs^  is  equal  to 

the  sine  of  the  first  into  the  cosine  of  the  second^  minus  the 

cosine  of  the  first  into  the  sine  of  the  second. 

If,  in  Formula  ( Q ),  we  substitute  (90°  —  a),  for  «,  we 
have, 

sin  (90°— a— =  sin  (90°  — a)  cos  5— cos  (90°— a)  sin  5  ;  •  (2.) 

but  (Art.  63), 

sin  (90°  —  a  —  h)  =  sin  [90°—  {a  +  &)]  =  cos  {a  +  $), 

and, 

sin  (90°  —  a)  —  cos  a,  cos  (90°  —  «)  =  sin  a  ; 

hence,  by  substitution  in  Equation  ( 2 ),  we  have, 

cos  (a  +  6)  =  cos  a  cos  5  —  sin  a  sin  5  ;  •  ( ©.) 

that  is,  the  cosine  of  the  sum  of  two  arcs^  is  equal  to  the 

rectangle  of  their  cosines^  minus  the  rectangle  of  their  sines. 
/ 

If,  in  Formula  (®),  we  substitute  —5,  for  5,  we  find, 

cos  {a  —  Id)  =  cos  a  cos  (  —  ^)  —  sin  a  sin  (  —  5), 

or, 

cos  (a  —  IS)  =  cos  ct  cos  5  +  sin  a  sin  &  ;  •  •  ( 5^.) 
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that  is,  the  cosine  of  the  difference  of  two  arcs,  is  equal 
to  the  rectangle  of  their  cosines,  plus  the  rectangle  of  their 
sines. 


If  we  divide  Formula  (^)  by  Formula  ((^),  member  by 
member,  we  have. 


sin  {a  h)  _  sin  a  cos  b  4-  cos  a  sin  b 
cos  {a  -\-b)  ~  cos  a  cos  5  —  sin  a  sin  b 


Dividing  both  terms  of  the  second  member  by  cos  a  cos  b, 
recollecting  that  the  sine  divided  by  the  cosine  is  equal  to 
the  tangent,  we  find. 


,  tan  a  tan  b 

tan  (a  +  *)  =  i  _  tan  «  tan  h  ’ 


(ia.) 


that  is,  the  tangent  of  the  sum  of  two  arcs,  is  equal  to  the 
sum  of  their  tangents,  divided  by  1  minus  the  rectangle  of 
their  tangents 


If,  in  Formula  ( SI ),  we  substitute  —  b,  for  b,  recollect¬ 
ing  that  tan  (—5)  =  tan  b,  we  have. 


tan  (a  —  b) 


tan  a  —  tan  b 
1  -f  tan  a  tan  b  ’ 


(5?.) 


that  is,  the  tangent  of  the  difference  of  two  arcs,  is  equal 
to  the  difference  of  their  tangents,  divided  by  1  plus  the 
rectangle  of  their  tangents. 

In  like  manner,  dividing  Formula  (O)  by  Formula 
member  by  member,  and  reducing,  we  have, 

cot  a  cot  5  —  1 

- —  •  e 

cot  a  -f  cot  b 


cot  (a  +  5) 


m 
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and  thence,  by  the  substitution  of  —  for  5, 


cot  (a  —  b) 


cot  a  cot  ^  +  1 

_ _ • 

cot  b  —  cot  a  ’ 


FUNCTIONS  OF  DOUBLE  ARCS  AND  HALF  ARCS. 


66.  If,  in 

Formulas  ( <^  ),  (  ^ )»  (  ^  )> 

and 

(O),  we 

make  a  =^b, 

we  find. 

sin  2a  = 

2  sin  a  cos  a  ;  • 

•  • 

• 

cos  2a  = 

cos^a  —  sin^a  ;  • 

•  • 

•  (S'.) 

tan  2a  = 

2  tan  a ' 

•  r  - 

•  (a'.) 

1  —  tan^a  ’ 

cot  2a  = 

cot^a  —  1 

2  cot  a 

•  (S'.) 

Substituting  in 

(O'),  for 

cos^a,  its  value. 

1  — 

silica  ;  and 

afterwards  for 

sin^a,  its 

value,  1  —  cos^a. 

we 

have. 

cos  2a  = 

1  —  2  sin^a. 

cos  2a  = 

2  cos^a  —  1  ; 

whence,  by  solving  these 

equations. 

sin  a  = 

/  1  —  cos  2a 

V  2  ’ 

•  • 

.  .  (1.) 

cos  a  = 

/  1  +  cos  2a  . 

V  2 

•  • 

•  •  (2.) 

We  also  have,  from  the  same  equations, 
1  —  cos  2a  =  2  sin^a  ;  •  •  • 


1  +  cos  2a 


2  cos^a. 


■  ■  (3.) 
•  •  (4.) 
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Dividing  Equation  ( ^7  Equation  ( 4 ),  and  then 
by  Equation  ( 3  ),  member  by  member,  we  have, 


/ 


sin  2cf 
1  4-  cos  2a 


tan  a ; 


sin  2a  ^ 
1  —  cos  2a 


cot  a. 


(5.) 

(6.) 


Substituting  Ja,  for  a,  in  Equations  (  1  ),  (  2 ),  (  5 ), 
and  (  6  ),  we  have. 


sin  -Ja 

/  1  —  cos  a 

•  •  •  ( 

“V  2  ’ 

cos 

/  1  -f  cos  a 

~  V  2  ’ 

•  •  •  (®".) 

tan  ^a 

sin  a 

•  •  •  (a") 

~  1  +  cos  a  ’ 

cot  \a 

sin  a 

•  •  •  (Q".) 

~  1  —  cos  a 

Taking  the  reciprocals  of  both  members  of  the  last  two 
formulas,  we  have  also. 


^  ,  1  +  cos  a  , 

cot  ia  =  — rnr-r: —  ? 


sm  a 


tan  4a  = 


1  —  cos  a 
sin  a 


ADDITIONAL  FORMULAS. 

67.  If  Formulas  (^)  and  (Q)  be  first  added,  member 
to  member,  and  then  subtracted,  and  the  same  operations  be 
performed  upon  ( )  and  ( ),  we  shall  obtain, 
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sin  (a  b)  +  sin  {a  —  b) 

sin  (a  b)  —  sin  {a  —  b) 

cos  (a  +  6)  +  cos  {a  —  b) 

cos  (a  —  b)  —  cos  {a  +  b) 


=1  2  sin  a  cos  b  ; 

=  2  cos  a  sin  5  ; 

=  2  cos  a  cos  b  ; 

=  2  sin  a  sin  b» 


If  in  these  we  make, 


whence, 


a  b  =  p-t  and 
a  =  i  {p  +  q), 


a  —  b  — 
*  = 


and  then  substitute  in  the  above  formulas,  we  obtain, 


sin  JO  -b  sin  g'  =: 
sin  JO  —  sin  g'  = 
cos  JO  +  cos  q  = 
cos  q  —  cos  JO  = 


2  sin  i  {p  q)  cos 
2  cos  (jo  -b  q)  sin 
2  cos  i  {p  +  q)  cos 
2  sin  i  {p  q)  sin 


■i{p-s)  •  ( Si.) 

i{p-q)  •  ( a.) 
i{p-q)  •  (sa.) 
i{p-q)  ■  (a.) 


%  J 

From  Formulas  ( )  and  ( 12 ),  by  division,  we 


obtain. 


sin  JO  — sing'  __  cos -J(  jo+g)  sin  — g')  tan-J(jo— g') 
sinjo-f  sing'  “  sin  ^(jo  +  g)  cos-J(jo  — g)  ~  tan  •J(jo-|-g) 


That  is,  the  sum  of  the  sines  of  two  arcs  is  to  their  dif¬ 
fer  ence^  as  the  tangent  of  one  half  the  sum  of  the  arcs  is 
to  the  tangent  of  one  half  their  difference. 


\ 
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Also,  in  like  manner,  we  obtain, 


^  Eli(i>+g)  ^  tm  i{p+q)  ■  (2.) 

cps^  +  cosg'  GOS^(p+ q)  G08  i(p—q) 


sin  p  —  sin  q 
cos/>  +  COS3' 


sin  4(»  — O')  cos-J-(p+$')  ^  1/  X 

=  - W- — ^ - TT^- — ^  =  tanM^— 2') 

cosi(p+2')  cosi(^-2') 


sin  jt?  +  sin  g' 
sin  (p-\-q) 


sin  i{p-{-q)  GO^i[p—q) 
sin  ^{p-\-q)  GO^i{p-\-q) 


GO^  i{p—q) 
GO^  ^{p-\-q) 


sin  p  —  sin  q 
sin  {q)-{-q) 


sin  i(p—q)  Gos  i(p+q) 
sin  i(p+q)  Gos  i(p-hq) 


sin  i(p-q) 
sin  i(p-hq) 


sin  (p-q) 
sinj9  —  sin  q 


sin  i(p—q)  Gos  ■i(p—q) 
sin  i(p—q)  Gosi(p-i-q) 


cos  y(p~^) 
GOS  i(p-i-q) 


all  of  which  give  proportions  analogous  to  that  deduced  from 
Formula  ( 1  ). 

Since  the  second  members  of  ( 6 )  and  ( 4 )  are  the  same, 
we  have, 

sin  ^  —  sin  g'  _  sin  (p  +  q) 
sin  (p  —  q)  ~  sin  ji?  +  sin  q  ’ 


That  is,  the  sine  of  the  difference  of  two  arcs  is  to  the 
difference  of  the  sines  as  the  sum  of  the  sines  to  the  sine 
of  the  sum. 


All  of  the  preceding  formulas  may  be  made  homogeneous 
in  terms  of  R  being  any  radius,  as  explained  in  Art. 

30  ;  or,  we  may  simply  introduce  J?,  as  a  factor,  into  each 
term  as  many  times  as  may  be  necessary  to  render  all  of 
its  terms  of  the  same  degree. 
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METHOD  OF  COMPUTING  A  TABLE  OF  NATUEAL  SINES. 

68.  Since  the  length  of  the  semi-circnmference  of  a  circle 
whose  radius  is  1,  is  equal  to  the  number  3.14159265  .  .  .  , 
if  we  divide  this  number  by  10800,  the  number  of  minutes 
in  180°,  the  quotient,  .0002908882  .  .  .  ,  will  be  the  length 
of  the  arc  of  one  minute  /  and  since  this  arc  is  so  small 
that  it  does  not  differ  materially  from  its  sine  or  tangent, 
tliis  may  be  placed  in  the  table  as  the  sine  of  one  mmute. 

Formula  ( 3 )  of  Table  II.,  gives, 

cos  1'  -y/l  —  sinn'  =  .9999999577  •  •  (1.) 

Having  thus  determined,  to  a  near  degree  of  approxima¬ 
tion,  the  sine  and  cosine  of  one  minute,  we  take  the  first 
formula  of  Art.  67,  and  put  it  under  the  form, 

% 

sin  {a  h)  =  2  sin  a  cos  5  —  sin  (a  —  5), 
and  make  in  this,  5  =  1',  and  then  in  succession, 

a  =  1',  a  =  a  —  3',  a  =  4',  &c., 

\ 

and  obtain, 


sin 

2'  == 

2 

sin 

1'  cos  1' 

—  sin 

0  = 

.0005817764  .  .  . 

sin 

3'  = 

2 

sin 

2'  cos  1' 

—  sin 

1'  = 

.0008726646  .  .  . 

sin 

4'  ir: 

2 

sin 

3'  cos  1' 

—  sin 

2'  = 

.0011635526  .  . . 

sin 

5'  = 

&c.. 

thus  obtaining  the  sine  of  every  number  of  degrees  and 
minutes  from  1'  to  45°. 
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The  cosines  of  the  corresponding  arcs  may  be  computed 
by  means  of  Equation  (  1 ). 

Having  found  the  sines  and  cosines  of  v  arcs  less  than  45°, 
those  of  the  arcs  between  45°  and  90°,  may  be  deduced, 
by  considering  that  the  sine  of  an  arc  is  equal  to  the  cosine 
of  its  complement,  and  the  cosine  equal  to  the  sine  of  the 
complement.  Thus, 

sin  50°  =  sin  (90°  —  40°)  =  cos  40°,  cos  50°  =  sin  40°, 

in  which  the  second  members  are  known  from  the  previous 
computations. 

To  find  the  tangent  of  any  arc,  divide  its  sine  by  its 
cosine.  To  find  the  cotangent,  take  the  reciprocal  of  the 
corresponding  tangent. 

As  the  accuracy  of  the  calculation  of  the  sine  of  any  arc, 
i>y  the  above  method,  depends  upon  the  accuracy  of  each 
previous  calculation,  it  would  be  well  to  verify  the  work,  by 
cu,lculating  the  sines  of  the  degrees  separately  (after  having 
found  the  sines  of  one  and  two  degrees),  by  the  last  pro¬ 
portion  of  Art.  67.  Thus, 


sin  1° 

:  sin  2°  — 

sin  1° 

:  :  sin  2°  -f  sin  1°  : 

sin  3°  ; 

sin  2° 

:  sin  3°  — 

sin  1° 

:  :  sin  3°  -f  sin  1°  : 

sin  4°  ;  &c. 

SPHERICAL  TRIGONOMETRT. 


69.  Spheeical  Teigonometey  is  that  branch  of  Mathe¬ 
matics  which  treats  of  the  solution  of  spherical  triangles. 

In  every  spherical  triangle  there  are  six  parts  :  three  sides 
and  three  angles.  In  general,  any  three  of  these  parts  being 
gi./en,  the  remaining  parts  may  be  found. 

GENEEAL  PEINCIPLES. 

70.  For  the  purpose  of  deducing  the  formulas  required 
in  the  solution  of  spherical  triangles,  we  shall  suppose  the 
triangles  to  be  situated  on  spheres  whose  radii  are  equal 
to  1.  The  formulas  thus  deduced  may  be  rendered  applica¬ 
ble  to  triangles  lying  on  any  sphere,  by  making  them  homo¬ 
geneous  in  terms  of  the  radius  of  that  sphere,  as  explained 
in  Art.  30.  The  only  cases  considered  wdll  be  those  in 
which  each  of  the  sides  and  angles  is  less  than  180°. 

Any  angle  of  a  spherical  triangle  is  the  same  as  the  die- 
dral  angle  included  by  the  planes  of  its  sides,  and  its  mea¬ 
sure  is  equal  to  that  of  the  angle  included  between  two 
right  lines,  one  in  each  plane,  and  both  perpendicular  to 
their  common  mtersection  at  the  same  point  (B.  VI.,  D.  4). 

The  radius  of  the  sphere  being  equal  to  1,  each  side  of 
the  triangle  wiU  measure  the  angle,  at  the  centre,  subtended 
by  it.  Thus,  in  the  triangle  ABG^  the  angle  at  A  is 


( 
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the  same  as  that  included  between  the  planes  AOG  and 
A  OJB ;  and  the  side  a  is  the 
measure  of  the  plane  angle 
0  being  the  centre  of  the 
sphere,  and  OB  the  radius,  equal 
to  1. 

71.  Spherical  triangles,  like 
plane  triangles,  are  divided  into 
two  classes,  right-angled  spherical 
triangles^  and  oblique-angled  spherical  triangles.  Each  class 
wdll  be  considered  in  turn. 

We  shall,  as  before,  denote  the  angles  by  the  capital 
letters  H,  J?,  and  C,  and  the  opposite  sides  by  the  small 
letters  a,  and  c. 

FORMULAS  USED  IN  SOLVING  RIGHT-ANGLED  SPHERICAL 

TRIANGLES. 

72.  Let  GAB  be  a  spherical  triangle,  right-angled  at  A, 

and  let  0  be  the  centre  of  the 
sphere  on  which  it  is  situated. 

Denote  the  angles  of  the  triangle 

by  the  letters  H,  B^  and  (7, 
and  the  opposite  sides  by  the 
letters  g,  5,  and  c,  recollecting 

that  B  and  G  may  change 
places,  provided  that  h  and  c 

change  places  at  the  same  time. 

Draw  OH,  OB^  and  00,  each  of  which  will  be  equal 
to  1.  From  jO,  draw  BP  perpendicular  to  OH,  and 

from  P  draw  PQ  perpendicular  to  00  ;  then  join  the 
points  Q  and  J?,  by  the  line  QB.  The  line  QB  will  be 
perpendicular  to  00  (B.  VI.,  P.  YI.),  and  the  angle  PQB 


B 
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will  be  equal  to  the  inclination  of  the  planes  0  XJB  and 
OCA  ;  that  is,  it  will  he  equal  to  the  angle  C. 

We  have,  from  the  figure, 

PB  ■=.  sin  c,  OP  —  cos  c,  QB  =  sin  a,  OQ  =.  cos  a. 


From  the  right-angled  triangles  OQP  and  QPB,  we 
have, 

OQ  =  OP  cos  AOC\  or,  cos  a  —  cos  c  cos  h  •  ( 1.) 

PB  =  QB  sin  P  QB  ;  or,  sin  c  =  sin  a  sin  G  •  (2.) 


If  we  multiply  both  terms  of  the  fraction 
we  shall  have, 

QP  OQ  QP 


QP 

QB 


,  OQ, 


QB  -  QB  ^  OQ^ 


or,  cos  G  =  tan  (90°  —  a)  tan  b,  '  (  3.) 


QP 

If  we  multiply  both  terms  of  the  fraction  ,  by  PB, 
we  have. 


QP  PB  QP  .  /  /  N 

X  or,  sm  0  =  tan  c  tan(90°— (7).  (4.) 


If,  in  (2),  we  change  c  and  G,  into  b  and  B,  we 

have, 

sin  b  —  sin  6K  sin  B . (5.) 

If,  in  ( 3 ),  we  change  b  and  G,  into  g  and  B,  we 

have, 

cos  B  =  tan  (90°— a)  tan  c  •  •  •  •  (6.) 

If,  in  (4),  we  change  b,  c,  and  G,  into  c,  ‘  b,  and 

we  have. 


sin  c  =  tan  b  tan  (90°—^)  •  •  •  •  ( 7.) 
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Multiplying  (  4  )  by  (  7  ),  member  by  member,  we  have^ 
sm  h  sin  c  =  tan  h  tan  c  tan  (90°— i?)  tan  (90® — (7). 

Dividing  both  members  by  tan  h  tan  c,  we  have, 
cos  h  cos  c  =  tan  (90®  — j5)  tan  (90®— (7)  ; 

and  substituting  for  cos  h  cos  c,  its  value,  cos  «,  taken 
fi’om  ( 1 ),  we  have, 

cos  a  =  tan  (90°  — J7)  tan  (90°— (7)  •  •  (8.) 


Formula  ( 6 )  may  be  written  under  the  form, 


cos  B 


cos  a  sin  c 

I  • 

sin  a  cos  c 


Substituting  for  cos  a,  its  value,  cos  h  cos  c,  taken  from 
( 1  ),  and  reducing,  we  have. 


cos  B 


cos  h  sin  c 
sin  a 


Again,  substituting  for  sin  c,  its  value,  sin  a  sin  (7,  taken 
from  ( 2  ),  and  reducing,  we  have. 


cos  B  —  cos  &  sin  (7  •  •  •  •  (9.) 


Changing  B,  h,  and  (7,  in  ( 9 ),  into  (7,  c,  and  i?,  we 
have, 

cos  C  =  cos  c  sin  ^  •  •  •  •  (10.) 


These  ten  formulas  are  sufficient  for  the  solution  of  any 
right-angled  spherical  triangle  whatever. 
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'  napier’s  oirouiar  parts. 

73.  The  two  sides  about  the  right 
angle^  the  complements  of  their  opposite 
angles^  and  the  complement  of  the 
hypothenuse,  are  called  Napier’s  Circular 
Parts. 

If  these  parts  be  arranged  in  their 
order,  as  shown  in  the  figure,  we  see  that  each  part  is 
adjacent  to  two  of  the  others,  and  that  it  is  separated  from 
each  of  two  remaining  parts  by  an  intervening  part.  If  any 
part  be  taken  as  a‘  middle  par%  those  which  are  adjacent  to 
it  are  called  adjacent  parts,  and  those  which  are  separated 
from  it,  are  called  opposite  parts.  Thus,  90°  —  B,  and 

90°  —  C,  are  adjacent  parts  to  90°  ~  a  ;  and  c  and  h  are 
opposite  parts  ;  and  so  on,  for  each  of  the  other  parts. 

74.  Formulas  ( 1 ),  (  2  ),  ( 5  ),  (  9  ),  and  (  10  ),  of 

Art,  72,  may  be  written  as  follows  : 


sin 

(90°- 

-  a) 

=  cos 

h  cos 

c  •  • 

•  • 

•  • 

(1.) 

sin 

G 

=  cos 

(90°  — 

d)  cos 

(90'’. 

-G)  . 

(2.) 

sin 

h 

=  cos 

(90° - 

a)  cos 

(90° 

-B)  . 

(3.) 

sin 

(90°- 

■B) 

=:  COS 

h  cos 

(90°- 

C)  . 

•  •  • 

/4-) 

sin 

(90°  - 

■G) 

=  COS 

c  cos 

(90°  — 

B)  . 

•  •  • 

(5.) 

Comparing  th 

ese 

formulas 

with 

the  figure, 

we  see 

that, 

The  sine  of  the  middle  part  is  equal  to  the  rectangle  of 

the  cosines  of  the  opposite  parts. 

22 
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Formulas  (  8  ),  (  V  ),  (  4  ),  (  6  ),  and  (  3  ),  of  Art.  72, 
may  be  written  as  follows  : 


sin 

(90° - 

-a)  = 

tan 

(90° - 

T)  (tan  90°— C') 

•  (6-) 

sin 

c 

— 

tan 

b  tan 

(90°- 

i?)  •  .  . 

•  (7.) 

sin 

b 

ac 

tan 

c  tan 

(90° — 

(7)  .  .  . 

•  (8.) 

sin 

(90° - 

-JS)  = 

tan 

(90° - 

a)  tan 

c  •  •  • 

•  (9-) 

sin 

(90°  - 

-0)  = 

tan 

(90°  - 

a)  tan 

6  •  •  • 

•  (10-) 

Comparing  these  formulas  with  the  figure,  we  see  that, 

I 

The  sine  of  the  middle  part  is  equal  to  the  rectangle  of 
the  tangents  of  the  adjacent  parts. 

These  two  rules  are  called  Napier’s  rules  for  Circular 
Parts,  and  they  are  sufficient  to  solve  any  right-angled 
spherical  triangle. 


75.  In  applying  Napier’s  rules  for  circular  parts,  the  part 
sought  will  be  determined  by  its  sine.  Now,  the  same  sine 
corresponds  to  two  different  arcs,  supplements  of  each  other  ; 
it  is,  therefore,  necessary  to  discover  such  relations  between 
the  given  and  required  parts,  as  will  serve  to  point  out 
which  of  the  two  arcs  is  to  be  taken. 

Two  parts  of  a  spherical  triangle  are  said  to  be  of  the 
same  species.^  when  they  are  both  less  than  90°,  or  both 
greater  than  90°  ;  and  of  different  species.,  when  one  is  le^s 
and  the  other  greater  than  90°. 

From  Formulas  (9)  and  (10),  Art.  72,  we  have, 


sin  O  = 


cos  T 


cos  O 


cos 


and  sin 


cos  c  ’ 
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since  the  angles  B  and  C  are  both  less  than  180°,  their 
sines  must  always  be  positive  :  hence,  cos  B  must  have 
the  same  sign  as  '  cos  and  the  cos  G  must  have  the 
same  sign  as  cos  c.  This  can  only  be  the  case  when  B 
is  of  the  same  species  as  b,  and  C  of  the  same  species 
as  c  ;  that  is,  the  sides  about  the  right  angle  ate  always 
of  the  same  species  as  their  opposite  angles. 

From  F ormula  ( 1 ),  we  see  that  when  a  is  less  than 
90°,  or  when  cos  a  is  positive,  the  cosines  of  b  and  e 
will  have  the  same  sign ;  that  is,  b  and  c  will  be  of  the 
same  species.  When  a  is  greater  than  90°,  or  when  cos  a 
is  negative,  the  cosines  of  b  and  c  will  be  contrary ;  that 
is,  b  and  c  will  be  of  different  species :  hence,  when  the 
hypothenuse  is  less  than  90°,  ^e  two  sides  about  the  right 
angle.,  and  consequently  the  two  oblique  angles.,  will  be  of  the 
same  species  ;  lohen  the  hypothenuse  is  greater  than  90°, 
the  two  sides  about  the  right  angle.,  and  consequently  the  two 
oblique  angles.,  will  be  of  different  species. 

These  two  principles  enable  us  to  determine  the  nature 
of  the  part  sought,  in  every  case,  except  when  an  oblique 
angle  and  the  opposite  side  are  given,  to  find  the  remaining 
parts.  In  this  case,  there  may  be  two  solutions.,  one  solu¬ 
tion,  or  no  solution  at  all. 


C  C' 


Let  BAG  be  a  right-an¬ 
gled  triangle,  in  which  B 
and  b  are  given.  Prolong 


the  sides  BA  and  BG  till 

- A' 

they  meet  in  B' .  Take  - 

B' A'  —  BA,  B'G'  —  BG,  and  join  A'  and  G'  by  the 
arc  ot  a  great  circle  :  then,  because  the  triangles  BA  G  and 
B'A'G'  have  two  sides  and  the  included  angle  of  the  one, 
equal  to  two  sides  and  the  included  angle  of  the  other,  each 
to  each,  the  remaining  parts  will  be  equal,  each  to  each  ; 
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that  is,  A'G'  =  A  and  the  angle  A'  equal  to  the 
angle  A  :  hence,  the  two  triangles  BAG^  B'A'G\  are 
right-angled  ;  they  have  also 
one  oblique  angle  and  the  op¬ 
posite  side,  in  each,  equal. 

Now,  if  h  differs  more  from 
90°  than  B^  there  will  evident¬ 
ly  be  two  solutions^  the  sides 
including  the  given  angle,  in  the  one  case,  being  supplements 
of  those  which  include  the  given  angle,  in  the  other  case. 

If  J)  =  B,  the  triangle  will  be  bi-rectangular,  and  there 
will  be  but  a  single  solution. 

If  h  differs  less  from  90°  than  the  triangle  cannot  be  con¬ 
structed,  that  is,  there  will  bq  no  solution. 


SOLUTION  OF  RIGHT-ANGLED  SPHERICAL  TRIANGLES. 

16.  In  a  right-angled  spherical  triangle,  the  right*  angle 
is  always  known.  If  any  two  of  the  other  parts  are  given, 
the  remaining  parts  may  be  found  by  Napier’s  rules  for 
circular  parts.  Six  cases  may  arise.  There  may  be  given, 

I.  The  hypothenuse  and  one  side, 
n.  The  hypothenuse  and  one  oblique  angle, 

HI.  The  two  sides  about  the  right  angle. 

IV.  One  side  and  its  adjacent  angle. 

V.  One  side  and  its  opposite  angle. 

VI.  The  two  oblique  angles. 

In  any  one  of  these  cases,  we  select  that  part  which  is 
either  adjacent  to,  or  separated  from,  each  of  the  other  given 
parts,  and  calling  it  the  middle  part,  we  employ  that  one  of 
Napier’s  rules  which  is  applicable.  Having  determined  a  third 
pai*t,  the  other  two  may  then  be  found  in  a  similar  manner. 


I 
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It  is  to  be  observed,  that  the  formulas  employed  are  to  be 
rendered  homogeneous,  in  terms  of  i?,  as  explained  in  Art.  30. 
The  method  of  proceeding  will  be  readily  understood  from  a 
few  examples. 

EXAMPLES. 

1.  Given  a  —  105°  17'  29",  and 
h  —  38°  47'  11",  to  find  c, 
and  C. 

Since  a  >  90°,  h  and  c  must  be 
of  different  species,  that  is,  c  >  90°  ; 
for  the  same  reason,  G  >  90°. 


C 


OPERATIOIf. 

From  Formula  ( 10 ),  •  Art.*  74,  we  ^  have, 

log  cos  G  —  log  cot  a  -f  log  tan  5  —  10  ; 

log  cot  a  (105°  17'  29")  9.436811 

log  tan  b  (  38°  47'  11")  9.9050^5 

log  cos  (7  •  •  •  '  •  9.341866  .*.  G  =  102° 41'  83".' 

From  Formula  ( 2 ),  Art.  74,  we  have, 

/ 

log  sin  c  =  log  sin  a  +  log  sin  G  —  10  ; 

log  sin  a  (105°  17'  29")  9.984346 

log  sin  G  (102°  41'  33")  9.989256 

log  sin  c .  9.973602  .*.  c  =  109°.46'32". 

From  Formula  ( 4 ),  we  have, 

log  cos  JB  =z  log  sin  G  +  log  cos  5  —  10  ; 

log  sih  G  (102°  41'  33")  9.989256 

log  cos  h  (  38°  47'  11")  9.891808 

log  cos  JB  '  '  '  •  9.881064  .*.  JB  40°  29'  50"^ 


Ahs,  c 


109°  46'  32",  B  =z  40°  29'  50",  G  =i  102°  41'  33". 
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2.  Given  b  =  51°  30',  and  B  —  58°  35',  to  find  a, 
c,  and  C. 

Because  b  <  B,  there  are  two  solutions. 

t 

OPERATION.  , 

From  Formula  ( '7 ),  we  have, 

log  sin  c  =.  log  tan  b  +  log  cot  B  —  10  5 

log  tan  b  (51°  30')  •  10.099395 

log  cot  B  (58°  35')  •  '  9.^785900 

lo®''  sin  c  .  .  .  •  9.885295  .  * .  c  —  50°  09  51  ^ 

and  c  =  129°  50'  09". 

From  Formula  ( 1 ),  we  have, 

log  cos  a  =  log  cos  b  4-  log  cos  c  —  10  ; 

log  cos  b  (51°  30')  •  •  9. '794150 

log  cos  c  (50°  09'  51")  9.806580 

log  cos  (Z  .  .  .  •  9.600730  ci  —  66°  29  64  , 

’  ""  and  a  =  113°  30'  06". 

From  Formula  (10),  we  have, 

log  cos  G  —  J^og  tan  b  +  log  cot  (z  —  10  5 

log  tan  b  (51°  30')  •  10.099395 

log  cot  cz  (66°  29'  54")  9.638336 

log  cos  G  .  .  •  •  9.737731  .  G  =  56°  51'  38", 

and  G  =  123°  08'  22". 

Li  a  similar  manner,  all  other  cases  may  be  solved. 

3.  Given  (Z  —  86°  51',  and  B  18°  03  32  ,  to  find 
6,  c,  and  G, 

Ans.  b  =  18°  01'  50",  c  =  86°  41'  14",  G  =  88°  58'  25". 
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4.  Given  h  =  ISS'’  27'  54",  and  c  =  29“  46'  08",  to 

\ 

find  a,  B,  and  G. 

Ans.  a  =  142“  09'  13",  B  =  137“  24'  21",  C  z=  54“  01'  16". 

5.  Given  c  =  73“  41'  35",  and  B  =  99“  17'  33",  to 

find  a,  b,  and  G. 

Ans.  a  -  92“  42'  17",  b  =  99“  40'  30",  0  =  73“  54'  47". 

6.  Given  b  =  115“  20',  and  B  =  91“  01'  47",  to  find 

I 

CL,  c,  and  G.  ^ 

r  64°  41'  11"',  ri'7Y°49' 27",  ^  J 177°  35' 36". 

^  ~  1 115°  18'  49",  ^  1  2°  10'  33",  1  2°  24'  24". 

7.  Given  M  =  47°  13'  48",  and  G  =  126°  40'  24",  to 

^  find  a,  5,  and  c. 

Ans,  a  =  133°  32'  26',  b  =  32°  08'  56",  c  =  144°  27'  03". 


In  certain  cases,  it  may  be  necessary  to  find  but  a  single 
part.  This  may  be  efifected,  either  by  one  of  the  formulas 
given  in  Art.  74,  or  by  a  slight  transformation  of  one  of 

them. 

Thus,  let  a  and  JB  be  given,  to  find  G.  Regarding 

90°  —  as  a  middle  part,  we  have, 

\ 

cos  a  =  cot  jB  cot  G  ; 


whence, 


cot  G 


cos  a 


and,  by  the  application  of  logarithms, 

log  cot  G  =  log  cos  a  +  (a.  c.)  log  cot  ; 

from  which  G  may  be  found.  In  like  manner,  other  cases 
may  be  treated. 
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QUADRANTAL  SPHERICAL  TRIANGLES. 

77.  A  Quadrantal  Spherical  Triangle  is  one  in  winch 
one  side  is  equal  to  90°.  To  solve  such  a  triangle,  we  pass 
to  its  polar  triangle,  by  subtracting  each  side  and  each 
angle  from  180°  (B.  IX.,  P.  YI.).  The  resulting  polar  tri¬ 

angle  will  be  right-angled,  and  may  be  solved  by  the  rules 
already  given.  The  polar  triangle  of  any  quadrantal  triangle 
being  solved,  the  parts  of  the  given  triangle  may  be  found 
by  subtracting  each  part  of  the  polar  triangle  from^  180°. 


EXAMPLE. 


Let  A'B'G’  be  a  quadrantal 
triangle,  in  which  B'C  =  90°, 
B'  =  75°  42',  and  c'  =  18°  37'. 

Passing  to  the  polar  triangle, 
we  have, 

A  90°,  h  =  104°  18', 


Solving  this  triangle  by  previous  rules,  we  find, 
a  -  76°  25'  11",  c  =  161°  55'  20",  B  =  94°  31'  21"  ; 
hence,  the  requii-ed  parts  of  the  given  quadrantal  triangle  are, 
A'  103°  34'  49",  G'  =  18°  04'  40",  5'  nz  85°  28'  39". 

^  I 

'  \ 

In  a  similar  manner,  other  quadrantal  triangles  may  be 
solved. 
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FORMULAS  USED  IN  SOLVING  OBLIQUE-ANGLED  SPHERICAL  TRI- 

,  ANGLES. 

78.  Let  ABC  represent  an  oblique-angled  spherical  tri- 
angle.  From  either  vertex,  (7, 
draw  the  arc  of  a  great  circle 
GB\  perpendicular  to  the  oppo¬ 
site  side.  The  two  triangles 
AGB’  and  BGB'  wiU  be  right- 
angled  at  B' , 

From  the  triangle  A  GB\  we 
have  Formula  (2),  Art.  74, 

sin  GB’  —  sin  A  sin  h. 

From  the  triangle  BGB\  we  have, 

sin  GB'  =  sin  B  sin  a. 

Equating  these  values  of  sin  GB\  we  have, 

sin  ^  sin  ^  =  sin  jS  sin  a  ; 

from  which  results  the  proportion, 

sin^a  :  sin  6  :  :  sin  A  :  sin  ^  ,  ,  .  (1.) 

In  like  manner,  we  may  deduce, 

sin  a  :  sin  c  :  :  sin  A  :  sin  G  .  .  .  ( 2.) 

sin  h  :  sin  c  :  :  sin  -S  :  sin  (7  .  .  .  (3.) 

That  is,  in  any  spherical  triangle,  the  sines  of  the  sides 
are  proportional  to  the  sines  of  their  opposite  angles. 

Had  the  perpendicular  fallen  on  the  prolongation  of  AB,^ 
the  same  relation  would  have  been  found. 


C 


B 
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79.  Let  ABC  represent  any  spherical  triangle,  and  0 

* 

the  centre  of  the  sphere  on 
which  it  is  situated.  Draw  the 
radii  OA^  OB^  and  0  G ;  from 
C  draw  CB  perpendicular  to 

the  plane  A  OB ;  from  P,  the  B 

foot  of  this  perpendicular,  draw 
PD  and  PE  respectively  per¬ 
pendicular  to  OA  and  OB  ;  join 
CD  and  CE,  these  lines  will  be  respectively  perpendicular 
to  OA  and  OB  (B.  VI.,  P.  VI.),  and  the  angles  GDP 
and  GEP  will  be  equal  to  the  angles  A  and  B  respec¬ 
tively.  Draw  DL  and  P§,  the  one  perpendicular,  and  the 
other  parallel  to  OB.  We  then  have. 


OE  —  cos  a,  DC  =  sin  6,  OD  z=z  cos  h. 


We  have  from  the  figure, 

OE  =  OL  +  QP . ( 1.) 

In  the  right-angled  triangle  OLD.^ 

OB  =  OD  cos  DOB  —  cos  h  cos  c. 


The  right-angled  triangle  PQD  has  its  sides  respectively 
perpendicular  to  those  of .  OBD ;  it  is,  therefore,  similar  to 
it,  and  the  angle  QDP  is  equal  to  c,  and  we  have, 

QP  =  PD  sin  QDP  =  PD  sin  c  •  •  •  ( 2.) 

t 

The  right-angled  triangle  GPD  gives, 

PD  =  CD  cos  GDP  =  sin  h  cos  A  ; 
substituting  this  value  in  ( 2 ),  we  have, 

'  QP  —  sin  sin  c  cos  A  ; 
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and  now  sitbstituting  these  values  of  OE^  OX,  and  QP , 
m  (1),  we  have, 

cos  a  —  cos  h  cos  c  +  sin  &  sin  c  cos  A  •  •  (3.) 

In  the  same  way,  we  may  deduce,  ^ 

cos  5  =  cos  a  cos  c  H-  sin  a  sin  c  cos  X  •  •  (4.) 

cos  c  =  cos  cos  5  +  sin  a  sin  &  cos  0  •  •  (5.) 

That  is,  tliQ  cosine  of  either  side  of  a  spherical  triangle  is 
equal  to  the  rectangle  of  the  cosines  of  the  other  two  sides 
plus  the  rectangle  of  the  sines  of  these  sides  into  the  cosine 

of  their  included  angle. 

80.  If  we  represent  the  angles  of  the  polar  triangle  of 
ABC.,  by  A\  X',  and  O',  and  the  sides  by  a\  b\ 
and  c',  we  have  (B.  IX.,  P.  VL), 

^  ^  180°  -  M',  b  =  180°  -  X',  c  =  180°  -  O', 

A  =  180°  —  a\  X  =  180°  —  b\  0  =  180°  —  c'. 

f 

Substituting  these  values  in  Equation  (3),  of  the  preceding 
article,  and  recollecting  that, 

cos  (180“-^')  =  -  C03  A\  sin  (180°-  B')  =  sin  B\  &c., 
we  have, 

_  cos  A!  =  003  B'  cos  C"  -  sin  B'  sin  C  cos  a' ; 

or,  changing  the  signs  and  omitting  the  primes  (since  the 
preceding  result  is  true  for  any  triangle), 

'  cos  =  sin  B  sin  G  cos  a  —  cos  B  cos  C  ■  ( 1.) 
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In  the  same  way,  we  may  deduce, 

cos  B  —  sin  H  sin  G  cos  h  —  cos  Jt  cos  G  •  (2.) 
cos  G  =  sin  H  sin  B  cos  c  —  cos  A  cos  B  •  ( 3.) 

That  is,  Gie  cosine  of  either  angle  of  a  spherical  triangle 
is  equal  to  the  rectangle  of  the  sines  of  the  other  two 
angles  into  the  cosine  of  their  included  side^  minus  the 
rectangle  of  the  cosines  of  these  angles. 


81.  From  Equation  ( 3 ),  Art.  79,  we  deduce. 


cos  A 


cos  a  —  cos  h  cos  c 
sill  h  sin  c 


If  we  add  this  equation,  member  by  member,  to  the  num¬ 
ber  1,  and  recollect  that  1  cos  H,  in  the  first  member, 
is  equal  to  ‘  2  cos^  \A  (Art.  66),  and  reduce,  we  have. 


2  cos^-JH  = 


sin  h  sin  c  +  cos  a  —  cos  b  cos  c 
sin  b  sin  c 


or,  Formula  ( © ),  Art.  66, 

^  .  cos  a  —  cos  (b  -h  c) 

2  cos^iA  = - r— - — - ^  . 

sm  b  sm  c 


(2.) 


And  since,  Formula  (SJ),  Art.  67, 


cos 


a  -  cos  (5  +  c)  =  2  sin  i{a  +  b  +  c)  sin  i{b  +  c  — a). 


Equation  ( 2 )  becomes,  after  dividing  both  members  by  2, 

cosnA  =  i(a  +  ^  +  e)  sin  ^(5  +  c  -  a) 

sin  b  sin  c  ^ 
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If,  in  tills  we  make, 

i(a  -{-  5  +  e)  =  is  ;  whence,  -|(5  +  c  —  a)  =  is  —  a, 
and  extract  the  square  root  of  both  members,  we  have. 


cos  iA 


v/= 


sin  -Js  sin  {is  —  a) 


sin  b  sin  c 


(3.) 


That  is,  the  cosine  of  one-half  of  either  angle  of  a  spherical 
triangle^  is  equal  to  the  square  root  of  the  sme  of  one-half 
of  the  sum  of  the  three  sides,  into  the  sme  of  one-half  this 
mm  minus  the  side  opposite  the  angle,  divided  by  the  rect¬ 
angle  of  the  sines  of  the  adjacent  sides. 


If  we  subtract  Equation  ( 1 ),  of  the  preceding  article, 
member  by  member,  from  the  number  1,  and  recollect  that, 


1  —  cos  M  =  2  sin2  iA, 


we  find,  after  reduction, 


sin  i-4  = 


sin  —  b)  sin  (|g  —  c) 
sin  b  sin  c 


(4.) 


Dmding  the  preceding  value  of  sin  iA,  by  cos  i  A, 
we  obtain, 

•  (5.) 


/  sin  (jg  —  b)  sin  (js  —  c) 
tan  —  Y  gjjj  gin 


82.  If  the  angles  and  sides  of  the  polar  triangle  of 
ABG  be  represented  as  in  Art.  80,  we  have,' 

A  =  180°  —  b  —  180°  —  B',  c  =  180°  —  C\ 

^5  =:  270°  —  O'),  is  —  a  —  90°— O'— A'). 
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Substituting  these  values  in  ( 3 ),  Art.  81,  and  reducing 
by  the  aid  of  the  formulas  in  Table  III.,  Art.  63,  we  find, 

1^,  _  cos  C)  cos  jr(,5^4 


sin  B'  sin  6^ 


sin 
Placing 

€•)  =  iS  ;  whence,  i{B'+  C^-A')  =  ijS-A\ 
Substituting  and  omitting  the  primes,  we  have,^ 


sin 


cos  ■|/S'  cos  —  A) 


sin  B  sin  C 


(1-) 


In  a  similar  ^way,  we  may  deduce  from  (4),  Art.  81. 


cos 


cos  {^S^B)  cos  (j/S—  (7) 
sin  B  sin  G 


(2-) 


and  thence. 


tan 


—  cos  iS  cos  (-J/S  —  -4) 
cos  (iS-B)  cos  (iS-  O) 


(3.) 


83.  From  Equation  ( 1 ),  Art.  80,  we  have, 


SlTl  -i4. 

cos  A  +  cos  B  cos  (7  =  sin  i?  sin  C  cos  a  =  sin  (7  - sin  h  cos  a ; 


sin  a 


since,  from  Proportion  ( 1  ),  Art.  78,  we  have, 


(E) 


^  sin  ^  , 

sin  B  =  —  sm  h. 

sin  a 


Also,  from  Equation  ( 2 ),  Art.  80,  we  have. 


•  sin  -i4. 

008  jB  +  COS  A  cos  0  —  mn  A  sin  O  cosb  ~  sin  O  -  sin  a  cos  b, 

sm  a 

(2.) 
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Adding  ( 1 )  and  ( 2 ),  and  dividing  by  sin  (7,  we  obtain, 
\ 

/  ^  1  +  cos  (7  sin  M  . 

(cos  A  +  cos  B)  — z——  = 


sin  G 


sm  a 


The^  proportion,  sin  A  :  sin  JB  :  :  sin  a  :  sin  b, 
taken  first  by  composition,  and  then  by  division,  gives, 

sin  M  +  sin  i?  =  —  (sin  a  +  sin  Z))  •  •  • 

sm  a 


(4.) 


sin  A  —  sin  J?  == 


sin  A 
sin  a 


(sin  a  —  sin  b)  • 


Dividing  ( 4 )  and  ( 5  ),  in  succession,  by  ( 3 ),  tre  obtain, 


sin  J.  +  sin  jB  sin  C 

_ L _ X - 

cosM  +  cosjS  1  4*  cos  C 


sin  a  +  sin  b 
sin  {a  +  b) 


sin  A  —  sm  B  sin  G 

cosM  -f“  cosjS  1  +  cos  G 


sin  a  —  sin  5 
.  ■  .  - - —  ■  .  ■ .  • 

sin  {ct  4-  b) 


But,  by  Formulas  C2)  and  (4),  Art.  67,  and  Formula  (^")5 
Art.  66,  Equation  ( 6  )  becomes. 


,  .  ^  cos  —  b) 

tan  ^{A  AS)  =  cot  ^ O' 

and,  by  the  similar  Formulas  ( 3 )  and  ( 5 ), 
Equation  {1)  becomes. 


> 


of 


•  (8.) 

Art.  67, 


tan  i(A 


—  B)  =  cot  ^G 


sin  ^[a  —  h) 
sin  +  b) 


These  last  two  formulas  give  the  proportions  known  as  the 
first  set  of  Napier^s  Aiialogies. 

cos -1(^  +  5)  :  cos  ■!(«  —  &)  :  :  cot^G  :  tan|^(M4-^).  (10.) 

sm4-(a  +  5)  :  sin  |(a— 5)  ::  cot-|(7  :  tani(M— J5).  (11.) 
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I 

If  in  these  we  substitute  the  values  of  a,  A, 

and  jB,  in  terms  of  the  corresponding  parts  of  the  polar 
triangle,  as  expressed  in  Art.  80,  we  obtain, 

cos -1(^4- J5)  :  cosi(A—JB)  :  :  tan^c  :  tan^(a-hd),  (12.) 

Bin^(^  +  ^)  :  sm|^(A— R)  :  :  tan-Jc  :  tan-J(a— 6).  (13.) 

t/ie  second  set  of  JVapier^s  Analogies, 

In  applying  logarithms  to  any  of  the  preceding  formulas, 
they  must  be  made  homogeneous,  in  terms  of  J?,  as  ex¬ 
plained  in  Art.  30. 

\ 

SOLUTION  OF  OBLIQUE-ANGLED  SPHERICAL  TRIANGLES. 

84.  In  the  solution  of  oblique-angled  triangles  six  differ¬ 
ent  cases  may  arise  ;  viz.,  there  may  be  given, 

I.  Two  sides  and  an  angle  opposite  one  of  them, 
n.  Two  angles  and  a  side  opposite  one  of  them. 

III.  Two  sides  and  their  included  angle. 

IV.  Two  angles  and  their  included  sida 

V.  The  three  sides. 

VI.  The  three  angles. 

CASE  I. 

Given  two  sides  and  an  angle  opposite  one  of  them. 

85.  The  solution,  in  this  case,  is  commenced  by  finding 
the  angle  opposite  the  second  given  side,  for  which  purpose 
Formula  ( 1 ),  Art.  78,  is  employed. 

As  this  angle  is  found  by  means  of  its  sine,  and  because 
the  same  sine  corresponds  to  two  different  arcs,  there  would 
seem  to  be  two  different  solutions.  To  ascertain  when  there 
ai’e  two  solutions.,  when  one  solution.,  and  when  no  solution 
at  all,  it  becomes  necessary  to  examine  the  relations  which 
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may  exist  between  the  given  parts.  Two  cases  may  arisei 
viz.,  the  given  angle  may  be  acute^  or  it  may  be  obtuse. 
We  shall  consider  each  case  separately  (B.  IX.,  P.  XIX., 
Gen.  Scholium). 

Mrst  Case.  Let  A  be 
the  given  angle,  and  let  a 

and  b  be  the  given  sides. 

% 

Prolong  the  arcs  AG  and 
AB  till  they  meet  at  M', 
forming  the  lune  AA' ;  and 
from  (7,  draw  the  arc  GB'  perpendicular  to  ABA',  ,  From 
G,  as  a  pole,  and  with  the  arc  a,  describe  the  arc  of  a 
small  circle  BB,  If  this  circle  cuts  ABA',  in  two  points 
between  A  and  A',  there  will  be  two  solutions  y  for  if 
G  be  joined  with  each*  point  of  intersection  by  the  arc  of 
a  great  circle,  we  shall  have  two  triangles  ABG,  both  of 
which  will  conform  to  the  conditions  of  the  problem. 

If  only  one  point  of  in¬ 
tersection  lies  between  A 
and  A' ,  or  if  the  small 
circle  is  tangent  to  ABA', 
there  will  be  but  one  solu¬ 
tion. 

K  there  is  no  point  of  intersection,  or  if  there  are  points 
of  intersection  which  do  not  lie  between  A  and  A',  there 
will  be  ?io  solution. 

From  Formula  (2),  Art.  72,  we  have, 

t 

sin  GB'  —  sin  b  sin  A, 

*  / 

from  which  the  perpendicular,  which  will  be  less  than  90°, 
mil  be  found.  Denote  its  value  by  p.  By  inspection  of 

the  figure,  we  find  the  following  relations  : 

23 


r 
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1.  When  a  is  greater  than  p,  and  at  the  same  time  less 
than  both  b  ahd  180“  -  b,  there  will  he  tioo  solutions. 


2.  When  a  is  greater  than  p,  and  intermediate  in  valve 
between  b  and  180° -b;  or,  when  a  is  equal  to  p,  there 
will  be  but  one  solution. 

\i  a  =  b,  and  is  also  less  than  180“  —  b,  one  of  the  points 
of  intersection  will  be  at  A,  and  there  will  be  but  one 

solution. 

3.  When  a  is  greater  than  p,  and  at  the  same  time 

greater  than  both  b  and  180“  -  b  ;  or,  when  a  is 
less  than  p,  there  toill  be  no  solution.  ^ 


Second  Case.  Adopt  the 
same  construction  as  before. 

In  this  case,  the  perpendicu¬ 
lar  'will  be  greater  than  90°, 
and  greater  also  than  any 
.other  arc  OH,  Oi?,  CA\ 

that  can  be  drawn  from  0 
to  ABA'.  By  a  course  of  reasoning  entirely  analogous  to 

that  in  the  preceding  case,  we  have  the  following  principles: 


4.  Whe7i  a  is  less  than  p,  and  at  the  same  time 
greater  than  both  b  and  180“  -  b,  there  will  be  two 
solutions. 

5.  When  a  is  less  than  p,  and  interm.ediate  in 
value  between  b  and  180°  -  b  ;  or,  lohen  a  is  equal 
to  p,  there  will  be  but  one  solution. 

W'hen  a  is  less  than  p,  and  at  the  same  time 
less  than  both  h  and  180°  -  b  ;  or,  when  a  is 
greater  tha^i  p,  there  will  be  no  solution. 

Having  found  the  angle  or  angles  opposite  the  second 
side,  the  solution  may  be  completed  by  means  of  Napier’s 
Analogies. 


TRIGONOMETRY. 
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EXAMPLES. 

/ 

1.  Given  a  =  43°  21'  36",  h  =  82°  58'  lY",  and 
A  =  29°  32'  29",  to  find  B,  O,  and  c. 

We  see  at  a  glance,  that  a  y  since  p  cannot 
exceed  A  ;  we  see  further,  that  a  is  less  than  both  h 
and  180°  —  h  ;  hence,  from  the  first  condition  there  will  be 
two  solutions. 

Applying  logarithms  to  Formula  ( 1 ),  Art.  Y8,  we  have, 
log  sin  ^  =  log  sin  5  +  log  sin  A  +  (a.  c.)  log  sin  a  —  10  ; 


log  sin  J  •  < 

log  sinM  •  - 

c.)  log  sin  «  •  • 

log  sin  ' . 

.*.  =  45°'2l'01", 


(82° 58' IV") 
(29°  32'  29") 
(43°  27' 36") 


•  • 


•  • 


9.996724 

9.692893 

0.162508 

9.852125 


and  B  =  134°  38'  59". 


From  the  first  of  Napier’s  Analogies  (10),  Art.  83,  we  find, 


log  cot  ^(7  =  log  cos  -h  5)  4-  log  tan  ^{A-\-B) 

4-  (a.  c.)  log  cos  ^{a  —  b) 

Taking  the  first  value  of  B,  we  have, 


-  10. 


also, 

i(a  -\-'b)  63°  12'  56"  ; 


i{A  +  B)  =  37°  26'  45"  ; 

and,  ^a~b)  =  19°  45' 20 


// 


log  cos  -J(«  4-  b)  •  (63°  12"  56")  •  9.653825 

^  log  tan  i{A  +  B)  •  (37°  26'  45")  •  9.884130 

(a.  c.)  log  cos  i-{a  —  b)  •  (19°  45'  20")  •  0.026344 

logcoti(7  .  9.564299 


69°  51'  45",  and  C  —  139°  48'  30". 
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The  side  c  may  be  found  by  means  of  Formula  (12), 
Art.  83,  or  by  means  of  Formula  (2),  Art.  78. 

Applying  logarithms  to  the  proportion, 

sin  A  :  sin  (7  :  :  sin ‘a  :  sin  c,  we  have, 

log  sin  c  =  log  sin  a  +  log  sin  0  +  (a.  c.)  log  sin  A  —  10  ; 

log  sin  a  (  43°  27' 36")  9.837492 

log  sin  (7  (139°  43' 30")  9.810539 

(a.  c.)  log  sin  A  (  29°  32'  29")  0.307107 

log  sin  c .  9.955138  .*.  c  =  115°  35' 48". 

We  take  the  greater  value  of  c,  because  the  angle  O', 
being  greater  than  the  angle  j5,  requires  that  the  side  c 
should  be  greater  than  the  side  d.  By  using  the  second 
value  of  jO,  we  may  find,  in  a  similar  manner, 

<7  =  32°  20'  28",  and  c  =  48°  16'  18". 

2.  Given  a  =  97°  35',  d  =  27°  08'  22",  and 

A  ==  40°  51'  18",  to  find  M,  O,  and  c. 

Ans.  B  -  17°  31'  09",  0  =  144°  48'  10",  c  =  119°  08'  25". 

3.  Given  a  =  115°  20'  10",  h  —  57°  30'  06",  and 

A  =  126°  37'  30",  to  find  _S,  O,  and  c. 

Ans.  B  =  48°  29'  48",  O  =  61°  40'  16",  c  =  82°  34'  04". 

I 

CASE  II. 

Gwen  two  angles  and  a  side  opposite  one  of  them. 

86.  The  solution,  in  this  case,  is  commenced  by  finding 
the  side  opposite  the  second  given  angle,  by  means  of  For¬ 
mula  ( 1  ),  Art.  78.  The  solution  is  completed  as  in  Case  L 
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Since  the  second  side  is  found  by  means  of  its  sine,  there 
may  be  two  solutions.  To  investigate  this  case,  we  pass  to 
the  polar  triangle,  by  substituting  for  each  part  its  supple¬ 
ment.  In  this  triangle,  there  will  be  given  two  sides  and 
an  angle  opposite  one  ;  it  may  therefore  be  discussed  as  in 
the  preceding  case.  When  the  polar  triangle  has  two  solu¬ 
tions^  one  solution^  or  no  solution^  the  given  triangle  will, 
in  Uke  manner,  have  two  solutions^  one  ^solution,  or  no  solu¬ 
tion. 

The  conditions  may  be  written  out  from  those  of  the  pre¬ 
ceding  case,  by  simply  changing  angles  into  sides^  and  the 
reverse  ;  and  greater  into  less^  and  the  reverse. 

Let  the  given  parts  be 
and  a,  and  let  y)  be  an  arc 
computed  from  the  equation, 


sin  p  =  sin  a 

There  mil  be  two  cases  :  a  may  he  greater  than  90°  ; 
or,  a  7nay  he  less  than  90°. 

In  the  first  case,  ' 

1.  When  A  is  less  than  p,  and  at  the  same  time 
greater  than  hoth  JB  and  180°  >  -S,  there  will  he  two 
solutions. 

2.  When  A  is  less  than  p,  and  intermediate  in 

value  between  B  and  180°  —  ^ ;  or,  when  A  is  equcd 

^  to  p,  there  will  he  hut  one  solution. 

3.  Wheix  A  is  less  than  p,  and  at  the  same  time 
less  than  hoth  B  and  180°  -  -R  /  or,  lohen  A  is 
greater  than  p,  there  will  he  no  solution. 


C 
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In  the  second  case, 

4.  When  A  is  greater  than  p,  and  at  the  sams 

less  than  both  JB  and  180°  —  there  will  he  two  solu¬ 

tions. 

5.  When  A  is  greater  than  p,  and  intermediate  in 
value  between  B  and  ,180°  — or,  when  A  is  equal 
to  p,  there  will  b%  but  one  solution. 

6.  When  A  is  greater  than  p,  and  at  the  same 

time  greater  than  both  B  and  180°  —  By  or,  when  A 

is  less  than  p,  the^'e  will  be  no  solution. 

EXAMPLES  . 

1.  Given  A  =  95°  16',  B  =  80°  42'  10",  and 
a  —  57°  38',  to  find  a,  b,  and  C, 

Computing  p,  from  the  formula, 

log  sin  JO  =  log  sin  B  +  log  sin  a  —  10  ; 

we  have,  p  —  66°  27'  52". 

The  smaller  value  of  p  is  taken,  because  a  is  less 
than  90°. 

-Because  A  >  jo,  and  intermediate  between  80°  42'  10" 
and  99°  17'  50",  there  will,  from  the  fifth  condition,  be  but* 
a  single  solution. 

Applying  logarithms  to  Proportion  (  1  ),  Art.  78,  we  have, 

log  sin  h  —  log  sin  B  +  log  sin  a  +  (a.  c.)  log  sin  A  —  10  ; 

log  sin  B  (80°  42'  10")  9.^994257 

log  sin  a  (57°  38')  9.926671 

(a.  c.)  log  sin  A  (95°  16')  >  0.001837 

log  sin^>  ....  9.922765  .*.  5  =  56°  49' 57".  ■ 
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We  take  the  smaller  value  of  for  the  reason  that 
being  greater  than  requires  that  a  should  be  greater 

than  h. 

Applying  logarithms  to  Proportion  (12),  Art.  83,  we  have, 


log  tan  —  log  cos  i{A  +  J^)  +  log  tan  \(a  +  h) 

.+  (a.  c.)  log  cos  \{A  —  B)  —  10  *, 

we  have, 

\{A  +i?)  =  87°  59'  05",  +  5)  =  57°  13'  58", 

and,  i{A-B)  =  7°  16' 55". 


log  cos  i(M  +  B)  •  (87°  59'  05") 

log  tan  ^{a  +  ^)  *  (57°  13'  58  ) 
(a.  c.)  log  cos  \{A  —  B)  '  (7°  16'  55") 
log  tan  -Jc . 


8.546124 

10.191352 

0.003517 

8.740993 


ic  =  3°  09'  09",  and  c  ==  6°  18'  18". 

Applying  logarithms  to  the  propoi'tion, 

sin  a  :  sin  c  :  :  sin  AL  :  sin  (7, 

we  have, 

log  sin  G  =  log  sin  c  +  log  sin  A  +  (a.  c.)  log  sin  «  —  10  ; 


log  sin  c  (6°  18'  18") 
log  sin  A  (95°  16') 

(a,  c.)  log  sin  a  (57°  38')  • 

I02:  sin  C' . 


9.040685 

9.998163 

0.^73329 

9.112177  (7  =7°  26' 21". 


The  smaller  .value  of  G  is  taken,  for  the  same  reason 
as  before. 

2.  Given  A  =  50°  r2',  B  =  58°  08',  and  a  =  62°42'', 
to  find  5,  c,  and  G. 

r  79°  12'  10",  Jll9°03'26",  ^  J  130°  54' 28", 

^  \l00°47' 50",  ^  \l52°14'18",  \  156°  15' 00". 
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CASE  III. 

Given  two  sides  and  their  included  angle, 

87.  The  remaining  angles  are  found  by  means  of  Napier’s 
Analogies,  and  the  remaining  side,  as  in  the  preceding  cases. 


-  EXAM 

1.  Given  a  =  62°  38', 

G  =  150°  24'  12",  to  find 


LES. 

■h  —  10°  13'  19",  and 

c,  A,  and  B. 


Applying  logarithms  to  Proportions  (10)  and  (11), 
Art.  83,  we  have, 

log  tan  \{^A-rB)  ■=  log  cos  ^{a  —  5)  +  log  cot 

+  (a.  c.)  log  cos  i{a  +  5)  —  10  ; 

I  log  tan  ^(A—B)  =  log  sin  ^(a  —  5)  +  log  cot  -^G 

+  (a.  c.)  log  sin  i(a  +  5)  — ,  10  ;  • 

we  have, 

i(a—h)  =  26°  12' 20",  ^G  =  75°  12' 06", 
and,  i(a  -j-  h)  =  36°  25'  39". 


log  cos  ^(a  —  d) 
log  cot  \  G  ‘  • 

(a.  c.)  log  cos  \(a  +  V) 
log  tan  i(A  4- 

log  sin  ^[a  —  h) 
log  cot  '  • 

(a.  c.)  log  sin  +5) 
log  tan  ^(A  — 


•  (26°  12'  20")  • 

•  (75°  12'  06")  • 

•  (36°  25'  39")  • 

d^) . 

•  (26°  12'  20")  • 

•  (75°  12'  06")  . 

•  (36°  25'  39")  • 

_2) . 


9.952897 
9.421901 
0.094415 
9.469213 

h  B)  =  16°  24' 51". 

9.645022 

9.421901 

0.226356 

9.293279 


i{A  -  B)  z=z  11’  06'  53". 


I 
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The  greater  angle  is  equal  to  the  half  sum  plus  the  half 
difference,  and  the  less  is  equal'  to  the  half  sum  minus  the 
half  difference.  Hence,  we  have, 

A  =  27°  31'  44",  and  B  =  5°  17'  58". 

Applying  logarithms  to  the  Proportion  (13),  Art.  83,  w^e 
have, 

log  tan  =  log  sin  -|(A.  +  +  log  tan  —  b) 

+  (a.  c.)  log  sin  ^(A  —  B)  —  10  ; 

log  sin  +  JB)  ♦  (16°  24'  51")  •  9.451139 

log  tan  -  h)  *  (26°  12'  20")  •  9.692125 

(a.  c.)  log  sin  4(A  -  B)  •  (11°  06'  53")  ♦  0.714952 


log  tan 

• 

9.858216 

• 

• 

«  • 

ic  -- 

=  35 

°  48'  33", 

and 

c  = 

71° 

37' 

06". 

2.' 

Given 

a 

— 

68° 

46'  02", 

b  : 

=  37° 

10', 

and 

a  = 

39°  23' 

23", 

to 

find 

c,  A, 

and 

B. 

• 

Ans.  A  — 

120° 

59' 47", 

o 

CO 

CO 

11 

45'  03",  c  = 

43° 

37' 

38". 

3. 

Given 

a 

— 

84°  14'  29", 

b  = 

44°  13' 

45", 

1 

and 

c  == 

36°  45' 

28", 

to 

find 

A  and 

B. 

1 

A71S. 

A 

=  130°  05' 

22", 

B  = 

32° 

26' 

06". 

CASE  IV. 

Given  two  angles  and  their  included  side.  j 

88.  The  solution  of  this  case  is  entirely  analogous  to  that 
of  Case  HI. 

Applying  logarithms  to  Proportions  (12)  and  (13),  Art. 
83,  and  to  Proportion  (11),  Art.  83,  we  have. 
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log  tan  •!(«  +  ^»)  =  log  cos  i{A  —  B)  log  tan  ic 

+  (a.  c.)  log  cos  B)  —  10  ; 

log  tan  ^{a  -  h)  -  log  sin  i{A  -  B)  log  tan 

-f  (a.  c.)  log  sin  ^{A  B)  —  10  ; 

log  cot  -JC  =  log  sin  h)  +  log  tan  \{A  -  B) 

+  (a.  c.)  log  sin  |(a  —  h)  —  10  ; 

The  application  of  these  formulas  ave  sufficient  for  the 
solution  of  all  cases. 

EXAMPLES. 

1.  Given  A  =  81°  38'  20",  B  70°  09'  38",  and  . 

e  =  59°  16'  22",  to  find  G,  a,  and  b. 

% 

Ans.  G  =  64°  46'  24",  a  70°  04'  17'",  h  =  63°  21'  27". 

2.  Given  A  =  34°  15'  03",  B  —  42°  15'  13",  and 

c  =  76°  35'  36",  to  find  C,  a,  and  h. 

Ans.  G  -  121°  36'  12",  'a  =  40°  0'  10",  h  =  50°  10'  30". 

CASE  V. 

Given  the  tlivee  sides ^  to  fiyid  the  veTnaining  parts. 

89.  The  angles  may  be  found  by  means  pf  Formula  (3), 
Art.  81  ;  or,  one  angle  being  found  by  that  formula,  the  other 
two  may  be  found  by  means  of  ISTapier’s  Analogies. 

EXAMPLES. 

1.  Given  a  =  74°  23',  h  =  35°  46'  14",  and  c  =  100°  39', 
to  find  A,  /?,  and  G. 


TRIGONOMETRY. 
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Applying  logarithms  to  Formula  (3),  Art.  81,  we  have, 

log  cos  iA  =  10  +  i[log  sin  4^5  +  log  sin  (^s  —  a) 

4-,  (a.  c.)  log  sin  d  +  (a.  c.)  log  sin  c  —  20]  ; 
or, 

log  cos  ^A  =  i  [log  sin  ^5  -f  log  sin  (^s  —  a) 

+  (a.  c.)  log  sin  d  +  (a.  c.)  log  sin  c], 

we  have, 

is  z=  105°  24'  07",  and  is  --  a  =  31°  01'  07". 


log  sin  -Js  •  • 

log  sin  (is  ■—  a) 

(a.  c.)  log  sin  5  •  •  • 

(a.  c.)  log  sin  c  •  •  • 

log  cos  iA 


(105°  24'  07")  •  9.984116 

(  31°  01'  07")  •  9.712074 

(35°  46'  14")  •  0.233185 

.  (100°  39')  0.007546 

2)19.936921 
.  9.908460 


iA  =  21°  34' 23",  and  A  43°  08' 46". 


TTsino'  the  same  formula  as  before,  and  substituting  B  lor 
h  for  a,  and  a  for  5,  and  recollecting  that 

is  —  h  =  69°  37'  53",  we  have, 

log  sin  -25  ...  (105°  24'  07")  •  9.984116 

log  sin  (1^5  —  h)  •  (  69°  37'  53")  •  9.971958 

(a.  c.)  log  sin  a  •  •  •  *  •  (74°  23')  •  •  0.010336 

(a.  c.)  log  sin  c . (100°  39')  •  •  0.007546 

2)19.979956 

loff  cos  4  J5 .  9.989978 

.-.  ii^  ~  12°  15'  43",  ''and  B  =  24°  31'  26'  . 

Using  the  same  formula,  substituting  ,  (7  for  A^  c  for  a, 
and  a  for  c,  recollecting  that  is  —  c  =  4°  45'  07",  we 

have. 
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log  sin  ^5  /  •  (105°  24"  07")  •  9.984116 

log  sin  {is  -  c)  •  (4°  45'  07")  •  •  8.918250 

(a.  c.)  log  sin  a  •  •  •  *  (74°  23')  •  •  •  0.016336 

(a.  c.)  log  sin  5  •  •  •  (35°  46'  14")  •  •  9.233185 

2)19.151887 

log  008-1(7  .  9.575943 

^(7  =  67°  52' 25",  and  (7- =  135°  44' 50". 

2,  Given  a  =  56°  40',  b  =z  83°  13',  and  c  =  114°  30'. 

Ans.  A  =  48°  31'  18",  B  —  62°  55'  44",  C  ~  125°  18'  56". 

>  ^  CASE  VI. 

The  three  angles  being  given^  to  find  the  sides. 

I 

90.  The  solution  in  this  case  is  entirely  analogous  to  the 
preceding  one. 

Applying  logarithms  to  Formula  (2),  Art.  82,  we  have, 

log  cos  ia  =  -I  [log  cos  (i^S  —  JJ)  -f-  log  cos  (-|-/iS'  ~~C) 

+  (a.  c.)  log  sin  jB  +  (a.  c.)  log  sin  G \. 

In  the  same  manner  as  before,  we  change  the  letters,  to 
suit  each  case. 


EXAMPLES. 

1.  Given  A  =  48°  30',  =  125°  20',  and  C  =  62°  54'. 

Ans.  a  56°  39'  30",  b  =  114°' 29'  58",  c  —  83°  12'  06".* 

2.  Given  A  =  109°  55'  42",  B  =  116°  38'  33",  and 
C  =  120°  43'  37",  to  find  «,  b,  and  c. 

Ans.  a  =  98°  21'  40",  b  =  109°  50'  22",  c  115°  13'  28". 


MENSURATION. 


91.  MENSUEATioiq-  is  that  branch  of  Mathematics  which 
treats  of  the  measurement  of  Geometrical  Magnitudes. 

92.  The  measurement  of  a  quantity  is  the  operation  of 
finding  how  many  times  it  contains  another  quantity  of  the 
same  kind,  taken  as  a  standard.  This  standard  is  called  the 
unit  of  measure. 

93.  The  unit  of  measure  for  surfaces  is  a  square.,  one 
of  whose  sides  is  the  linear  unit.  The  unit  of  measure  for 
volumes  is  a  cube.,  one  of  whose  edges  is  the  linear  unit. 

If  the  linear  unit  is  one  foot.,  the  superficial  unit  is  one 
square  foot,  and  the  unit  of  volume  is  one  cubic  foot.  If 
the  linear  unit  is  one  yard,  the  superficial  unit  is  one  square 
yard,  and  the  unit  of  volume  is  one  cubic  yard. 

94.  In  Mensuration,  the  term  product  of  two  lines,  is 
used  to  denote  the  product  obtained  by  multiplying  the 
number  of  linear  units  in  one  line  by  the  nuraber^of  linear 
units  in  the  other.  The  term  product  of  three  lines,  is  used 
to  denote  the  continued  product  of  the  number  of  linear 

units  in  each  of  the  three  lines. 

Thus,  when  we  say  that  the  area  of  a  parallelogram  is 

equal  to  the  product  of  its  base  and  altitude,  we  mean  that 
the  number  of  superficial  units  in  the  parallelogram  is  equal 
to  the  number  of  linear  units  in  the  base,  multiplied  by  the 
number  of  linear  units  in  the  altitude.  In  like  mannei,  the 
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number  of  units  of  volume,  in  a  rectangular  parallelopipedon, 
is  equal  to  the  number*  of  superficial  units  in  its  base  multi¬ 
plied  by  the  number  of  linear  units  in  its  altitude,  and 
80  on. 

M  ENSUE  ATION  OF  PLANE  FIGUEES. 

To  find  the  area  of  a  'parallelogram. 

95.  From  the  principle  demonstrated  in  Book  IV., 
Prop.  Y.,  we  have  the  following 

R  u  1 E  . 

Multiply  the  base  by  the  altitude ;  the  product  will  be 
the  area  required. 


EXAMPLES. 

1.  Find  the  area  of  a  parallelogram,  whose  base  is  12.25, 

and  whose  altitude  is  8.6.  Ans.  104.125. 

2.  What  is  the  area  of  a  square,  whose  side  is  204.3 

feet  ?  Ans.  41'738.49  sq.  ft. 

3.  How  many  square  yards  are  there  in  a  rectangle, 
whose  base  is  66.3  feet,  and  altitude  33.3  feet  ? 

Ans.  245.31  sq.  yd. 

4.  What  is  the  area  of  a  rectangular  board,  whose 

length  is  12-|-  feet,  and  breadth  9  inches  ?  9f  sq.  ft. 

5.  What  is  the  number  of  square  yards  in  a  parallelo¬ 
gram,  whose  base  is  37  feet,  and  altitude  5  feet  3  inches  ? 

Ans.  21y\* 

To  find  the  area  of  a  plane  triangle. 

I 

First  Case.  When  the  base  and  altitude  are  given. 


96. 


OF  SURFACES. 


lOT 


From  the  principle  demonstrated  in  Book  X.,  Prop.  VI., 
we  may  write  the  following 

RULE. 

Multiply  the  base  by  half  the  altitude  /  the  product  will 
he  the  area  required. 

EXAMPLES. 

1.  Find  the  area  of  a  triangle,  whose  base  is  625,  and 

altitude  520  feet.  A.iis.  162500  sq.  ft. 

2.  Find  the  area  of  a  triangle,  in  square  yards,  whose 

base  is  40,  and  altitude  30  feet.  Ans.  66|. 

3.  Find  the  area  of  a  triangle,  in  square  yards,  whose 

base  is  49,  and  altitude  25}  feet.  A?is.  68.7361. 


Second  Case.  When  two  sides  and  their  mcluded  angle 
are  given. 


Let  AH  C  represent  a  plane  tri¬ 
angle,  in  which  the  side  AJB  =  c, 

JBC  =  a^  and  the  angle  are 

given.  From  A  draw  AD  perpen¬ 

dicular  to  JBC  \  this  will  be  the 
altitude  of  the  triangle.  From  For¬ 
mula  (  1  ),  Art.  37,  Plane  Trigonometry, 


we  have, 


AD  =  c  sin  B. 

Denoting  the  area  of  the  triangle  by  and  applying  the 
rule  last  given,  we  have, 


-  ac  sin  B 

Q  =  — ; 


or. 


2Q  =  ac  sin  B. 


sin  B 


Substituting  for  sin  B,  (Trig.,  Art.  30),  and  applying 

logarithms,  we  have, 

log  (2Q)  =  log  a  log  c  -I-  log  sin  ^  —  10  ; 
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hence,  we  may  write  the  following  ' 

RULE. 

Add  together  the  logarithms  of  the  two  sides  and  the 
logarithmic  sine  of  their  included  angle ;  from  this  sum 
subtract  10  ;  the  remainder  will  he  the  logarithm  of  double 
the  area  of  the  triangle.  Find^  from  the  table.,  the  number 
answering  to  this  logarithm.,  and  divide  it  by  2  ;  the  quotient 
will  be  the  required  area. 

EXAMPLES. 

1.  What  is  the  area  of  a  triangle,  in  which  two  sides 
a  and  are  respectively  equal  to  125.81,  and  57.65,  and 
whose  included  angle  U,  is  57°  25'  ? 

Ans.  2Q  =  6111.4,  and  Q  =  3055.7  Ans. 

2.  What  is  the  area  of  a  triangle,  whose  sides  are  30 

and  40,  and  their  included  angle  28°  57'  ?  Ans.  290.427. 

3.  What  is  the  number  of  square  yards  in  a  triangle,  of 

which  the  sides  are  25  feet  and  21.25  feet,  and  their  included 

angle  45°  ?  Ans.  20.8694. 

LEMMA. 

To  find  half  an  angle.,  lohen  the  three  sides  of  a  plane  tri¬ 
angle  are  given. 

97.  Let  ABC  be  a  plane  tri¬ 
angle,  the  angles  and  sides  being  de¬ 
noted  as  in  the  figure. 

We  have  (B.  IV.,  P.  XII.,  XIII.), 

=F  2c  .  AB. . (1.) 

Wlien  the  angle  A  is  acute,  we  have  (Art.  37), 

AD  =  b  cos  A  ;  when  obtuse,  AD'  =  b  cos  CAD' . 
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Bat  as  CAD’  is  the  supplement  of  the  obtuse  angle  A, 


cos  CAD’ 


cos  A,  and  AD’ 


h  cos  A. 


Either  of  these  values,  being  substituted  for  AD^  in  ( 1  ), 
g-iv^s, 


hence, 


^2  ^  ^2  __  25c  cos  A  ; 


cos  A 


b'^  +  c^ 


‘Ibc 


•  •  •  • 


(2.) 


If  we  add  1  to  both  members,  and  recollect  that 
1  H-  cos^  =  2  cos^^A  (Art.  66),  Equation  (4),  'we  have, 


2  cob^^A 


2bc  +  5^  +  c^  — 
2bc 


(5  +  c)2  a2 
2bc 


(5  -t-  c  +  g)  [b  c  ~  a)  ^ 


2bc 


on 


cos-^ 


2  1  A  _  +  c  -f  a)  (5  +  c  —  a) 

'  —  - 77 - * 

^bc 


(3.) 


If  we  put  5  +  c  -f  =  5,  we  have, 


5  +  c  +  a 


5  4-  c  —  a  , 

-  -  “  _  ~  Q,  j 


Substituting  in  ( 3 ),  and  extracting  the  square  root, 

^  ¥  {is  —  «) 


cos  iA 


be 


•  •  • 


.  (4,) 

¥ 


the  plus  sign,  only,  being  used,  since  -^A  <  90°  ;  hence, 


The  cosine_^  of  half  of  either  angle  of  a  plane  triangley 
is  equal  to  the  square  root  of  half  the  sum  of  the  three 
sides ^  into  half  that  sum  minus  the  side  opposite  the  angle^ 
divided  by  the  rectangle  of  the  adjacent  sides. 


By  applying  logarithms,  we  have, 


log  cos  ^:A 


\  [log  is  +  log  {is  —  a)  +  (a.  c.)  log  b  +  (a.  c.)  log  c].  • '  ( .A.) 

24 


! 
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If  we  subtract  both  members  of  Eqiiation  (2),  from  1, 
and  recollect  that  1  —  cos  A  =  2  siii^  (Art.  37),  we  have, 


2  sin^  = 


2hc  —  1)^  —  o? 
2hc 


{b  —  cY  _  {a  +  b  —  c)  {a  —  b  +  c)  ^  . 
2bc  ~  ^bc 


Placing, 

a  b 
2 


as  befor 
—  G 


e, 

¥ 


a  b  c  = 
—  c,  and, 


5,  '  "we  have, 

a  —  b  +  c 
2bG 


Substituting  in  ( 5 ),  and  reducing,  we  have, 


hence. 


sin 


-  i)  (¥  -  «) 

be' 


The  sine  of  half  an  angle  of  a  plane  triangle^  is  equal 
to  the  square  root  of  half  the  sum  of  the  three  sides^  minus 
one  of  the  adjacent  sides ^  into  the  half  sum  minus  the 
other  adja-cent  side^  divided  by  the  rectangle  of  the  adjacent 
sides. 

Applying  logarithms,  we  have, 


'  log  sin  —  I  [log  (^5  —  &)  +  log  {is  —  c) 

+  (a.  c.)  log  b  -h  (a.  c.)  log  c].  (S.) 


Third  Case.  To  find  the  area  of  a  triangle,  when  the 
hree  sides  are  given. 


Let  AJ3  G  represent  a  triangle 
whose  sides  a,  and  c  are  given. 
From  the  principle  demonstrated  in 
the  last  case,  we  have, 


B 


Q  —  ibc  sin  A. 
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Ill 


But,  from  Formula  (^'),  Trig.,  Art.  66,  we  have, 


whence. 


sin  ^  =  2  sin  j-A  cos  ~^~A  ; 
Q  =  dc  sin  -^A  cos  iA. 


Substituting  for  sin  -^A  and  cos  -^A,  their  values,  taken 
from  Lemma,  and  reducing,  we  have, 

I 

<2  =  Vi^  (is  —  <^)  (i-s  —  b)  (4-s  —  c)  ; 
hence,  we  may  write  the  following 

RULE. 

Find  half  the  sum  of  the  three  sides ^  and  from  it  subtract 
each  side  separately.  ^  Find  the  continued  product  of  the  half 
sum  and  the  three  remainders.,  and  extract  its  square  root ;  the 
result  will  be  the  area  required,. 

It  is  generally  more  convenient  to  employ  logarithms  ;  for 
this  purpose,  applying  logarithms  to  the  last  equation,  we  have, 

^og  Q  —  ipog  is  +  log  (|5  ~  a)  +  log  (|5  —  5)  +  log  (is—c)] 
hence,  we  have  the  following 


RULE. 


Find  the  half  sum  and  the  three  remainders  as  before.,  then 
find  the  half  sum  of  their  logarithms  /  the  number  correspond¬ 
ing  to  the  resulting  logarithm  wSU  be  the-  area  required. 


EXAMPLES. 

1.  Find  the  area  of  a  triangle,  whose  sides  are  20,  30, 
and  40. 

/ 

We  have,  =r  45,.  -Js— cz  ==  25,  is~b  ~  15,  ^5— c  —  5, 
By  the  first  rule, 


Q  ~  -v/45  X  25  X  15  X  5 


290.4737  Ans. 
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/ 

By  the  second  rule, 

log  ....  (45)  ....  1.653213 

'  log  (^s  —  Ci)  •  •  (25)  ....  1.397940 

log  (1^5  —  ^)  •  •  (15)  *  •  ‘  •  •  1.176091 

log  (-|5  —  c)  •  •  (  5)  •  •  •  ♦  0.698970 

2  )4. 926214 

log  g . .  2.463107 

q  —  290-4737  Ans. 

2.  How  many  square  yards  are  there  in  a  triangle,  whose 
«des  arc  30,  40,  and  50  feet  ?  A71S.  66|.  ^ 

To  Jind  the  area  of  a  trapezoid. 

98.  From  the  principle  demonstrated  in  Book  IV.,  Prop, 
VII.,  we  may  write  the  following 

RULE. 

Find  half  the  sum  of  the  parallel  sides^  and  multiply  it 
by  the  altitude ;  the  product  loill  be  the  area  required. 

E  X  AM  P  L  E  s. 

1.  In  a  trapezoid  the  parallel  sides  are  750  .and  1225, 

jmd  the  perpendicular  distance  between  them  is  1540  ;  what 
is  the  area  ?  A?is.  1520750. 

2.  How  many  square  feet  are  contained  in  a  plank,  whose 

length  is  12  feet  6  inches,  the  breadth  at  the  greater  end  15 
inches,  and  at  the  less  end  11  inches  ?  A7is.  13if. 

3.  How  many  square  yards  are  there  in  a  trapezoid, 

whose  parallel  sides  are  240  feet,  320  feet,  and  altitude  66 
feet  ?  '  Ans.  2053^  sq.  yd, 

2l>  find  the  area  of  any  quadi'ilateral. 

99.  From  what  precedes,  we  deduce  the  following 
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KULE. 

Join  the  vertices  of  two  opposite  angles  hy  a  diagonal ; 
from  each  of  the  other  vertices  let  fall  perpendiculars  upon 
this  diagonal;  multiply  the  diagonal  hy  half  of  "the  sum 
of  the  perpendiculars^  and  the  product  will  he  the  area  re- 
quired. 

EXAMPLES. 

1.  Wliat  is  the  area  of  the  quad¬ 
rilateral  AJB  GD^  the  diagonal  A  G 
being  42,  and  the  perpendiculars  Dg^ 

JBh^  equal  to  18  and  16  feet  ? 

Ans.  714  sq.  ft. 

2.  How  many  square  yards  of  paving  are  there  in  the 

quadrilateral,  whose  diagonal  is  65  feet,  and  the  two  perpen¬ 
diculars  let  fall  on  it  28  and  33^  feet  ?  Ans.  222y*-j. 


) 

I)  > 


To  find  the  area  of  any  polygon. 

100.  From  what  precedes,  we  have  the  following 

RULE. 

Draw  diagonals  dividing  the  proposed  polygon  into  tror 
pezoids  and  triangles  :  then  find  the  areas  of  these  figures 
separately^  and  add  them  together  for  the  area  of  the  whole 
polygon, 

EXAMPLE. 

1.  Let  it  be  required  to  de¬ 
termine  the  area  of  the  polygon 
ABGDE.,  having  five  sides. 

Let  us  suppose  that  we  have  mea¬ 
sured  the  diagonals  and  perpendicu¬ 
lars,  and  found  AG  —  36.21,  EG  —  39.11,  Dh  =  4, 

Dd  —  7.26,  Aa  =  4.18  :  required  the  area.  Ans.  296.1292, 


1 


/ 
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To  find  the  area  of  a  regular  ^polygon. 


101.  Let  AB,  denoted  by  5,  re¬ 
present  one  side  of  a  regular  polygon, 
whose  centre  is  G.  Draw  GA  and 
GB^  and  from  G  draw  GB  perpen¬ 
dicular  to  AB.  Then  will  GJD  be  the 
apothem,  and  we  shall  have  AI)  =  BD, 

Denote  the  number  of  sides  of  the  polygon  by  n  ;  then 

^  360® 

will  the  angle  A  GB\  at  th^  centre,  be  equal  to 

(B.  V.,  Page  138,  D.  2),  and  the  angle  AGB^  which  is  half 

180° 

of  AGB.  will  be  equal  to  - - 

’  ^71  )  ■ 

In  the  right-angled  triangle  ABG^  we  shall  have.  For¬ 
mula  (  3  ),  Art.  37,  Trig., 

GD  —  ^5  tan  GAB. 


But  GAB.,  being  the  complement  of  AGB.,  we  have, 

tan  GAB  —  cot  A  GB  ; 

^  180° 

hence,  GB  —  is  cot  — —  , 

a  formula  by  means  of  which  the  apothem  may  be  computed. 

But  the  arqa  is  equal  to  the  perimeter  multiplied  by  half 
the  apothem  (Book  V.,  Prop.  VIII.)  i  hence  the  following 


KULE. 

Find  the  apothem,  hy  the  preceding  formula;  multiply 
the  perimeter  hy  half  the  apothem  ;  the  product  will  he  the 
area  repaired. 

EXAMPLES. 

1.  What  is  the  area  of  a  regular  hexagon,  each  of  whose 
siSes  is  20  ?  We  have, 

GB  —  10  X  cot  30°  ;  or,  log  GB  —  log  10  +  log  cot  30°— 10. 


log  -Js  .  .  .  (10  ) 

log  cot-^-—  •  (30°) 

log  GB  .  ,  .  . 


1.000000 

10.238561 


1.238561  GB  —  17.3205. 


J 


OF  SURFACES. 


115 


The  perimeter  is  equal  to  120  :  hence,  denoting  the  jjirea  by 

120  X  17.3205 

0,  = 


1039.23  Ans, 


2.  What  is  the  area  of  an  octagon,  one  of  whose  sidea 

.  .  *  ^  ■  Ans.  1931.36886. 

18  r 

The  areas  of  some  of  the  most  important  of  the  regular 
polygons  have  been  computed  by  the  preceding  method,  on 
the  supposition  that  each  side  is  equal  to  1,  and  the  lesults 

are  given  in  the  following 

TABLE. 


NAMISS.  SIDES.  AREAS. 

NAMES.  SIDES.  AREAS. 

Triangle,  .  .  3  .  .  0.4330127 

Octagon,  .  .  8  .  .  4.8284271  : 

Square,  .  .  4  .  .  l.OOOOOOO 

Nonagon,  .  .  9  .  .  6.1818242 

Pentagon,  .  .  5  .  .  1.7204774 

Decagon,  .  .  10  .  .  7.6942088 

Hexagon  .  .  6  .  •  2.59807G2 

Undecagou,  .  11  .  .  9.3656399 

Heptagon  .  .  7  .  ..  3.6339124 

Dodecagon,  .  12  .  .  11.1961624 

The  areas  of  similar  polygons  are  to  each  other  as  the 

squares  of  their  homologous  sides  (Book  IV.,  Prop.  XXVII.). 

Denoting  the  area  of  a  regular  polygon  whose  side  is 
s,  by  6,  and  that  of  a  similar  polygon  whose  side  is 
1,  by  the  tabular  area,  we  have, 

§  :  r  :  12;  .  ' .  Q  ^  Ts^  \ 

hence,  the  following  rule. 

3Iultiply  the  corresponding  tabular  area  by  the  square  of 
the  given  side  ;  the  product  loill  be  the  area  required. 

'  I  ■ 

EXAMPLES. 

1.  What  is  the  area  of  a  regular  hexagon,  each  of  whose 
sides  is  20? 

We  have,  T  -  2.5980762,  and  =  400  :  hence, 

Q  —  2.5980762  X  400  =  1039.23048  Ans, 


f 
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2.  Find  the  area  of  a  pentagon,  whose  side  is  25. 

Ans.  1075.298375. 

3.  Find  the  area  of  a  decagon,  whose  side  is  20. 

■  Ans.  "3077.68352. 

pid  the  circumference  of  'a  circle^  when  the  diameter  is 

given, 

\ 

102.  From  the  principle  demonstrated  in  Book  V.,  Prop. 

XVI.,  we  may  write  the  following 

11  U  L  E  . 

j  Multiply  the  given  diameter  by  3.1416  ;  the  product  will 
he  the  circumference  required. 

I 

'  E  X  A  ]ir  P  L  E  S  . 

_  / 

1.  What  is  the  circumference  of  a  circle,  whose  diameter 

25  ?  78.54.' 

2.  If  the  diameter  of  the  earth  is  7921  miles,  what  is 

the  circumference?  Ans.  24884.6136. 

Jo  find  the  diameter  of  a  circle.^  when  the  circumference  is  . 

given.  I' 

/ 

103.  From  the  preceding  case,  we  may  write  the  following 

t 

KULE. 

I 

Divide  the  given  circumference  by  3.1416  ;  the  quotieiU 
will  be  the  diameter  required. 

EXAMPLES. 

1.  What  is  the  diameter  of  a  circle,  whose  circumference 

is  11652.1944  ?  3709. 

2.  What  is  the  diameter  of  a  circle,  whose  circumference 

6850  ?  2180.41. 


/ 
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To  find  the  'length  of  an  arc  containing  any  number  of 

degrees. 

104.  The  length  of  an  arc  of  1°,  in  a  circle  whose 

diameter  is  1,  is  equal  tov  the  circumference,  or  3.1416 

\ 

divided  by'  360  ;  that  is,  it  is  equal  to  0.0087266  :  hence, 
the  length  of  an  arc  of  n  degrees,  will  be,  n  X  0.0087266. 
To  find  the  length  of  an  arc  containing  n  degrees,  when 
the  diameter  is  c?,  we  employ  the  principle  *  demonstrated  iir 
Book  V.,  Prop.  XIIL,  C.  2 :  hence,  we  may  write  the  following 

I  n  u  L  E  . 

Multiply  the  number  of  degrees  in  the  arc  by  .0087266, 
and  the  product  by  the  diameter  of  the  circle  y  the  result 
will  be  the  length  required. 

EXAMPLES. 

1.  What  is  the  length  of  an  arc  of  30  degrees,  the 

diameter  being  18  feet  ?  Ans.  4.712364  ft. 

2.  What  is  the  length  of  an  arc  of  12°  10',  or  12|°,  the 

diameter  being  20  feet  ?  Ans.  2.123472  ft. 

To  find  the  area  of  a  circle. 

\ 

105,  From  the  principle  demonstrated  in  Book  Y.,  Prop. 
XY.,  we  may  Avrite  the  following 

RULE. 

Midtiply  the  square  of  the  radius  by  3.1'416  ;  the  pro- 
duct  will  be  the  area  required. 

EXASIPLES. 

1.  Find  the  area  of  a  circle^  whose  diameter  is  10,  and 

circumference  31.416.  Ans.  78.54. 

2.  Hoav  many  square  yards  in  a  circle  Avhose  diameter 

is  3-J-  feet?  Ans.  1.069010.- 

3.  What  is  the  area  of  a  circle  Avhose  circumference  is/ 

12  feet?  Ans.  11.4595. 


/ 
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To  find  the  area  of  a  circular  sector, 

106.  From  the  principle  demonstrated  in  Book  V.,  Prop. 
XIY.,  C.  1  and  2,  we  may  write  the  following 

li  U  L  E. 

I.  Multiply  half  the  arc  by  the  radius  ;  or, 

U.  Find  the  area  of  the  whole  circle,  by  the  last  rule; 
then  write  the  proportion,  as  360  is  to  the  numjber  oj'  deyrees 
m  the  sector,  so  is  the  area  of  the  circle  to  the  area  of  the 

sector, 

EXAMPLES. 

1.  Find  the  area  of  a  circular  sector,  whose  arc  contains 
18°,  the  diameter  of  the  circle  being  3  feet.  0.35343  sq.  it. 

2.  Find  the  area  of  .a  sector,  whose  arc  is  20  feet,  the 

radius  being  10.  A^is,  100. 

3.  Required  the  area  of  a  sector,  whose  arc  is  147°  29', 

and  radius  25  feet.  Ans,  804.3986  sq.  ft. 


To  find  Hhe  area  of  a  circular  segment. 


107.  Let  AB  represent  the  chord 
corresponding  to  ’the  two  segments 
A  CB  and  A  FB,  Draw  AE  and 
BE,  The  segment  ACB  is  equal  to 
the  sector  EACB,  minus  the  triangle 
AEB,  The  segment  AFB  is  equal 
to  the  sector  EAFB,  p>lus  the  tri¬ 
angle  AEB,  Hence,  we  have  the  fol¬ 


lowing 

RULE. 

Find  the  area  of  the  corresponding  sector,  and  also  of 
the  triangle  formed  by  the  chord  of  the  segment  and  the 
two  extreme  radii  of  the  sector ;  subtract  the  latter  from,  the 
former  when  the  segment  is  less  than  a  semicircle,  and  tahe 
their  sum  when  the  segment  is  greater  than  a  semicircle ; 
the  result  will  be  the  area  repaired. 
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‘  examples. 

t 

1.  Find  the  area  of  a  segment,  whose  chord  is  12  and 
the  radius  10. 

Solving  the  triangle  we  find  the  angle  A.Ely  is 

equal  to  73°  44',  the  area  of  the  sector  EAGB  equal  to 
64.35,  and  the  area  of  the  triangle  AEJ^  equal  to  48  ; 
hence,  the  segment  ACE  is  equal  to  16.35  Ans. 


2.  Find  the  area  of-  a  segment,  whose  height  is  18,  the 


diameter  of  the  circle  being  50. 


Ans.  636.4834. 


3.  Required  the  area  of  a  segment,  whose  chord  is  16, 


the  diameter  being  20. 


Ans.  44.764. 


2h  find  the  area  of  a  circular  ring  contained  hetweeyi  the 
circumferences  of  two  concentric  circles. 


108.  Let  E  and  -r  denote  the  radii  of  the  two  circles, 
E  being  greater  than  r.  The  area  of  the  outer  circle  is 
E^  X  3.1416,  and  that  of  the  inner  circle  is  ^  3.1416  ; 
hence,  the  area  of  the  ring  is  equal  to  X  3.1416. 

Hence,  the  following 

RULE. 


Find  the  differe^ice  of  the  squares  of  the  radii  of  the 
tv)o  circles.,  and  midtiply  it  hy  3.1416  ;  the  product  will  he 
the  area  required. 

EXAMPLES. 


1.  The  diameters  of  two  concentric  circles  being  10  and 

6,  required  the  area  of  the  ring  contained  between  their 
circumferences.-  Ans.  50.2656. 

2.  What  is  the  area  of  the  ring,  when  the  diameters  of 

the  circles  are  10  and  20  ?  Ans.  235.62, 


ME^;rSURATION 
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MENSURATION  OF  BROKEN  AND  CURVED  SURFACES. 

To  find  the  area  of  the  entire  surface  of  a  right  prism, 

309.  From  the  principle  demonstrated  in  Book  VII.,  Prop, 
L,  we  may  write  the  following 

Pw  u  L  E  . 

Multiply  the  perimeter  of  the  base  by  the  altitude,^  the  pro¬ 
duct  will  be  the  area  of  the  convex  surface  y  to  this  add  the 
areas  of  the  two  bases  /  the  result  ivill  be  the  area  required. 

E  X  A  if  P  L  E  s . 

1.  Find  the  surface  of  a  cube,  the  length  of  each  side 

being  20  feet.  Ans.  2400  sq.  ft. 

2.  Find  the  whole  surface  of  a  triangular  prism,  whose 

base  is  an  equilateral  triangle,  having  each '  of  its  sides  equal 
to  18  inches,  and  altitude  20  feet.  Ans.  91.949  sq.  ft. 

7h  find  the  area  of  the  entire  surface  of  a  right  pyramid. 

110.  From  the  principle  demonstrated  in  Book  VII.,  Prop. 
IV.,  we  may  write  the  following 

RULE. 

Multiply  the  perimeter  of  the  base  by  half  the  slant 

height ;  the  product  will  be  the  area  of  th'e  convex  surface; 
to  this  add  the  area  of  the  base;  the  result  will  be  the  area 
requirod. 

EXAilPLES. 

1.  Find  the  convex  surface  of  a  right  triangular  pyramid, 

the  slant  height  being  20  feet,  and  each  side  of  the  base 

3  f^et.  '  Ans.  90  sq.  ft. 

2.  What  is  the  entire  surface  of  a  right  pyramid,  whose 

slant  height  is  15  feet,  and  the  base  a  pentagon,  of  which 
each  side  is  25  feet  ?  Ans.  .  2012.798  sq.  ft. 


OF  SURFACES. 
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To  find,  the  area  of  the  convex  surface  of  a  frustum  of  a 

right  'pyramid, 

111,  From  the  principle  demonstrated  in  Book  XII.,  Prop. 

IV.,  C.,  we  may  write  the  following  ♦ 

RULE. 

Multiply  the  half  sum  of  the  perimeters  of  the  two  bases 
by  th&  slant  height ;  the  product  will  be  the  area  required, 

E  X  A  ]VI  P  L  E  S  . 

1.  How  many  square  feet  are  there  in  the  convex  sur¬ 
face  of  the  frustum  of  a  square  pyramid,  whose  slant  height 
is  10  feet,  each  side  of  the  lower  base ,  3  feet  4  inches,  and 
each  side  of  the  upper  base  2  feet  2  inches?  Ans.  110  sq.ft. 

2.  What  is  the  convex  surface  of  the  frustum  of  a 

heptagonal  pyramid,  whose  slant  height  is  55  feet,  each  side 
of  the  lower  base  8  feet,  and  each  side  of  the  upper  base 
4  feet?  Ans.  2310  sq.ft. 

112.  Since  a  cylinder  may  be  regarded  as  a  prism  whose 
base  has  an  infinite  number  of  sides,  and  a  cone  as  a  pyra¬ 
mid  Avhose  base  has  an  infinite  number  of  sides,  the  rules 
just  given,  may  be  applied  to  find  the  areas  of  the  surfaces 
of  right  cylinders,  cones,  and  frustums  of  cones,  by  •simply 
changing  the  term  perimeter,^  to  circumference. 

EXAMPLES. 

1.  What  is  the  convex  surface  of  a  cylinder,  the  diameter 
of  whose  base  is  20,  and  whose  altitude  50  ?  A?is.  3141.6. 

2.  What  is  the  entire  surface  of  a  cylinder,  the  altitude 

being  20,  and  diameter  of  the  base  2  feet?  131. 9472  sq.ft. 

-  3.  Required  the  convex  surface  of  a  cone,  whose  slant 

height  is  50  feet,  and  the  diameter  of  its  base  8|-  feet. 

Ans.  667.59  sq.  ft. 


122 


MENSURATION  , 

4.  Required  the  entire  surface  of  a  cone,  whose  slant 
height  is  36,  and  the  diameter  of  its  base  18  feet. 

Ans.  12Y2.348  sq.  ft. 

5.  Find  the  convex  surface  of  the  frustum  of  a  cone,  the 
slant  height  of  the  frustum  being  12^  feet,  and  the  circum¬ 
ferences  of  the  bases  8.4  feet  and  6  feet.  Ans.  90  sq.  ft. 

6.  Find  the  entire  surface  of  the  frustum  of  a  cone,  the 
slant  height  being  16  feet,  and  the  radii  of  the  bases  3  feet, 

and  2  feet.  t  Ans.  292.1688  sq.  ft/. 

/ 

^  \ 

To  find  the  area  of  the  surface  of  a  sphere. 

•> 

113.  From  the  principle  demonstrated  in  Book  VIII., 

Prop.  X.,  C.  1,  we  may  write  the  following 

Pv  u  L  E  . 

Find  the  area  of  one  of  its  great  circles and  multiply 
it  by  4;  the  product  will  he  the  area  required. 

EXAMPLES. 

1.  What  is  the  area  of  the  surface  of  a  sphere,  whose 

radius  is  16  ?  Ans.  3216.9984. 

2.  What  is  the  area  of  the  surface  of  a  sphere,  whose 

radius  is  27.25  ’  Aois.  9331.3374. 

T'o  find  the  area  of  a  zone. 

114.  From  the  principle  demonstrated  in  Book  VIII., 

Prop.  X.,  C.  2,  we  may  write  the  following 

PULE. 

Find  the  circumference  of  a  great  circle  of  the  sphare^ 
and  multiply  it  by  the  altitude  of  the  zone  /  the  product 
^  will  be  the  area  required. 


OF  SURFACES. 
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EXAMPLES. 

1.  The  diameter  of  a  sphere  being  42  inches,  what  is 
the  area  of  the  surface  of  a  zone  whose  altitude  is  9  inches. 

i  ^  Ans.  1187.5248  sq.  in. 

2.  If  the  diameter  of  a  sphere  is  12^  feet,  what  will  be 

the  surface  of  a  zone  whose  altitude  is  2  feet  ?  78.54  sq.  ft. 

To  fiyid  the  area  of  a  spherical  polygon. 

115.  From  the  principle  demonstrated  in  Book  IX.,  Prop. 
XIX.,  we  may  write  the  following  / 

RULE. 

t 

From  the  sum  of  the  angles  of  the  polygon.^  subtract  180° 
taken  as  many  times  as  the  polygon  has  sides,  less  tiro, 
and  divide  the  remainder  by  90°  ;  the  quotient  'mil  be  the 
spherical  excess.  Find  the  area  of  a  great  circle  of  the 
sphere,  and  divide  it  by  2  /  the  quotient  loill  be  the  area 
of  a  tri-rectangular  triangle.  Multiply  the  area  of  the  tri- 
rectangular  triangle  by  the  spherical  excess,  and  the  product 
icill  be  the  area  required. 

This  rule  applies  to  the  spherical  triangle,  as  well  as  to 
any  other  spherical  polygon. 

E  X  A  ]\I  P  L  E  s . 

1.  Required  the  area  of  a  triangle  described  on  a  sphere^ 

whose  diameter  is  30  feet,  the  angles  being  140°,  92°,  and 
§8°.  '  Ans.  471.24  sq.  ft. 

2.  What  is  the  area  of  a  polygon  ot  seven  sides,  de¬ 

scribed  on  a  sphere  whose  diameter  is  17  feet,  -the  sum  of 
the  angles  being  1080°  ?  Ans.  226.98. 

3.  Wliat  is  the  area  of  a  regular  polygon  of  eight  sides, 

described  on  a  sphere  whose  diameter  is  30  yards,  each  an¬ 
gle  of  the  polygon  being  140°  ?  Ans.  157.08  sq.  yds. 
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MENSUEATIOlSr  OF  VOLUMES. 

To  find  the  volume  of  a  prism. 

116.  From  the  jDrinciple  demonstrated  in  Book  YII., 
Prop.  XIY.,  we  may  write  the  following 

RULE. 

Multiply  the  area  of  the  base  by  the  altitude  ;  the  pro^ 
duct  will  be  the  volume  required. 

EXAMPLES. 

1.  What  is  the  volume  of  a  cube,  whose  side  is  24  inches  ? 

Ans.  13824  cu.  in. 

2.  How  many  cubic  feet  in  a  block  of  marble,  of  which 

the  length  is  3  feet  2  inches,  breadth  2  feet  8  inches,  and 
height  or  thickness  2  feet  6  inches  ?  Ans.  21-}  cu.  ft. 

3.  Required  the  volume  of  a  triangular  prism,  whose 

height  is  10  feet,  and  the  three  sides  of  its  triangular  base 
3,  4,  and  5  feet.  A?is.  60. 

7h  find  the  volume  of  a  pjyramid. 

117.  From  the  principle  demonstrated  in  Book  YU.,  Prop. 
XYII.,  we  may  write  the  following 

RULE.  , 

Midtiply  the  area  of  the  base  by  one-third  of  the  alti¬ 
tude  /  the  product  will  be  the  volume  required. 

I 

EXAMPLES. 

1.  Required  the  volume  of  a  square  pyramid,  each  side 

of  its  base  being  30,  and  the  altitude  25.  Ans.  7500. 

2.  Find  the  volume  of  a  triangular  pyramid,  whose  alti¬ 
tude  is  30,  and,  each  side  of  the  btise  3  feet.  38.9711  cu.  ft. 


O  li"  VOLUMES. 
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3.  What  is  the  volume  of  a  pentagonal  pyramid,  its  alti¬ 
tude  being  12  feet,  and  each  side  of  its  base  2  feet. 

Ans.  27.5276  cu.  ft. 

4.  What  is  the  volume  of  an  hexagonal  pyramid,  whose 
altitude  is  6.4  feet,  and  each  side  of  its  base  6  inches  ? 

Ans.  1.38564  cu.  ft. 

find  the  volume  of  a  frustum  of  a  pyramid, 

118.  From  the  principle  demonstrated  in  Book  VII.,  Prop., 
XVIIL,  C.,  we  may  write  the  following 

RULE. 

Find  the  sum  of  the  upper  hase^  the.  lower  base,,  and  a 
mean  proportional  between  them  /  midtiply  the  result  by  one- 
third  of  the  altitude  ;  the  product  will  be  the  volume  repaired. 

EXAMPLES. 

1.  Find  the  number  of  cubic  feet  in  a  piece  of  timber, 

whose  bases  are  squares,  each  side  of  the  lower  base  being 
15  inches,  and  each  side  of  the  upper  base  6  inches,  the 
altitude  being  24  feet.  Ans.  19.5, 

2.  Required  the  volume  of  a  pentagonal  frustum,  whose 
altitude  is  5  feet,  each  side  of  the  lower  base  18  inches,  and 
each  side  of  the  upper  base  6  inches.  Ans.  9.31925  cu.  ft.. 

119.  Since  cylinders  and  cones  are  limiting  cases  of  prisms 
and  pyramids,  the  three  preceding  rules  are  equally  applicable 
to  them. 

EXAMPLES. 

1.  Required  the  volume  of  a  cylinder  whose  altitude  is 
12  feet,  and  the  diameter  of  its  base  15  feet. 

Ans.  2120.58  cu.  ft. 

2.  Required  the  volume  of  a  cylinder  whose  altitude  is 

20*  feet,  and  the  circumference  of  whose  base  is  5  feet 
6  inches.  Ans.  48.144  cu.  ft 
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3.  Required  the  volume  of  a  cone  wliose  altitude  la 

27  feet,  and  the  diameter  of  the  base  10  feet. 

Aris.  706.86  cu.  ft. 

4.  Required  the  volume  of  a  cone  wliose  altitude  is 

lOj  feet,  and  the  circumference  of  its  base  9  feet. 

A71S.  22.56  cu.  ft. 

5.  Find  the  volume  of  the  frustum  of  a  cone,  the  altitude 

being  18,  the  diameter  of  the  lower  base  8,  and  that  of  the 

upper  base  4.  Atis.  527.7888. 

6.  What  is  the  volume  of  the  frustum  of  a  cone,  the 

altitude  being  25,  the  circumference  of  the  lower  base  20, 
and  that  of  the  upper  base  10  ?  Ans.  464.216. 

7.  If  a  cask,  which  is  composed  of  two  equal  conic  frus¬ 

tums  joined  together  at  their  larger  bases,  have  its  bung  dia¬ 
meter  28  inches,  the  head  diameter  20  inches,  and  the  length 
40  inches,  how  •  many  gallons  of  wine  will  it  contain,  there 
being  231  cubic  inches  in  la  gallon  ?  Ans.  79.0613. 

To  find  the  volwne  of  a  sphere. 

120.  From  the  principle  demonstrated  in  Book  VIII., 
Pro*p.  XIV.,  we  may  write  the  following 

RULE, 

Cube  the  diameter  of  the  sphere^  and  multiply  the  result 
by  that  is,  by  0.5236  ;  the  product  will  be  the  volume 
required. 

EXAMPLES. 

1.  What  is  the  volume  of  a  sphere,  whose  diameter  is 

12  ?  Ans.  904.7808. 

2.  What  is  the  volume  of  the  earth,  if  the  mean  diam¬ 
eter  be  taken  equal  to  7918.7  miles. 

Ans.  259992792083  cu.  mhos. 


/ 


0¥  VOLUMES. 
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To  find  the  volume  of  a  wedge. 

121.  A  TVedge  is  a  voluine  bound¬ 
ed  by  a  rectangle  ABCI),  called  the 
hacJc,  two  trapezoids  ABHG,  BCIIG, 
called  faces,  and  two  triangles  ABG, 

CBIf  called  ends.  The  line  Gif  in 
which  the  faces  meet,  is  called  the  edge. 

The  two  faces  are  equally  inclined  to 
tlie  back,  and  so  also  are  the  two  ends. 

There  are  three  cases:  1st,  When  the  length  of  the  edge  is 

equal  to  the  length  of  the  back;  2d,  When  it  is  less;  and"  3d, 
When  it  is  greater. 

In  the  fii-st  case,  the  wedge  is  a  right  prism,  whose  base  is 
the  triangle  A2>e,  and  altitude  GIT  or  AB  :  hence,  its  volume 
JS  equal  to  ADG  multiplied  by  AB. 

In  the  second  case,  through  If 
the  middle  point  of  the  edge,  pass 
a  plane  II CB  perpendicular  to  the 
back  and  intersecting  it  in  the  line 
BC  parallel  to  AB.  This  plane 
will  divide  the  wedge  into  tw'o 
parts,  one  of  which  is  represented 
by  the  figure. 

^  Through  G,  draw  the  plane  GKM  parallel  to  IICB,  and  it 
wull  divide  the  part  of  the  wedge  represented  by  the  figure  into 
the  i-ight  triangular  prism  Gmi  -  B,  and  the  quadrangular  pyr¬ 
amid  ADNM~  G.  Draw  GP  perpendicular  to  WJ/:  it  will 
also  be  perpendicular  to  the  back  of  the  wedge  (B.  VI,  P. 
XVII),  and  hence,  will  be  equal  to  the  altitude  of  the  wedge. 

Denote  AB  by  Z,  the  breadth  AB  by  h,  the  edge  GII  by 
I,  the  altitude  by  h,  and  the  volume  by  V\  then, 

AM=z  L  —  mb  z=  GIIz=  and  area  NGM.  =  \hh  :  then 
Prism  =  Pyramid  =  5(Z  - -  ^),  and 
\hhl  +  \hh{L  -1)=:  \hhl  +  \hhL  -  \hhl  —  \hh{l-I^D. 

We  can  find  a  similar  expression  for  the  remaining  part  of  the 
wcdj.^e,  and  by  adding,  the  factor  within  the  parenthesis  becomes 
the  entire  length  of  the  edge  plus  twice  the  length  of  the  back. 
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In  the  third  case,  I  is  greater  than  X,  and  denotes  the 
aiti tilde  of  the  prism  ;  the  volume  of  each  part  is  equal  to 
tlie  difference  of  the  pilsm  and  pyramid,  and  is  of  the  same 
form  as  before.  Hence,  the  following 

Rule.— twice  the  length  of  the  back  to  the  length  of 
the  edge;  imdtiply  the  sum  by  the  breadth  of  the  bach^  and 
that  result  by  one-sixth  of  the  altitude ;  the  final  product  will 
he  the  volume  required, 

EXAMPLES. 

1.  If  the  back  of  a  wedge  is  40  by  20  feet,  the  edge 
35  feet,  and  the  altitude  10  feet,  what  is  the  volume? 

Ans.  3833.33  cu.ft. 

2.  What  is  the  volume  of  a  wedge,  whose  back  is  18  feet 

by  9,  edge  20  feet,  and  altitude  6  feet?  504  cu.ft. 
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To  find  the  volume  of  a  prismoid. 

1/52.  A  Prismoid  is  a  frustum  of  a  wedge. 

Let  L  and  B  denote  the 
lensrth  and  breadth  of  the  lower 
base,  I  and  b  tlie  length  and 
breadth  of  the  upper  base,  M  and 
m  the  length  and  breadth  of  the 
section  equidistant  from  the  bases, 
and  h  the  altitude  of  the  prismoid. 

Through  the  edges  L  and 
let  a  plane  be  passed,  and  it  will 

divide  the  prismoid  into  two  wedges,-  having  for  bases,  the 
bases  of  the  prismoid,  and  for  edges  the  lines  X  and  V. 

The  volume  of  the  prismoid,  denoted  by  F",  will  be 
equal  to  the  sum  of  the  yplumes  of  the  two  Avedges  ;  hence, 


or. 


U  ~  \Bh{l  -j-  2X)  +  \bh{Tj  -f"  2^)  j 
Y  zzz  \h{fBL  +  Tbl  +  +  bL)  ; 


OP  VOLUMES. 
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which  may  be  written  under  the  form, 

v=  i/i  [( 4- •  •  (^.) 

Because  the  auxiliary  section  is  midway  between  t-he  bases, 
we  have, 

2M'  =  X  +  Z,  and  2m  .B  d  ; 

hence, 

Ai^Im  “  (X  -f“  (X  -}-  XX  hi  l^L  -f-  hi. 

Substituting  in  ( ^ ),  we  have, 

V  ^  \h{BL  ■\-hl  ^  43fm). 

But  XX  is  the  area  of  the  lower  base,  or  lower  section, 
hi  is  the  area  of  the  upper  base,  or  upper  section,  and  Jim 
is  the  area  of  the  middle  section  ;  hence,  the  following 

RULE. 

7h  find  the  volume  of  a  prismoid^  find  the  sum  of  the 
areas  of  the  extreme  sections  and  four  times  the  middle  sec- 
tio7i  /  midtiply  the  result  hy  one-sixth  of  the  distance  hetween 
the  extreme  sections  /  the  residt  will  he  the  volume  required. 

This  rule  is  used  in  computing  volumes  of  earth- work  in 
raili'oad  cutting  and  embankment,  and  is  of  very  extensive 
application.  It  may  be  shown  that  the  same  rule  holds  for 
every  one  of  the  volumes  heretofore  discussed  in  this  work. 
Thus,  in  a  pyramid,  we  may  regard  the  base  as  one  extreme 
section,  and  the  vertex  (whose  area  is  0),  as  the  ^  other 
extreme  ;  their  sum  is  equal  to  the  area  of  the  base.  The 
area  of  a  section  midway  between  between  them  is  equal  to 
one-fourth  of,  the  base  :  hence,  four  times  the  middle  section 
is  equal  to  the  base.  Multiplying  the  sum  of  these  by  one- 
sixth  of  the  altitude,  gives  the  same  result  as  that  already 
found.  The  application  of  the  rule  to  the  case  of  cylinders, 
frustums  of  cones,  spheres,  &c.,  is  Veft  as  an  exercise  for  the 
student. 


/ 


\ 
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EXAMPLES.  I 

1.  One  of  the  bases  of  a  rectangular  prism oid  is  25  feet 

/ 

by  20,  the  other  15  feet  by  10,  and  the  altitude  12  feet  ; 

required  the  volume.  u4.ns.  3/00  cu.  ft. 

2.  What  is  the  volume  of-  a  stick  of-  hewn  timber, 

whose  ends  are  30  inches  by  27,  and  24  inches  by  18,  its 
lenofth  being  24  feet  ?  -Ans.  102  cu.  ft. 

O  O 

( 

MENSURAl^ION  OF  REGULAR  POLYEURONS. 

4 

123.  A  Regular  Polyedrox  is  a  polyedron  bounded  bv 
equal  regular  polygons. 

The  polyedral  angles  of  any  regular  polyedron  are  all 
equal. 

124.  There  are  five  regular  polyedrons  (Book  VII., 
Page  208). 

To  jind  the  diedral  angle  between  the  faces  of  a  regular 

polyedron. 

125.  Let  the  vertex  of  any  polyedral  angle  be  taken  as 

the  centre  of  a  sphere  whose  radius  is  1  :  tlien  will  this 

\ 

sphere,  by  its  intersections  with  the  frees  of  the  polyedral 
angle,  determine  a  regular  spherical  polygon  whose  sides  wi.I 
be  equal  to  the  plane  angles  that  bound  the  polyedral  angle, 
and  whose  .angles  are  equal  to  the  diedral  angles  between  ‘ 

N 

the  faces. 

It  only  .remains  to  deduce  a  formula  for  finding  one 
angle  of  a  regular  spherical  polygon,  when  the  sides  are 
given. 
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Let  ABODE  represent  a  regular  splierical  polygon,  and 
let  F  be  the  pole  of  a  small  circle  passing  through  its  verti¬ 
ces.  Suppose  P  to  be  connected 
with  each  of  the  vertices  by  arcs  of 
great  circles  :  there  will  thus  be 
formed  as  many  equal  isosceles  tri¬ 
angles  as  the  polygon  has  sides,  the 
vertical  angle  in  each  being  equal 
to  360°  divided  by  the  number  of 
sides.  Through  P  draw  PQ  per¬ 
pendicular  to  AB  \  .then  will  AQ 

be  equal  lo  BQ,  If  wm  denote  the  number  of  sides  by 

360°  180° 

the  angle  AP  Q  will  be  equal  to 

In  tlie  right-angled  spherical  triangle  APQ,  we  know  the 
base  AQ,  and  the  vertical  angle  APQ\  hence,  by  Napier’s 
rules  for  circular  parts,  we  have, 

sin  (90°  — =  cos  (90°  -  PJ- §)  cos  ^  ; 

or,  by  reduction,  denoting  the  side  AB  by  s,  and  the  an¬ 
gle  PAB,  by  A, 

1 80° 

cos - =  sin  ^A  cos  -Js  ; 

n 

180° 

cos  - 

n 

whence,  sin  \A  —  -  • 

cos  fS 

EXAMPLES. 

and  is  =  30^  A  =  W  31' 42'h 


In  the  Tetraedron, 
=  600, 


n 


In  the  Hexaedron, 
180° 

- -  =  60°, 


13 


and 


Js  —  45°  .  .  A  =:  90°. 


I 
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1 

=  30°  A  =  109°  28' 18". 

i-s  =  54®  A  =  116°  33' 54". 

30°  A  =  138°  11' 23". 

To  find  the  volume  of  a  regular  polyedron. 

126.  If  planes  be  passed  through  the  centre  of  the  poly¬ 
edron  and  each  of  the  edges,  they  will  divide  the  polyedron 
into  as  many  equal  right  pyramids  as  the  polyednm  has  feces. 
The  common  vertex  of  these  pyramids  will  be  at  the  centre 
of  the  polyedron,  their  bases  will  be  the  faces  of  the  poly¬ 
edron,  and  their  lateral  faces  will  bisect  the  diedral  angles 
of  the  polyedron.  The  volume  of  eacfe  pyramid  will  be  equal 
to  its  base  into  one-third  of  its  altitude,  and  this  multiplied 
by  the  number  of  faces,  will  be  the  volume  of  the  polyedron. 

It  only  remains  to  deduce  a  formula  for  finding  the  dis¬ 
tance  from  the  centre  to  one  face  of  the  polyedron. 

Conceive  a  perpendicular  to  be  drawn  from  the  centre  of 
the  polyedron  to  one  face  ;  tlie  foot  of  this  perpendicular 
will  be  the  ceiitre  of  the  face.  From  the  foot  of  this  per¬ 
pendicular,  draw  a  perpendicular  to  either  side  of  the  lace 
in  which  it  lies,  and  connect  the  point  thus  determined  with 
the  centre  of  the  polyedron.  There  will  thus  be  formed  a 
right-angled  triangle,  whose  base  is  the  apothem  of  the  fiice, 
whose  angle  at  the  base  is  half  the  diedral  angle  of  the 
polyedron,  and  whose  altitude  is  the  required  altitude  of  the 
pyramid,  or  in  other  words,  the  radius  of  the  inscribed 
sphere. 


In  the  Octaedron, 
180° 


n 


45°,  and 


In  the  Dodecaedron, 
180° 


n 


60°,  and 


In  the  Icosaedron, 
180° 


n 


36°,  and 


✓ 


OF  POLYEDRONS. 


lr^3 

Denoting  the  perpendicular  by  P,  the.  base  by  and 
the  diedral  angle  by  we  have  Formula  (3),  Art.  37, 

Trig., 

P  —  5  tan  j-A  ; 


bat  b  is  the  apothem  of  one  face  ;  if,  therefore,  we  denote 
the  number  of  sides  in  that  face  by  n,  and  the  length  of 
each  side  by  s,  we  shall  have  (Art.  101,  Mens.), 


,  180^ 
is  cot  - ; 


n 


whence,  by  substitution, 


P  ~  is  cot 


180° 

n 


tan  iA  ; 


hence,  the  volume  may  be  computed.  The  volumes  of  all 
the  regular  polyedrons  have  been  computed  on  the  supposi¬ 
tion  that  their  edges  are  each  equal  to  1,  and  the  results 
are  given  in  the  following 


TABLE. 

NAMES. 

NO.  OP  FACES. 

VOLUMES. 

Tetraedron,  . 

4 

.  .  0.1178513 

Hexaedron,  . 

•  ••« 

.  .  1.0000000 

Octaedron, 

•  ••• 

.  .  0.4714045 

Dodecaedron, 

1  9 

•  •  •  •  Xm  •  •  • 

.  .  7.6631189 

Icosaedron,  . 

1 

20 

•  •  •  •  ^  \f  %  •  • 

.  .  2.1816950 

From  the  principles  demonstrated  in 

Book  VII.,  we 

write  the  following 


K  IT  L  E  . 

To  find  the  volume  of  any  regular  'polyedron^  multiply 
the  cube  of  its  edge  by  the  corresponding  tabidar  volume  / 
the  product  will  he  the  volume  required. 


/ 
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MENSURATION. 


EXAMPLES. 


1.  What  is  the  volume  of  a  tetraedron,  whose  edge  is  15  ?  j 

Ans,  397.75. 

2.  What  is  the  volume  of  a  hexaedron,  whose  edge  is  12  ? 

Ans.  1728.  ! 

3.  What  is  the  volume  of  a  octaedroii,  whose  edge  is  20  ?  i 

A?is.  3771.236.  ; 


4.  What  is  the  volume  of  a  dodecaedron,  whose  edge 


Ans.  119736.2328. 


is  25  ? 


5.  What  is  the  volume  of  an  icosaedron,  whose  edge 


ifi  20  f 


Ans.  17453.66, 


I 


.  A  TABIE 

4 

OF 

LOGARITHMS  OF  NUMBERS 

FROM  1  TO  10,000. 


K. 

Log. 

N. 

Log. 

N. 

Log, 

N. 

Log. 

I 

0 • 000000 

26 

I -414973 

5i 

1*707570 

76 

1-880814 

3 

o-3oio3o 

27 

1 *431354 

52 

I *716003 

77 

1-886491 

3 

0-477121 

28 

1-447158 

53 

1-724276 

78 

I -892095 

4 

0-602060 

29 

1 -462398 

54 

1*732394 

79 

1-897627 

5 

0-698970 

3o 

1*477121 

55 

I *740363 

80 

1  -  90L90 

6 

0-778151 

3i 

I *491362 

56 

1*748188 

81 

1*908485 

7 

0-845098 

32 

I  *L5i5o 

57 

1*755875 

82 

1-913814 

S 

0-903090 

33 

1 *5i85i4 

58 

1*763428 

83 

1 -919078 

9 

0-954243 

34 

I *531479 

59  ■ 

1-770852 

84 

1-924279 

10 

1 -000000 

35 

I  *  544068 

60 

I *778151 

85 

1-929419 

11 

I -041393 

36 

i*5563o3 

61 

1*785330 

86 

I -984498 

12 

I -079181 

37 

1 -568202 

62 

1 *792892 

87 

1  -9.39519 

i3 

I  - 1 1.3943 

38 

1-579784 

63 

1*799341 

88 

I -944483 

i4 

1-146128 

39 

I -591065 

64 

1*806181 

89 

1 -949890 

i5 

1  - 176091 

40 

I -602060 

65 

1*812913 

90 

1 -964243 

i6 

I -204120 

41 

I -612784 

66 

1*819544 

91 

1 -969041 

17 

1  -  280449 

42 

1 -6282 19 

67 

1*826075 

92 

I  -96^88 

18 

I -255273 

43 

1-633468 

68 

I *832509 

93 

I -968483 

^9 

1-278754 

44 

1 -643453 

6q 

1*838849 

94 

1  -973128 

20 

1 -3oio3o 

45 

1 -653213 

70 

1*845098 

90 

1-977724 

21 

1 -322219 

.  46 

I -662758 

71 

I *85i258 

96 

I -982271 

22 

I -342423 

47 

1 -672098 

72 

1*857333 

97 

1 -986772 

23 

1  -3h  728 

48 

1 -681241 

73 

1  *86^23 

98 

1-991226 

24 

1  -38o2i I 

49 

I -690196 

74 

1*869232 

99 

I *990635 

25 

1*397940 

5o 

1 -698970 

75 

I *876061 

100 

2  *  000000 

Remark:.  In  the  following  table,  in  the  nine  right  hand 
columns  of  each  page,  where  the  first  or  leading  figures 
change  from  9’s  to  O’s,  points  or  dots  are  introduced  in¬ 
stead  of  the  O’s,  to  catch  the  eye,  and  to  indicate  that  from 
thence  the  two  figures  of  the  Logarithm  to  be  taken  from 
the  second  column,  stand  in  the  next  line  below. 


2  A  TABLE  OF  LOGARITHMS  FROM  1  TO  10,000. 


i — 

j  N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

100 

000000 

0434 

0868 

i3oi 

1734 

2166 

2^8 

3029 

3461 

3891 

43  a 

101 

4321 

4731 

5i8i 

5609 

6o38 

6466 

6894 

7321 

7748 

8174 

428 

102 

8600 

9026 

9451 

9876 

•3oo 

®724 

1147 

1670 

1993 

241 5 

424 

io3 

012887 

3259 

368o 

4100 

4521 

4940 

536o 

5779 

6197 

6616 

419 

io4 

7033 

7431 

7868 

8284 

8700 

91 16 

9532 

7947 

®36i 

*775 

416 

io5 

021189 

i6o3 

2016 

2428 

2841 

3252 

3664 

4075 

4486 

4896 

412 

io6 

53o6 

6710 

6125 

6533 

6942 

7350 

7757 

8164 

8571 

8978 

4o3 

107 

9384 

9789 

*195 

®6oo 

1004 

1408 

1812 

2216 

2619 

3o2I 

404 

108 

033424 

3826 

4227 

4628 

5029 

5480 

583o 

6280 

6629 

7028 

400 

109 

7426 

7825 

8223 

8620 

9017 

9414 

9811 

®207 

•602 

*998 

396 

1 10 

o4i3q3 

1787 

2182 

2576 

2969 

3362 

3755 

4148 

4540 

4982 

393 

i  1 1 

5323 

5714 

6io5 

6495 

6885 

7275 

7664 

8o53 

8442 

883o 

389 

112 

9218 

9606 

9993 

®38o 

•766 

1 1 53 

i538 

1924 

2809 

2694 

386 

ii3 

053078 

3463 

3846 

423o 

4613 

4996 

5378 

5760 

6142 

5524 

382 

ii4 

6905 

7286 

7666 

8046 

8426 

88o5 

9185 

9663 

9942 

*320 

370 

1 15 

060698 

1070 

1432 

1829 

2206 

2582 

2908 

3333 

3709 

4083 

376 

1 16 

4438 

4832 

5206 

558o 

5953 

6326 

6699 

7071 

7443 

7815 

3j2 

117 

8186 

8557 

8928 

9298 

9668 

®®38 

®4o7 

*776 

1145 

i5i4 

36g 

nS 

071882 

225o 

2617 

2985 

3352 

3718 

4o85 

445 1 

4816 

5i82 

366 

119 

5547 

5912 

6276 

6640 

7004 

7368 

7731 

8094 

8457 

8819 

363 

120 

079181 

9043 

9904 

•266 

*626 

*987 

i347 

1707 

2067 

2426 

36o 

121 

082785 

3144 

3do3 

386 1 

4219 

4576 

4934 

5291 

5647 

6004 

357 

122 

636o 

6716 

7071 

7426 

7781 

8i36 

8490 

8845 

9198 

9552 

355 

123 

ggo5 

®258 

®6ii 

®963 

i3i5 

1667 

2018 

2870 

2721 

3071 

35i 

124 

098422 

3772 

4122 

4471 

4820 

5169 

55i8 

5866 

6215 

6562 

349 

125 

6910 

7207 

7604 

7951 

8298 

8644 

8990 

9335 

9681 

«®26 

346 

126 

100371 

oji5 

1069 

i4o3 

1747 

2091 

2434 

2777 

3119 

3462 

343 

127 

38o4 

4146 

4487 

4828 

5169 

55io 

585i 

61^1 

653  r 

6871 

340 

128 

7210 

7549 

7888 

8227 

8565 

8903 

9241 

9579 

9916 

*253 

338 

129 

1 10590 

0926 

1263 

1 599 

1934 

2270 

2605 

2940 

3275 

3609 

335 

i3o 

113943 

4277 

4611 

4944 

5278 

56i  I 

5943 

6276 

6600 

6940 

333 

i3i 

7271 

7603 

7934 

8265 

8595 

8926 

9256 

9586 

9915 

®245 

33o 

i32 

i2o574 

0903 

I23i 

i56o 

1888 

2216 

^44 

2871 

3198 

3525 

328 

i33 

3852 

4178 

45o4 

483o 

5i56 

5481 

58o6 

6i3i 

6456 

6781 

325 

i34 

7105 

7429 

7753 

8076 

8399 

8722 

9045 

9868 

9690 

®*12 

323 

i35 

i3o334 

o655 

0977 

1298 

1619 

1939 

2260 

258o 

2900 

3219 

321 

i36 

3539 

3858 

4177 

4496 

4814 

5i33 

545 1 

5769 

6086 

6403 

3i8 

137 

6721 

7037 

7354 

7671 

7987 

83o3 

8618 

8934 

9249 

9554 

3i5 

i38 

9879 

®i94 

•5o8 

®822 

ii36 

1460 

1763 

2076 

2889 

2702 

3i4 

189 

i43oi5 

3327 

3639 

3951 

4263 

4574 

4885 

5196 

5507 

58i8 

3ii 

140 

146128 

6438 

6748 

7o58 

7367 

7676 

7985 

8294 

86o3 

891 1 

309 

14^ 

9219 

9527 

9835 

®I42 

®449 

*756 

io63 

1870 

1676 

19S2 

307 

142 

152288 

2394 

2900 

32o5 

35io 

38i5 

4120 

4424 

4728 

5o32 

3o5 

143 

5336 

5640 

5943 

6246 

6549 

6852 

7154 

7457 

7759 

8061 

3o3 

144 

8362 

8664 

8965 

9266 

9567 

9868 

®i68 

*469 

*769 

1068 

3oi 

I  '5 

i6i368 

1667 

1967 

2266 

2564 

2863 

3i6i 

3460 

3758 

4o55 

299 

) 

4353 

465o 

4947 

5244 

5541 

5838 

6i34 

6480 

6726 

7022 

297 

147 

7317 

7613 

7908 

8203 

8407 

8792 

9086 

9880 

9674 

9968 

200 

148 

170262 

o555 

0848 

1 141 

1434 

1726 

2019 

2811 

2608 

2895 

2^ 

149 

3i86 

3478 

3769 

4060 

435i 

4641 

4982 

5222 

55i2 

58o2 

"91 

i5o 

176091 

638i 

6670 

6959 

7248 

7536 

7825 

8ii3 

8401 

868q 

289 

i5i 

8977 

9264 

g552 

9839 

•126 

•4i3 

•699 

®985 

1272 

1 558 

287 

i52 

181844 

2129 

24i5 

2700 

2985 

3270 

3555 

3839 

4128 

4407 

285 

i53 

4691 

4975 

5269 

5542 

5825 

6io3 

6391 

6674 

6956 

7289 

283 

i54 

7521 

7803 

8084 

8366 

8647 

8928 

020q 

9490 

9771 

•®5i 

281 

i55 

190332 

0612 

0892 

1171 

i45i 

1780 

2010 

2289 

2667 

2846 

279 

1 56 

3125 

3408 

368i 

3969 

4237 

45i4 

4792 

5069 

5346 

5623 

278 

167 

5899 

6176 

6453 

6729 

70o5 

7281 

7556 

7882 

8107 

8382 

276 

1 58 

8657 

8982 

9206 

9481 

9755 

**29 

e3o3 

®577 

®85o 

1 124 

274 

l5g 

201897 

1670 

1943 

2216 

2488 

2761 

3o33 

33o5 

3577 

3848 

272 

N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

3 
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A  TABLE  OF  LOGARITHMS  FROM  1  TO  10,000 


N. 

«  i 

I 

2 

3 

4 

5 

6 

1 

i 

8 

9 

D.  ^ 

220 

342423' 

2620 

2817 

3oi4 

3212 

3409 

36o6 

38o2 

3999 

4196 

197 

221 

4392 

4589 

4785 

4981 

5178 

5374 

0070 

5766 

6962 

6137 

196 

222 

6303 

6049 

6744 

6989 

7135 

7880 

7625 

7720 

7913 

81 10 

195 

223 

83o5 

85oo 

8694 

8889 

9083 

9278 

9472 

9666 

9860 

••54 

194 

224 

350248 

0442 

o636 

0829 

1023 

1216 

1410 

i6o3 

1796 

1989 

225 

2i83 

2875 

2568 

2761 

2954 

3147 

3339 

3532 

3724 

8916 

198 

226 

4108 

4801 

4493 

4685 

48/6 

5o68 

5260 

5452 

5643 

5834 

192 

227 

6026 

62 1 7 

6408 

6699 

6790 

6981 

7172 

7363 

7554 

7744 

191 

1  228 

7935 

8125 

83i6 

85o6 

8^ 

8886 

\9076 
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6812 

^20 

7087 

7  *'49 

7262 

7374 

7486 

7599 

112 

387 

7711! 

7823  1 

7935 

8047 

8160 

8272 

8384 

8496 

8608 

B720 

112 

388 

88321 

8944  ; 

9o56 

9167 

9279 

9391 

9603 

96x5 

9726 

9838 

112 

389 

995o| 

•®6i  ] 

*178 

®284 

•896 

®5o7 

•619 

•780 

•842 

*953 

iia 

390 

59io65j 

1176  I 

1287 

1899 

i5io 

id  71 

1782 

1843 

1955 

2066 

III 

391 

2177 

2288  1 

2899 

25io 

2621 

y32 

2843 

2954 

3064 

8x75 

HI 

392 

3286 

3397  , 

35o8 

36i8 

3729 

3840 

8960 

4o6i 

4171 

4282 

in 

393 

4393 

45o3  1 

4614 

4724 

4834 

4945 

5o55 

5x65 

5276 

5386 

no 

394 

5496 

56o6 

5717 

5827 

5937 

6047 

6x57 

6267 

6377 

6487 

iioj 

395 

6597 

6707 

6817 

6927 

''087 

7146 

7256 

7366 

7476 

7586 

no 

396 

7695 

7805 

7914  i 

8024 

8 1 34 

8243 

8353 

8462 

8072 

8681 

no 

397 

8791 

8900 

9009 

9119 

9228 

9337 

9446 

9556 

9665 

9774 

109 

398 

9883 

9992 

®IOI 

®2I0 

®3i9 

•428 

•537 

•646 

•755 

•864 

109 

399 

600973 

1082 

1191 

1299 

1408 

i5i7 

1625 

1734 

1843 
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N. 

0 

I  ! 

2 

3 

4 

5 

6 

1 

7  j 

8 

9 

0. 

400 

602060 

2169 

2277 

2386 

2494 

2603 

1 

2711  ! 

2819  ; 

2928 

3o36 

108 

401 

3i44 

3253  . 

336i 

3469 

3577 

3686 

8704  1 

3902  j 

4010 

4118 

108 

402 

4226 

4334  • 

4442 

455o 

4658 

4766 

4874  j 

4982  1 

5089 

5197 

108 

4o3 

53o5 

54 1 3 

5521 

5628 

5t36 

5844 

5951  1 

6069  i 

6166 

6274 

106 

404 

638i 

6489  ; 

65g6 

6704 

681 1 

6919 

7026  1 

7133  i 

7241 

7848 

107 

4o5 

7455 

7562  I 

7669 

7777 

7884 

7991 

8098 

8205 

83 12 

8419 

107 

406 

8526 

8633  i 

8740 

8847 

8954 

9061 

9167 

9274 

9881 

9488 

107 

407 

9594 

9701  i 

9808 

9914 

®®2  I 

•128 

®234 

•341 

®447 

•554 

107 

408 

6 1 0660 

0767  ! 

0873 

0979 

1086 

1 192 

1298 

i4o5 

i5ii 

106 

409 

1723 

1829  j 

1986 

2042 

2148 

2254 

2860 

2466 

2572 

2678 

1 06 

410 

612784 

2890  j 

2996 

3io2 

3207 

33i3 

3419 

3525 

363o 

3736 

106' 

41 1 

3842 

3947  1 

4oD3 

4169 

4264 

4370 

4475 

4581 

4686 

4792 

106 

412 

4897 

5oo3 

5io8 

52i3 

5319 

5424 

5529 

5634 

5740 

5845 

io5 

41 3 

5900 

6o55 

6160 

6265 

6370 

6476 

658i 

6686 

6790 

6893 

io5 

414 

7000 

7Io5 

7210 

73 1 5 

7420 

7525 

7629 

7734 

7889 

7943 

io5 

4i5 

8048 

8i53 

8257 

8362 

8466 

8571 

8676 

8780 

8884 

8989 

io5 

416 

9093 

9198 

9802 

9406 

9511 

9615 

9719 

9824 

9928 

®®32 

104 

417 

620136 

0240 

o344 

0448 

o552 

o656 

0760 

0864 

0968 

1072 

104 

418 

1176 

1280 

1884 

1488 

1592 

1695 

n99 

1903 

2007 

2110 

104 

419 

2214 

23i8 

2421 

2525 

2628 

2782 

2835 

2939 

3042 

3146 

104 

420 

623249 

3353 

3456 

3559 

3663 

3766 

3869 

3973 

4076 

4179 

io3 

421 

4282 

4385 

4488' 

4591 

4695 

4798 

4901 

5oo4 

5io7 

5210 

io3 

422 

53i2 

54i5 

55i8 

5621 

5724 

5827 

5929 

6082 

6i35 

6288 

io3 

423 

6340 

6443 

6546 

6648 

6751 

6853 

6966 

7o58 

7161 

7263 

io3 

424 

7366 

7468 

7571 

7673 

■7775 

7878 

7980 

8082 

8i85 

8287 

102’ 

425 

8389 

8491 

8593 

8695 

8797 

8900 

9002 

9104 

9206 

9808 

102 

426 

9410 

95i2 

9613 

97i5 

9817 

9919 

••2,1 

®I23 

•224 

•326 

102 

427 

630428 

0530 

o63i 

0733 

o835 

0986 

io38 

1 

1241 

i342 

102 

428 

1444 

1045 

1647 

1748 

1849 

1951 

2o52 

2 1 53 

2255 

2356 

lOI 

429 

2457 

2559 

2660 

2761 

2862 

2963 

3064 

3i65 

3266 

3367 

lOI 

43o 

633468 

3569 

8670 

3771 

3872 

3973 

4074 

4175 

4276 

4376 

100 

43 1 

4477 

4578 

4679 

4779 

'4880 

4981 

5o8i 

5182 

5283 

5383 

100 

432 

5484 

5584 

568o 

5785 

5886 

59^6 

6087 

6187 

6287 

6388 

100 

433 

6488 

6588 

6688 

6789 

6889 

6989 

7089 

7189 

7290 

7890 

100 

434 

7490 

7590 

7690 

719° 

7890 

7990 

8090 

8190 

8290 

8389 

99 

435 

8489 

8589 

8689 

8789 

8888 

8988 

90S8 

9188 

9287 

9887 

991 

436 

9486 

9586 

9686 

9785 

9885 

9984 

*•84 

•i83 

•283 

•382 

99! 

437 

640481 

o58i 

0680 

0779 

(i^79 

0978 

1077 

1177 

1276 

1375 

99; 

438 

U74 

i5']3 

1672 

1771 

1871 

1970 

2069 

2168 

2267 

2366 

99  i 

439 

2465 

2563 

2662 

2761 

2860 

2959 

3o58 

3i56 

3255 

3354 

99  i 

440 

643453 

355i 

365o 

3749 

3847 

-  8946 

4044 

4143 

4242 

4340 

981 

441 

4439 

4537 

4636 

4734 

4832 

4981 

5029 

5127 

5226 

5324 

981 

442 

5422 

5521 

5619 

5717 

58i5 

5913 

6011 

6110 

6208 

63o6 

98! 

443 

6404 

65o2 

6600 

6698 

6796 

6894 

6992 

7089 

7187 

7285 

98; 

444 

7383 

7481 

7579 

7676 

7774 

7872 

7969 

8067 

8i65 

8262 

981 

445 

836o 

8458 

855d 

8653 

8750 

8848 

8945 

9043 

9140 

9237 

97^ 

446 

9335 

9432 

9530 

9627 

9724 

9821 

9019 

o®i6 

®i  i3 

•210 

97! 

447 

65o3o8 

o4o5 

0002 

0599 

0696 

0793 

o8qo 

0987 

1084 

n8i 

97: 

448 

1278 

1375 

1472 

1 569 

166C) 

1762 

1809 

ig56 

2o53 

2i5o 

97! 

449 

2246 

2343 

2440 

2536 

2633 

2780 

2826 

2923 

8019 

3ii6 

97 1 

450 

6532i3 

3300 

34o5 

35o2 

3598 

3695 

8791 

3888 

8984 

4080 

96; 

45 1 

4177 

4273 

4369 

4465 

4562 

46o8 

4754 

485o 

4946 

5o42 

96; 

452 

5i38 

5235 

533 1 

5427 

5523 

^19 

5715 

5810 

6906 

6002 

961 

453 

6098 

6194 

6290 

6386 

6482 

6577 

6673 

6769 

6864 

6960 

961 

454 

7o56 

7162 

7247 

7343 

7438 

7534 

7629 

7723 

7820 

7916 

96, 

455 

801 1 

8107 

8202 

8298 

8393 

8488 

8584 

8679 

8774 

8870 

95  j 

456 

8965 

9060 

91DD 

9260 

9346 

9441 

9536 

963 1 

9726 

9821 

95 1 

457 

9916 

1  J 

®io6 

•201 

•296 

*891 

•486 

•58i 

•676 

1  ®77i 

93: 

458 

66o865 

0960 

io55 

I  i5o 

1245 

1339 

1434 

1520 

1623 

1718 

93, 

459 

i8i3 

1907 

2002 

2096 

2191 

2280 

2880 

2475 

2569 

2663 

95, 
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N. 

0 

I 

2 

! 

3 

4 

5 

6 

7 

8 

r— —1 

D. 

460 

662758 

2852 

2947 

3o4i 

3i35 

8280 

3324 

3418 

35 1 2 

3607 

94 

461 

3701 

3795 

3889 

3983 

4078 

4172 

4266 

4360 

4454 

4548 

94 

462 

4642 

4736 

4830 

4924 

5oi8 

•  5i  12 

5206 

5299 

5393 

5487 

94 

463 

558i 

5675 

6769 

5862 

5956 

6o5o 

6143 

6287 

633 1 

6424 

94, 

464 

65i8 

6612 

6705 

6799 

6892 

6986 

7079 

7173 

7266 

7360 

94! 

465 

7453 

7546 

7640 

7733 

7826 

7920 

8oi3 

8106 

8199 

,8293 

93 

466 

8386 

8479 

8572 

8665 

8709 

8852 

8945 

9o38 

9181 

9224 

467 

9317 

9410 

95o3 

9696 

9689 

9782 

9875 

9967 

•®6o 

•i53 

93 

468 

670246 

0339 

043 1 

o524 

0617 

0710 

0802 

0895 

0988 

1080 

93 

469 

1173 

1265 

i358 

i45i 

1543 

i636 

1728 

1821 

1918 

2oo5 

93 

470 

672098 

2190 

2283 

2875 

2467 

2660 

2552 

2744 

2836 

2929 

92 

471 

3o2I 

3i  i3 

32o5 

3297 

3390 

3482 

3574 

3666 

3-]5S 

385o 

92 

472 

3942 

4034. 

4126 

4218 

4810 

4402 

4494 

4586 

4677 

4769 

921 

473 

4861 

^53 

5o45 

5i37 

5228 

5320 

5412 

55o3 

5595 

5687 

92 

474 

5778 

5870 

6962 

6o53 

6145 

6286 

6328 

6419 

65 1 1 

6602 

92 

475 

6694 

6785 

6876 

6968 

'7059 

7i5i 

7242 

7333 

7424 

7516 

9J 

476 

7607' 

7698 

7789 

7881 

7972 

8o63 

8i54 

8245 

8336 

8427 

9* 

477 

85i8 

8609 

8700 

8791 

8882 

8973 

9064 

91DD 

9246 

9887 

91 

478 

9428 

9619 

9610 

9700 

9791 

9882 

9973 

••63 

®i54 

*245 

9* 

479 

68o336 

0426 

0D17 

0607 

0698 

0789 

0879 

0970 

1060 

1  i5i 

91 

480 

681241 

i332 

1422 

i5i3 

i6o3 

1698 

1784 

1874 

1964 

2o55 

90 

481 

2145 

2235 

2826 

2416 

2606 

2096 

2686 

2777 

2867 

29,57 

90 

482 

3  047 

3i37 

3227 

3317 

3407 

3497 

3587 

3677 

3767 

3857 

90 

483 

3947 

403] 

4127 

4217 

4807 

43g6 

4486 

4576 

4666 

4766 

90 

90 

484 

4845 

493d 

5o25 

5i  14 

5204 

6294 

5383 

5473 

5563 

5602 

485 

5742 

583 1 

6010 

6100 

6189 

6279 

6368 

6458 

6547 

8g 

486 

6636 

6726 

68i5 

6904 

6994 

7088 

7172 

7261 

735i 

7440 

89 

4?7 

7529 

7618 

7707 

7796 

7886 

7973 

8064 

8i53 

8242 

833 1 

89 

488 

8420 

8609 

8598 

8687 

8776 

8865 

8953 

9042 

9i3i 

9220 

89 

489 

9309 

9898 

9486 

9675 

9664 

9753 

9841 

9930 

••19 

•107 

89 

490 

690196 

0285 

0878 

0462 

o55o 

0689 

072S 

0816 

0905 

0993 

89 

491 

1081 

1170 

1258 

1847 

1435 

i524 

1612 

1700 

1789 

1877 

88 

492 

iq55 

2o53 

2142 

2280 

2818 

2406 

2494 

2583 

2671 

2759 

88 

493 

2847 

29^3 

3o23 

3i  1 1 

3  •99' 

8287 

3375 

3463 

355i 

3639 

88 

494 

3727 

38id 

3908 

8991 

4078 

4166 

4254 

4342 

4480 

4517 

88 

495 

-  4605 

4693 

4781 

4868 

4966 

5o44 

5i3i 

5219 

5307 

5394 

88 

496 

5482 

5569 

5607 

5744 

5832 

6919 

6007 

6094 

6182 

6269 

87 

497 

6356 

6444 

653 1 

6618 

6706 

6798 

6880 

6968 

70DD 

7142 

87 

498 

7229 

7317 

7404 

7578 

766D 

7752 

7889 

7926 

8014 

87  <v 

499 

8ioi 

8188 

8275 

8362 

8449 

8535 

8622 

S709 

8796 

8883 

87 

5oo 

698970 

9067 

9144 

9281 

9817 

9404 

9491 

9578 

9664 

975 1 

87 

5oi 

9838 

9924 

®*ii 

••98 

•184 

•271 

•358 

•444 

®53i 

•617 

87 

5o2 

700704 

0790 

0877 

0963 

io5o 

1 136 

1222 

1 309  . 

1895 

1482 

86 

5o3 

1 568 

1604 

1741 

1827 

1918 

1999 

2086 

2172 

22D8 

2844 

86 

5o4 

243 1 

2617 

2608 

2689 

2775 

2861 

2947 

3o33 

8119 

32o5 

86 

5o5 

3291 

3377 

3463 

3d49 

3635 

3721 

3807 

3893 

3979 

4065 

86 

5o6 

4i5i 

4236 

4822 

4408 

4494 

4579 

4665 

4761 

4837 

4922 

86 

607 

56o8 

6094 

5179 

5265 

53  DO 

5436 

5522 

5607 

559.3 

5778 

86 

5o8 

5864 

5949 

6o35 

6120 

6206 

6291 

6376 

6462 

6547 

6632 

85 

509 

6718 

68o3 

6888 

6974 

7069 

7>44 

7229 

73i5 

7400 

7485 

85 

5io 
5i  I 

707670 

8421 

7655 

85o6 

7740 

8591 

7826 

8676 

7996 

8846 

8081 

8981 

8166 

9015 

8251 

9100 

8336 

9185 

85 

85 

§12 

9270 

9355 

9440 

9624 

9609 

9694 

9779 

9863 

9948 

®®33 

85 

5i3 

710117 

0202 

0287 

0871 

0456 

0540 

0625 

0710 

0794 

0879 

85 

5i4 

0963 

1048 

1 182 

1217 

i3oi 

1.385 

1470 

1 554 

1689 

1723 

84 

5:5 

1807 

1892 

1976 

2060 

2144 

2229 

23i3 

2897 

2481 

2566 

84 

5i6 

265o 

2734 

2818 

2902 

2986 

3070 

3i54 

3238 

3323 

3407 

84, 

5i7 

3491 

3575 

3559 

3742 

3826 

8910 

3994 

4078 

4162 

4246 

84 

5i8 

433o 

4414 

4497 

458 1 

4665 

4749 

4833 

4916 

5ooo 

5084 

84 

319 

5167 

525i 

5335 

5418 

55o2 

5586 

5669- 
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5836 

5920 

84 
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N. 

0 

I 

2 

3 

4 

5 

6 

7 

8 
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0. 

520 

71600^ 

6087 

6170 

6254 

6337 

6421 

65o4 

6588 

1  6671 

6754 

83 

521 

6838 

6921 

7004 

7088 

P7I 

7254 

7338 

7421 

'  7604 

7587 

83 

522 

7671 

7764 

7837 

7920 

8oo3 

8086. 

8169 

8253 

8336 

8419 

83 

523 

85o2 

8585 

8668 

8751 

8834 

891^ 

9000 

9083 

1  9165 

1  9248 

83 

524 

9331 

9414 

9497 

9680 

9663 

.9745 

9828 

9911 

9994 

«©77 

83 

523 

720169 

0242 

o325 

0407, 

0490 

0573 

o655 

0788 

0821 

0908 

83 

526 

09S6 

1068 

Ii5i 

1233 

i3i6 

1398 

1481 

i563 

1646 

1728 

82 

527 

181 1 

1893 

1975 

2o58 

2140 

2222 

23o5 

2887 

2469 

2552 

82 

528 

2634 

2716 

2798 

2881 

2963 

3045 

3i27 

3209 

3291 

3374 

82 

529 

3456 

3538 

3620 

3702 

3784 

3866 

3948 

4o3o 

4112 

4194 

82 

53o 

724276 

4358 

4440 

4522 

4604 

4685 

4767 

4849 

4981 

5oi3 

82 

53  i 

5095 

5176 

5258 

5340 

5422 

55o3 

5585 

5667 

5748 

583o 

82 

532 

5912 

5993 

.6075 

6i56 

6238 

6320 

6401 

6483 

6564 

6646 

82 

533 

6727 

6809 

6890 

6972 

7053 

7134 

7216 

7297 

7379 

7460 

81 

534 

7341 

7623 

7704 

7780 

7866 

-7948 

8029 

8110 

8191 

8273 

81 

535 

8354 

8435 

85i6 

8697 

8678 

8759 

8841 

8922 

9003 

9084 

81 

536 

9165 

9246 

9827 

9408 

9489 

9570 

9651 

9782 

9818 

9898 

81 

537 

9974 

*•55 

®i36 

*217 

^298 

•378 

*459 

*540 

•621 

*702 

81 

538 

730782 

o863 

0944 

1024 

I  io5 

1186 

1266 

1847 

1428 

i5o8 

81 

539 

1589 

1669 

1760 

i83o 

1911 

1991 

2072 

2i52 

2233 

23i3 

81 

540 

732894 

2474 

2555 

2635 

2715 

2796 

2876 

2956 

3o37 

3117 

80 

541 

3197 

3278 

3358 

3438 

35i8 

3598 

3679 

3759 

3839 

3919 

80 

542 

3999 

4079 

4160 

4240 

4320 

4400 

4480 

4660 

4640 

4720 

80 

543 

4800 

4880 

4960 

5  040 

5i2o 

5200 

5279 

5359 

5439 

5519 

80 

544 

5599 

5679 

?769 

5838 

5gi8 

5998 

6078 

6157 

6287 

6817 

80 

545 

6397 

0476 

6dd6 

6635 

6715 

6795 

6874 

6954 

7084 

7118 

80 

546 

7193 

7/272 

7352 

743  i 

75i  I 

7590 

7670 

7749 

7829 

7908 

79 

547 

7987 

8067 

8146 

8225 

83o5 

8384 

8463 

8543 

0622 

8701 

79 

548 

8781 

8860 

8989 

9018 

9097 

9177 

9256 

9835 

9414 

9498 

79 

549 

9072 

9661 

9781 

9810 

9889 

9968 

«®47 

*126 

*2o5 

*284 

79 

55o 

74o363 

0442 

o52I 

0600 

0678 

0757 

o836 

0915 

0904 

1078 

79 

55i 

I  i52 

I23o 

1809 

1388 

1467 

1546 

1624 

1703 

I7S2 

i860 

79 

552 

1939 

2018 

2096 

2175 

2254 

2332 

24ll 

2489 

2568 

2647 

553 

2725 

2804 

2882 

2961 

3o39 

3ii8 

3196 

3270 

3353 

3481 

78 

554 

35io 

3588 

8667 

3745 

3823 

3902 

3980 

4o58 

4i36 

42 1 5 

78 

555 

4293 

4071 

4449 

4528 

4606 

4684 

4762 

4840 

4919 

4997 

78 

556 

5075 

5i53 

523i 

5309 

5387 

5465 

5543 

5621 

5699 

0777 

78 

557 

5855 

6933 

601 1 

6089 

6167 

6245 

6323 

6401 

6479 

6556 

78 

558 

6634 

6712 

6790 

6868 

6945 

7023 

7101 

7179 

7256 

7334 

78 

559 

7412 

7489 

7O67 

7645 

7722 

7800 

7878 

7900 

8o33 

8110 

78 

56o 

748188 

8266 

8343 

8421 

S498 

8576 

8653 

8781 

8808 

8885 

77 

56 1 

8963 

9040 

9118 

9196 

9272 

9350 

9427 

9604 

9682 

9669 

77 

562 

9736 

9814 

9891 

9968 

©©45 

*123 

*200 

•277 

•354 

*43 1 

77 

563 

75o5o8 

o586 

0663 

0740 

0817 

0894 

0971 

1048 

1125 

1202 

77 

564 

1279 

i356 

1433 

i5io 

1 587 

1664 

1741 

1818 

1895 

1972 

77 

565 

2048 

2125 

2202 

2279 

2356 

2433 

2609 

2586 

2663 

2740 

77 

566 

2816 

2893 

2970 

3o47 

3i  23 

3200 

3277 

3353 

3480 

3  006 

77 

567 

3583 

366o 

3786 

38i3 

3889 

3966 

4042 

4119 

4195 

4272 

77 

568 

4348 

4425 

45oi 

4578 

4654 

4730 

4807  . 

4883 

4960 

5o36 

76 

569 

5iI2 

5JL.89 

5265 

5341 

5417 

5494 

5570 

5646 

5722 

5799 

76 

5~jo 

755875! 

5961 

6027 

6io3 

6180 

6256 

6332 

6408 

6484 

656o 

76 

571 

6636| 

6712 

6788 

6864 

6940 

7016 

7092  1 

7168 

7244 

7820 

76 

572 

7396! 

7472 

7548 

7624 

7700 

7775 

785 1 

79?7  1 

8oo3 

8079 

76 

573 

8i55i 

823o 

83  06 

8382 

8458 

8533 
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8761 

8836 

76 

574 

8912 

8988 

9068 

9139 

9214 

9290 

9866 

9441  ; 

9617 

9692 

76 

575 

9668 

9743 

9819 

9894 

9970' 

®®45 
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•196  I 

*272 

*347 

TO 

576 

760422 

0498 

0578 

0649 

0724 

0799 

0875 

0960  j 

1025 

1101 

75 

rV, 

1176 

I25i 

1826 

1402 

1477 

1002, 

1627 

1702  1 

1778 

i853 

75 

578 

1928 

20o3 

2078 
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2228 

23o3 

2378 

2453 

2529 
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75 
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2679 
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3578 

3653 

3727 

38o2 

3877 

8962 

4027 

4101 

75 
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4176 

425 1 1 

4826 

4400 

4475 

455o 

4624 

4699 

4774 

4848 

75 

582 

4923 

4998 

5072 

5 1 47 

5221 

5296 

5370 

5440 

6620 

5594 

75 

583 

5669 

5743 

58i8 

5892 

D966 

6041 

61 15 

6190 

6264 

6338 

74 

584 

6413 

6487 

6562 

6636 

6710 

6785 

6869 

6933 

7007 

7082 

74 

585 

7166 

7280 

7804 

7879 

7453 

7627 

7601 

7675 

7749 

7823 

74 

586 

78g8 

7972 

8046 

8120 

8194 

8268 

8342 

8416 

8490 

8564 

74 

587 

8638 

8712 

8786 

8860 

8934 

9008 

9082 

9i56 

9280 

93  o3 

74 

588 

9377 

945 1 

9625 

9599 

9673 

9746 

9820 

9894 

9968 

•®42 

74 

589 

776115 

0189 

0263 

o336 

0410 

0484 

o55-j 

o63i 

0705 

0778 

74 

Sgo 

770862 

0926 

0999 

•  1073 

1146 

1220 

1293 

1867 

1440 

i5i4 

74 

5gi 

1087 

1661 

1784 

1808 

1881 

1955 

2028 

2102 

2175 

2248 

73 

592 

2322 

2895 

2468 

2042 

26i5 

2688 

2762 

2835. 

2908 

2981 

73 

593 

3o55 

3128 

3201 

3274 

3348 

3421 

3494 

3567 

3640 

3713 

73 

594 

3786 

3860 

3933 

4006 

4079 

4i52 

4225 

4298 

4371 

4444 
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595 

4517 

4590 

4663 

4786 

4809 

4882 

4955 

6028 
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73 

596 

5246 

5319 

5392 

5465 

5538 

56io 

5683 

5756 

5829 

5902 

73 

597 

5974 

6047 

6120 

6193 

6265 

6338 

641 1 

6488 

6556 

6629 

73 

598 

6701 

6774 

6846 

6919 

6992 

7064 

7187 

7209 

7282 

7354 

73 

599 

7427 

7499 

7572 

7644 

7717 

7789 

7862 

7934 

8006 

8079 

72 

600 

778154 

8224 

8296 

8368 

8441 

85i3 

8585 

8658 

8780 

8802 

72 

601 

8874 

8947 

9019 

9091 

9163 

9236 

9808 

9880 

9452 

9624 

72 

602 

Q5g6 

9669 

9741 

9813 

9880 

9957 

®®29 

•lOl 

•173 

•245 

72 

6o3 

780317 

0889 

0461 

o533 

o6o5 

0677 

0749 

0821 

0893 

0965 

72 

604, 

1037 

1109 

1181 

1253 

1824 

1896 

1468 

1540 

i6i2 

1684 

72 

6o5 

1755 

1827 

1899 

1971 

2042 

2114 

2186 

2258 

2829 

2401 

72 

606 

2473 

2544 

2616 

2688 

2769 

2881 

2902 

2974 

8046 

3i  17 

72 

607 

8189 

3260 

3332 

3403 

3475 

3546 

36i8 

-8689 

8761 

3832 

7* 

608 

3904 

3975 

4046 

41 18 

4189 

4261 

4332 

44o3 

4475 

4546 

71 

609 

4617 

4689 

4760 

4881 

4902 

4974 

5o45 

5ii6 

6187 

5269 

7* 

610 

785330 

5401 

5472 

5543 

56i5 

5686 

5757 

5828 

5899 

5970 

71 

611 

6041 

6112 

6i83 

6254' 

6325 

6896 

6467 

6538 

6609 

6680 

71 

612 

6701 

6822 

6893 

6964 

7035 

7106 

7177 

7248 

7819 

7890 

7* 

6i3 

7460 

7531 

7602 

7673 

7744 

nSiO 

7885 

7956 

8027 

8098 

7* 

614 

8168 

8239 

83 10 

838 1 

8451 

8522 

8593  . 

8663 

8734 

88o4 

71 

6i5 

8875 

8946 

9016 

9087 

9157 

9228 

9299 

9369 

9440 

9610 

71 

616 

9681 

965 1 

9722 

9792 

9863 

9933 

•••4 

••74 

•144 

®2i5 

70 

617 

790285 

o356 

0426 

0496 

0067 

0687 

0707 

0778 

0848 

0918 

70 

618 

0988 

1059 

1129 

1199 

1269 

1840 

1410 

1480 

i55o 

1620 

70 

619 

1691 

1761 

i83i 

1901 

1971 

2041 

2111 

2181 

2262 

2322 

70 

620 

7023q2 

2462 

2532 

2602 

2672 

2742 

2812 

2882 

2962 

3o22 

70 

621 

3092 

3162 

323i 

33oi 

3371 

3441 

35i  I 

358i 

365i 

3721 

79 

622 

3790 

386o 

8930 

4000 

4070 

4139 

4209 

4279 

4349 

4418 

70 

623 

4488 

4558 

4627 

4697 

4767 

4836 

4906 

4976 

5045 

5ii5 

70 

624 

5i85 

5204 

5324 

5393 

5463 

5532 

56o2 

5672 

5741 

58ii 

70 

625 

588o 

5949 

6019 

6088 

6i58 

6227 

6297 

6366 

6436 

65o5 

69 

626 

6574 

6644 

6718 

6782 

6852 

6921 

6990 

7060 

7129 

7198 

69 

627 

7268 

7337 

7406 

7475 

7545 

7614 

7683 

7752 

7821 

7890 

69 

628 

7960 

8029 

8098 

8167 

8236 

83o5 

8374 

8443 

85j3 

8582 

69 

629 

865i 

8720 

8789 

8858 

8927 

8996 

9065 

9134 

9203 

9272 

69 

63o 

799841 

9409 

9478 

9547 

9616 

9685 

9754 

9828 

9892 

9961 

69 

63 1 

800029 

0098 

0167 

0236 

o3o5 

0878 

0442 

o5i  I 

o58o 

0648 

69 

632 

0717 

0786 

0854 

0923 

0992 

1061 

1129 

I  ^8 

1266 

i335 

69 

633 

1404 

1472 

1 541 

1609 

1678 

1747 

i8i5 

1884 

1952 

2021 

69 

634 

2089 

2i58 

2226 

2290 

2363 

2432 

25oo 

2568 

2687 

2705 

69 

635 

2774 

2842 

2910 

2979 

3  047 

3i  16 

3i84 

3252 

3321 

3389 

'  68 

636 

3457 

3525 

3594 

3662 

3730 

3798 

3867 

3935' 

4oo3 

4071 

68 

637 

4189 

4208 

4276 

4344 

4412 

4480 

4548 

4616 

4685 

4753 

68 

63S 

482! 

4889 

4957 

5o25 

6098 

5i6i 

5229 

5297 

5365 

5433 

68 

639 

55oi 

5569 

5637 

5705 

5773 

5841 

6908 

6976 

6044 

6112 

68 
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2 

3 

4 

5 

6 

•• 

8 
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D. 

640 

806180 

6248 

63 16 

6384 

6461 

65i9 

6587 

6655 

6723 

6790 

68 

^41 

6858 

6926 

6994 

7061 

7129 

7197 

7264 

7332 

7400 

7467 

68 

!  642 

7535 

7603 

7670 

7738 

7806 ' 

7873 

7941 

8008 

8076 

8143 

68 

643 

8211 

8279 

8346 

8414 

8481 

8549 

8616 

8684 

8751 

8818 

67 

644 

8886 

8953 

9021 

9088 

9166 

9223 

9290 

9358 

9425 

9492 

67 

645 

9660 

9627 

9694 

9762 

9829 

9896 

9964 

®®3i 

'•098 

•165 

67 

646 

810233 

o3oo 

0867 

0434 

o5oi 

0669 

o636 

0703 

0770 

0837 

67 

647 

0Q04 

0971 

1089 

1106 

1173 

1240 

i3o7 

1374 

1441 

i5o8 

67 

648 

i5-j5 

1642 

1709 

1776 

1843 

1910 

1977 

2044 

2111 

2178 

.  67 

649 

2245 

2812 

2879 

2445 

25i2 

2-79 

2646 

2713 

2780 

2847 

67 

65o 

812913 

2980 

3047 

3114 

3i8i 

3247 

33i4 

338i 

3448 

35i4 

57 

65i 

358i 

3648 

3714 

3781 

3848 

3914 

3981 

4048 

4114 

4181 

67 

652 

4248 

43 1 4 

4381 

4447 

4614 

4581 

4647 

4714 

4780 

4847 

67 

653 

4913 

-to8o 

5046 

5ii3 

5179 

6246 

53 1 2 

5378 

5445 

55ii 

66 

654 

5578 

5644 

5711 

5777 

5843 

5910 

5976 

6042 

6109 

6175 

66 

655 

6241 

63o8 

6874 

6440 

65o6 

6673 

6639 

6705 

6771 

6838 

66 

656 

6904 

6970 

7o36 

7102 

7169 

7235 

7801 

7867 

7433 

7499 

66 

667 

7065 

7631 

7698 

7764 

7880 

7896 

7962 

8028 

8094 

•8160 

66, 

658 

8226 

8292 

8338 

8424 

8490 

8556 

8622 

8688 

8754 

8820 

66 

669 

8885 

8931 

9017 

9083 

9149 

9215 

9281 

9846 

9412 

9478 

66 

660 

819544 

9610 

9676 

9741 

9807 

9873 

9989 

•e®4 

OO-JO 

ei36 

66 

661 

820201 

0267 

o333 

0899 

0464 

o53o 

0D95 

0661 

0727 

0792 

66 

662 

o858 

0924 

0989 

io55 

1120 

1186 

I23l  ^ 

1817 

1882 

1448 

66 

663 

i5i4 

1379 

1645 

1710 

1775 

1841 

1906 

1972 

2087 

2io3 

,  65 

664 

2168 

2233 

2299 

2364 

2480 

2495 

2660 

2626 

2691 

2766 

65 

665 

2822 

2887 

2932 

3oi8 

3o83 

3148 

32i3 

3279 

3344 

3409 

65 

666 

3474 

3539 

36o5 

3670 

8735 

38oo 

3865 

3980 

3gg6 

4061 

65 

667 

4126 

4191 

4256 

4821 

4386 

445 1 

4616 

4381 

4646 

4711 

65 

668 

4776 

4841 

4906 

4971 

5o36 

5ioi 

5i66 

523i 

5296 

536i 

65 

669 

5426 

5491 

5556 

5621 

5686 

5']5i 

58i5 

588o 

5945 

6010 

65 

670 

826075 

6140 

6204 

6269 

6334 

6899 

6464 

6528 

6593 

6658 

65 

671 

6723 

6787 

6852 

6917 

6981 

7046 

7111 

7175 

7240 

73o5 

65 

672 

7369 

7434 

7499 

7563 

7628 

7692 

7757 

7821 

7886 

7951 

65' 

673 

801 5 

8080 

8144 

8209 

8273 

8338 

8402 

8467 

853 1 

8095 

64 

674 

8660 

8724 

8789 

8853 

8918 

89*82 

9046 

9111 

9175 

9289 

64 

675 

9804 

9868 

9432 

9497 

9561 

9625 

9690 

9754 

9818 

9882 

64 

676 

9947 

®*i  1 

®e^5 

®i39 

®204 

®268 

®332 

*896 

•460 

'’525 

64 

677 

83o589 

o653 

0717 

0781 

0845 

0909 

0973 

1087 

'1102 

1 166 

64 

678 

123o 

1294 

i358 

1422 

i486 

io5o 

1614 

1678 

1742 

1806 

64 

679 

1870 

1934 
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2062 

2126 

2189 

2253 

2817 

238i 

2445 

64 

680 

882609 

2678 

2687 

2700 

2764 

2828 

2892 

^56 

3o20 

3o83 

64 

68 1 

3147 

3211 

3275 

3338 

3402 

3466 

3530 

35o3 

3657 

3721 

64 

682 

3784 

3848 

3912 

3975 

4089 

4io3 

4166 

4280 

4294 

4357 

64 

683 

4421 

4484 

4548 

4611 

4675 

4789 

4802 

4866 

4929 

4993 

64 

684 

5o56 

5i20 

5i83 

5247 

53  10 

5373 

5437 

55oo 

5564 

5627 

63 

685 

5691 

5754 

5817 

5881 

5944 

6007 

6071 

6i34 

6197 

6261 

63 

686 

6824 

6387 

6451 

65i4 

6577 

6641 

6704 

6767 

6830 

6894 

63 

687 

6967 

7020 

7083 

7146 

7210 

7273 

7336 

7899 

7462 

7525 

63 

688 

7388 

7662 

7713 

7778 

7841 

7904 

7967 

8o3o 

8og3 

8i56 

63 

689 

8219 

8282 

8345 

8408 

8471 

8d34 

8597 

8660 

8723 

8786 

63 

690 

838849 

8912 

8973 

9088 

9101 

9164 

9280 

9352 

94 1 5 

63 

691  ' 

9478 

9541 

9604 

9667 

9729 

9792 

9860 

9918 

9981 

o®43 

63 

692 

840106 

0169 

0282 

0294 

0357 

0420 

0482 

o743 

0608 

0671 

63 

6^ 

0733 

0796 

0869 

0921 

0984 

1046 

1109 
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1284 

1297 

63 

694 

1359 

1422 

1485 
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1610' 

1672 

1735 

1797 

i860 

1922 

63 

693 

1983 

2047 

2110 

2172 

2235 

2297 

236o 

2422 

2484 

2547 

62 

696 

2609 

2672 

2734 

2796 

2869 

2921 

2q83 

3046 

3io8 

3170 

62 

697 
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3295 

3357 

3420 

3482 

3544 

3oo6 
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3781 
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4042 

4104 

4166 

4229 
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3943 

5i  1 

869 

3993 

4044 

4094 

4145 

4195 

4246 

4296 

4347 

4397 

4448. 

5i  j 

860 

934498 

4549 

4599 

4650 

4700 

4751 

4801 

4852 

4902 

4953 

5o! 

861 

5oo3 

5034  1 

5io4 

5 1 54 

52o5 

5255 

53o6 

5356 

5406 

5457 

5ol 
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5507I 

5558 

56o8 

5658 

5709 

5759 
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5910 
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5o  1 
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601 1 ; 

6061 

6u  1 

6162 

6212 
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6413 
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5oi 
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6564 

6614 

6663 

6715 

6765 

68i5 

6865 
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5o 
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7117 
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5o 
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5o 
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9820 
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5o 
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g56g 
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5o 
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0068 
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0168 

0218 

0267 

0817 

0867 

0417 

0467 

5o 

872 

o5i6 

o566 

0616 

0666 

0716 

0765 

08 1 5 

o865 

0915 

0964 

5o 

1014 

1064 

1114  1 

1 1 63 

i2i3  j 

1263 

i3i3 
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1412 
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5o 
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l5l  I  ; 

1 56 1 
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1660 
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1760 

1809 

1859 
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1958 
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2008, 

2o58 
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2167 
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2806 

2355 

24o5 
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25o4 

2554 

2603 

2653 
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2752 

2801 
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2901 
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5o 

877  ! 
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3049 

8099 

3148 
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3247 

3297 

3346  1 

3396 

3445  1 

49 
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34931 
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3693 

3643 

8692 

3742 

3791 

3841 

3890 

3989 ! 

49 
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5 

6 

7 

8 
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D. 

88o 

944488 

4532 

4681 

463 1 

4680 

4729 

4779 

4828 

4877 

4927 

49 

88 1 

4976 

v5o25 

6074 

6124 

6173 

5222 

5272 

5321 

5370 

5419 

49 

882 

5469 

55 1 8 

5567 

56i6 

5665 

5716 

5764 

58i3 

5862 

5912 

49 

883 

5961 

6010 

6069 

6108 

6167 

6207 

6266 

63o5 

6354 

6408 

49 

884 

6452 

65oi 

655i 

6600 

6649 

6698 

6747 

6796 

6845 

6894 

49 

885 

6943 

6002 

7041 

7090 

7140 

7189 

7288 

7287 

7336 

7385 

49 

886 

7434 

7483 

7532 

7681 

7680 

7679 

7728 

1111 

7826 

7875 

49 

887 

7924 

7978 

8022 

8070 

8119 

8168 

8217 

8266 

83 1 5 

6864 

49 

888 

8418 

8462 

85i  I 

856o 

8609 

8667 

8706 

8755 

8804 

8853 

49 

889 

8902 

8961 

8999 

9048 

9097 

9146 

9195 

,9244 

9292 

9841 

49. 

890 

949890 

9489 

9488 

9536 

9585 

9634 

9683 

9781 

9780 

9829 

49 

891 

9878 

9926 

9975 

'  0024 

0073 

•l2I 

•170 

•219 

•267 

®3i6 

49 

892 

960865 

0414 

0462 

o5i  I 

o56o 

0608 

0657 

0706 

0754 

%8o8 

49 

893 

o85i 

0900 

0949 

0997 

1046 

1095 

1 143 

1 192 

1240 

1289 

49 

894 

i338 

1 386 

1435 

1483 

1 532 

i58o 

1629 

1677 

1726 

177D 

49 

895 

1823 

1872 

1920 

1969 

2017 

2066 

2114 

21 63 

2211 

2260 

48 

896 

2  3  08 

2356 

24o5 

2453 

25o2 

2660 

2699 

2647 

2696 

2744 

48 

897 

2792 

2841 

28S9 

2988 

2986 

3o34 

3o83 

3i3i 

8180 

3228 

48 

898 

8276 

3325 

3373 

3421 

3470 

35i8 

3566 

36i5 

3663 

871 1 

48 

899 

3760 

38o8 

3856 

3905 

3953 

4001 

4049 

4098 

4146 

4194 

48 

900 

964243 

4291 

4339 

4887 

4435 

4484 

4532 

458o 

4628 

4677 

48 

90 1 

4725 

4778 

4821 

4869 

4918 

4966 

5oi4 

6062 

5i  10 

5i58 

48 

9D2 

6207 

5255 

53o3 

535i 

5399 

5447 

5495 

5543 

5592 

5640 

48 

903 

5688 

5735 

5784 

5832 

5880 

5928 

6976 

6024 

6072 

6120 

48 

904 

-6168 

6216 

6265 

63 1 3 

636 1 

6409 

6457 

65o5 

6553 

6601 

48 

905 

6649 

6697 

6745 

6793 

6840 

6888 

‘6936 

6984 

7082 

7080 

48 

906 

7128 

7176 

7224 

7272 

7820 

7868 

7416 

7464 

']5i2 

7559 

48 

907 
.  9^8 

7607 

8086 

7655 

8i34 

7708 

8181 

7761 

8229 

7799 

8277 

7847 

8325 

7894 

8878 

jggo 

8468 

8o38 

85i6 

48 

48 

909 

8564 

86j2 

8669 

8707 

8755 

88o3 

885o 

8898 

8946 

8994 

48 

910 

969041 

9089 

9187 

9185 

9282 

9280 

9828 

9875 

9423 

947* 

48 

911 

9618 

9066 

9614 

9661 

9709 

9767 

9804 

9862 

9900 

9947 

48 

912 

9995 

•*42 

®*90 

•i38 

•i8d 

•233 

•280 

•328 

•876 

•428 

48 

913 

96047 1 

o5i8 

o566 

06 1 3 

0661 

0709 

0756 

0804 

o85i 

0899 

48 

914 

0946 

oggi 

1041 

1089 

1 136 

1 184 

1281 

1279 

1826 

1374 

47 

giS 

1421 

1469 

i5i6 

i563 

161 1 

i658 

1706 

1753 

1801 

1848 

47 

qi6 

1896 

1 948 

1990 

2o38 

2o85 

2i32 

2180 

2227 

2275 

2322 

47 

9*7 

2869 

2417 

2464 

2611 

2559 

2606 

2653 

2701 

2748 

2795 

47 

918 

2843 

2890 

2987 

2985 

3o32 

3079 

8126 

3174 

3221 

8268 

47 

9*9 

38i6 

3863 

3410 

3407 

35o4 

3552 

3599 

3646 

8693 

3741 

.47 

920 

963788 

3835 

3882 

3929 

3977 

4024 

4071 

4i  18 

4i65 

4212 

47 

921 

4260 

4307 

43  54 

4401 

4448 

4495 

4542 

4690 

4687 

4684 

47 

922 

4781 

4778 

4825 

4872 

49*9 

4966 
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5o6i 
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5i55 

47 

923 

5202 

5249 

5296 

r5343 

5390 

5437 

5484 
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5578 

5625 
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924 

5672 

5]\g 
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5907 

5974 

6001 

6048 

6095 

47 

925 
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6235 

6283 

6829 

6876 
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6564 

47 

926 

661 1 

6658 

6705 

6762 

6799 

6845 
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7642 
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7829 

7875 
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929 

8016 
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8109 

8i56 

8203 

8249 

8296 
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8890 

8436 
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980 
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853o 

8676 

8623 

8670 

8716 

8763 

8810 

8856 

8908 

47 

931 

8900 

8996 

9048 

9090 

9i36 

9188 

9229 

9276 

9828 

47 

982 

9416 

9463 

9609 

9606 

9602 

9649 

9695 

9742 

9789 

9835 

47 

933 

9882 

9928 

9970 
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••63 
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•207 

•254 

•3oc 

47 

984 

970347 

0898 

0440 

0486 

o533 

0579 

0626 

0672 

0719 

0765 

46 

935 

2812 

0808 

0904 

0961 

0997 

1044 

1090 

1 187 

1 188 

1229 

46 

986 

1276 
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1869 
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1461 

i5o8 

t554 

1601 

1647 
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46 

987 

1740 

1786 

1882 

1879 

1926 
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2018 

2064 

2110 

2167 

46 

988 

22o3 

2249 

2290 

2342 

2388 

2434 

2481 
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5891 
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6121 

6167 
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6208 
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6488 

6533 

6679 

6625 

6671 
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6763 
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6808 

6854 

6900 

6946 

6992 

7037 

7083 

7129 

7175 

7220 

46 

949 

7266 

7812 

7358 

7408 

7449 

7495 

7541 

7586 

7682 

7678 

46 

930 

977724 

7769 

7815 

7861 

7906 

7962 

7998 

8043 

8089 

8i35 

46 

95i 

8181 

8226 

8272 

83 1 7 

8363 

8409 

8454 

85oo 

8546 

8591 

46 

952 

86*7 

8683 

8728 

8774 

8819 

8865 

891 1 

8956 

9002 

9047 

46 

953 

9093 

9188 

9184 

9280 

9275 

9321 

9366 

9412 

9457 
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46 

i  954 

9648 

9094 

9689 

9685 

9780 

9776 

9821 

9867 

9912 
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46 

955 

980003 

0049 

0094 

0140 
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0276 

0822 
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0412 
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958 
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2090 
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2633 
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2814 
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2904 
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3401 
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358i 

45 

963 

3626 

3671 

3716 

8762 

3807 
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5875 
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6010 

6o55 

6100 

6144 

6189 
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45 

969 
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6869 

6418 

6458 
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6548 

6598 

6687 

6682 

6727 

45 

970 
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6817 
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6906 
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6996 

7040 

7085 

7180 

7175 
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7577 
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7979 
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8068 
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8336 
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8470 
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45 
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8737 

8782 

8826 

8871 

8016 

8960 

45 
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9000 

9049 

9094 
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9i83 
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9272 

9816 
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45 

976 

9460 

9494 
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9583 

9628 

9672 

97*7 

9761 

9806 

9856 

44 
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978 

9895 
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9980 

0383 

9983 

0428 

•®28 

0472 
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o5i6 
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o56i 

®i6i 

o6o5 

•206 

o65o 

®25o 
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®294 

0738 

44 

44 
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0827 

0871 

0916 

0960 

1004 

1049 
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1182 

44 

980 

991226 
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i3i5 

1359 

i4o3 

1448 

1492 
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981 

1669 

1718 

1768 

1802 

1846 
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2028 

2067 

44 
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2200 

2244 

2288 

2333 

2877 
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2465 

25o9 

44 

983 

2554 

2598 

2642 

2686 

2730 

2774 

2819 

2863 

2907 

2951 

44 
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2995 

3o39 

3o83 

3127 

3172 

8216 

0260 

33  04 

3348 

3392 

44 
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3436 

3480 

3524 

3568 
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3657 

3701 

3745 

3789 

3833 
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3877 

3921 

8965 

4009 

4o53 

4097 

4141 

4i85 

4229 

4273 

44 

987 
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44o5 

4449 
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4537 
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4625 
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44 
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4933 

4977 
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5o65 
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44 
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44 
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5854 

5898 

5942 
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991 
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6117 
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44 

992 
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6643 

6687 

6741 

6774 
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7124 
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44 
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7474 
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44 

995 
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SINES  AND  TANGENTS 

FOP.  EVERY 

DEGREE  AND  MINUTE 
OF  THE  QUADRANT. 


Remark.  The  mimites  in  the  left-hand  colnmn  of  each 
page,  increasing  downwards,  belong  to  the  degrees  at  the 
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belong  to  the  degrees  below. 
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23 
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44 

45 

46 

47 

48 
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52 

53 

54 
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56 

57 

58 

59 
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162696 
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308824 
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417968 
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966-53 

999999 

*01 

852-54 

999999 

•  01 

762-63 

999999 

*01 

689-88 

999998 

*01 

629-81 

9-999998 

*01 

7 

679-36 

999997 

*01 

536-41 

999997 

•  01 

499*38 

•  999995 

*01 

467-14 

999996 

•  01 

438-81 

999995 

*01 

4i3-72 

999995 

*01 

891 -35 

999994 

•01 

371-27 

999993 

•  01 

353-15 

999993 

•  01 

336-72 

9-999992 

•01 

7- 

321-75 

999991 

*01 

3o8-o5 

999990 

*01 

v^9^'47 

999989 

•  02 

.283-88 

999988 

*02 

278-17 

999988 

*02 

263-23 

999987 

*02 

253-99 

999986 

*02 

245-d8 

999985 

*02 

287-33 

999983 

•02 

229-80 

9-999982 

*02 

7- 

222-73 

999981 

*02 

2i6-o8 

999980 

,  *02 

209-81 

999979 

*02 

8- 

2o3-90 

999977* 

*02 

198-31 

999976 

•02 

193-02 

999975 

*02 

i88-oi 

999973 

*02 

i83-25 

999972 

*02 

178-72 

999971 

*02 

174*41 

9*999969 

•02 

8- 

i7o-3i 

999968 

*02 

1 66'-  89 

999966 

*02 

162-65 

999964 

*o3 

169 -08 

999963 

*o3 

1 55 -66 

999961 

*o3 

1 5,2 -38 

999900 

>o3 

149*24 

999968 

999960 

*o3 

146*22 

•o3 

148  *  33 

999954 

*o3 

140-64 

9*999962 

*o3 

8- 

i37-86 

999960 

*o3 

i35-29 

999948 

*o3 

i32-8o 

999946 

*o3 

r3o-4i 

999944 

*o3 

128- 10 

999942 

*04 

126-87 

999940 

*04 

123-72 

999988 

•  04 

121-64 

999936 

•  04 

119-68 

999934 

•  04 

H. 

Sine 

1 

Cc 

Tang. 


0  -  000000 
-468726 
764706 
940847 
-065786 
162696 
241878 
808825 
366817 
417970 
468727 

•5o5i2o 

542909 

577672 

609867 

689820 

667849 

694179 

719004 

742484 

764761 

•785961 

8o6i55 

826460 

848944 

861674 

878708 

896099 

910894 

926184 

940868 

•955100 

968889 

982254 

996219 

•007809 

020045 

081945 

043527 

054809 

o658o6 

•076531 

086997 
097217 
107202 
1 1 6963 
126510 
i3585i 
144996 
153952 
162727 

171328 

179763 

i88o36 

196166 

204126 

211953 

219641 

227195 

284621 

241921 


D. 


5017-17 
29^  •  83 
2o82-3i 
i6i5- 17 
1319-69 
1115-78 
096-53 
852-54 
762-68 
689-88 

629-81 
679-33 
536-42 
499-89 
467 • I D 
438-82 
4i3-73 
391-36 
371-28 
351-36 

336-73 

321-76 

3o8-o6 

296-49 

288-90 

273-18 

263-25 

254-01 

245-40 

237-35 

229^81 

222-75 

216-10 

209-83 

204-92 

198-33 

io3 -05 
1 88 • o3 
1 83 • 27 
178-74 

174-44 
170-34 
166-42 
162-68 
159- 10 
i55-68 
i52-4i 
i’49-27 

140-27 

143-36 

140-57 
137-90 
i35-32 
i32-84 
i3o-44 
128-14 
125-90 
r23-76 
121-68 
1 19-67 


Cotang. 


12 


D. 


Infinite. 

i3 -536274 
286244 
069153 
984214 
837804 
758122 
691175 
633 1 83 
682080 
536273 

12-494880 

457091 

422828 

890143 

36oi8o 

332i5i 

3o582i 

280997* 

267516 

235289 

12-214049 
193845 
174540 
i56o56 
138326 
121292 
104901 
089106 
07 j 866 
069142 

1 2 • 044900 
o3 1 1 1 1 
017747 
004781 

1 1 -992191 
970955 
968055 
966478 
945191  ) 

934194 

11-923469 
9i3oo3 
902783 

883087 
878490 
864149 
855oo4 
846048 
887273 

828672 
820287 
8 1 1 9^4 
803844 
706874 
788047 
780359 
77280D 
765379 
758079 


II 


Tang. 


60 

59 

58 

57 

56 

55 

54 

53 

52 

5i 

5o 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

3g 

38 

37 

36 

35 

34 

33 

32 

3i 

3o 

20 
28 
27 
26 
25 

24 

23 

22 

21 
20 

19 
18 
17 
16  , 
i5 

14 

i3 
12  - 
1 1 
10 


/ 

6 

5 

4 

3 

2 

I 

o 


M. 


(89  DEGREE>S.) 


SINES  AND  TANGENTS.  (1  DEGREE.) 
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F— .  — 

M. 

Sine 

D. 

Cosine 

D. 

0 

8-241855 

1.19-63 

9.999934 

-04 

1 

249033 

117-68 

999982 

-04 

2 

266094 

ii5-8o 

999929 

•  04 

3 

268042 

118-98 

999927 

-04 

4 

269881 

112-21 

999925 

-04 

5 

276614 

iio-5o 

999922 

-04 

6 

288243 

108-83 

999920 

-04 

7 

289773 

107-21 

999918 

•  04 

8 

296207 

io5-65 

999916 

-04 

9 

302546 

104. i3 

999913 

-04 

10 

808794 

102-66 

999910 

-04 

II 

8-814904 

101 -22 

9.999907 

-o4 

12 

32io2;j 

90-82 

999905 

-04 

i3 

827016 

98.47 

999002 

-o4 

14 

332924 

97-14 

999899 

-o5 

i5 

338753 

95.86 

999897 

-05 

16 

344504. 

q4-6o 

999894 

-05 

35oi8i 

93-38 

999801 

-05 

18 

355783 

92-19 

999888 

.o5 

*9 

36i3i5 

91  -oJ 

999886 

.o5 

20 

366777 

89.90 

999882_ 

.o5 

21 

8.372171 

88-80 

9.999879 

-o5 

22 

377499 

87.72 

999876 

.o5 

23 

382762 

86.67 

999873 

.o5 

24 

387962 

85-64 

.  999870 

-o5 

25 

893101 

84-64 

999867 

•  oS 

26 

398179 

83-66 

999864 

-oS 

27 

408199 

82-71 

999861 

.o5 

28 

408161 

81  -77 

999858 

-o5 

29 

.418068 

80-80 

999854 

-o5 

3o 

417919 

79.96 

999861 

-06 

3i 

8-422717 

70.09 

9 . 999848 

-06 

32 

427462 

78-28 

999844 

-06 

33 

482 1 56 

77.40 

999841 

-06 

34 

486800 

76.57 

999888 

•  06 

35 

441894 

75-77 

999834 

'06 

36 

445941 

74-99 

999881! 

•06 

37 

45o44o 

74-22 

999827 

-06 

38 

454898 

78-46 

999828 

'06 

39 

459801 

72-73 

999820 

•  06 

40 

463665 

72-00 

999816 

-06 

4i 

8-467986 

71.29 

9.999812 

•  06 

42 

472263 

70-60 

999809 

-06 

43 

476498 

69.91 

999806 

.06 

44 

480698 

69-24 

999801 

.06 

45 

484848 

68-69 

999797 

.07 

46 

488968 

67.94 

999793 

.07 

47 

498040 

67-81 

999700 

.07 

48 

497078 

66-69 

999786 

.07 

49 

5oio8o 

66-08 

999782 

.07 

5o 

5o5o45 

65-48 

999778 

.07 

5i 

8-608974 

64-89 

9-999774 

.07 

h 

512867 

64- 3i 

999769 

.07 

53 

616726 

68-75 

999765 

.07 

54 

52o55i 

63  - 19 

999761 

.07 

S5 

524343 

62-64 

999757 

.07 

56 

528102 

62-11 

999753 

.07 

^7 

531828 

61-58 

999748 

.07 

56 

535523 

61  -06 

999744 

.07 

59 

539186 

60 -55 

999740 

.07 

60 

542819 

60-04 

999735 

.07 

Cosine 

D. 

Sine 

Tang. 


8>24i92i 
249102 
256i65 
263i i5 
269956 
276691 
283323 
289856 
296292 

302634 

308884 

8 "31 5046 
321122 

327114 

333o25 

338856 

344610 

350289 

355895 

36i43o 

366895 

8*372292 

377622 

382889 

388092 

398234 

398815 

403338 

4o83o4 

4i32i3 

418068 

8-422869 
427610 
4828 1 5 
486962 
441560 
446110 
45p6i3 
455070 
459481 
468849 

8-468172 

472454 

476698 

480892 

485o5o 

480170 

490260 

497293 

501298 

506267 

8  -  500200 

518098 

5i6q6i 

520700 

524586 

628849 

532080 

535779 

539447 

540084 


D 


Cotang. 


119 

117 

ii5 

114 

112 

no 

108 

107 

io5 

104 

102 

lOI 

98 

95 

94 

93 

92 

91 

89 

88 

87 

86 

85 

84 

83 

82 

81 

80 

80 

79 

78 

77 

76 

75 

75 

74 

73 

72 

72 

71 

70 

6^ 

68 

68 

67 

66 

66 

65 

64 

64 

63 

63 

62 

62 

61 

61 

60 

60 


D 


67 

72 

84 

02 

25 

54 
87 

26 

7° 

18 
70 

26 

19 

90 

65 

43 

24 

08 

95 

85 

77 

72 

70 

70 

71 

76 

82 

91 

02 

14 

30 

45 

63 

83 
o5 
28 
52 

79 

06 

35 

66 
q8 

31 
65 
01 
38 

15 

55 

6 

8? 

26 

72 
18 
65 
i3 
62 
12 


Cotang. 


1 1  /58o79 
760890 
743835 
736885 
780044 
723309 
716677 

710144 

708708 

697366 

69H16 

f 1-684964 

678878 

672886 

666975 

661 144 
655390 
6497x1 
644106 
638670 
633io5 

11-627708 
622878 
61711 1 
61 1908 
606766 
601685 
596662 
091696 
586787 
581982 

11-577131 

672882 

567685 

563o38 

558440 

553890 

549807 

544980 

540019 

536i5i 

11-531828 

627646 

523307 

619108 

5i4o5o 

5io83o 

606760 

502707 

498702 

494733 

n -490800 
486902 
488089 
479210 

470414 

471661 

467920 

464221 

46o553 

456916 


Tang 


60 

57 

56 

55 

54 

53 

52 

5i 

5o 

4q 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

36 

35 

34 

33 

32 

3i 

3o 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

19 

10 

17 

16 

i5 

14 

i3 

12 

II 

10 


7 

6 

5 

4 

3 

2 

1 

c 


(88  DEGREES.) 
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(2  DEGEEES.)  A  TABLE  OF  LOGAKITHMIC 


M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

— — 

0 

8-5428r9 

60-04 

0-000735 

-07 

8-543084 

6c  - 12 

11-456916 

60 

1 

546422 

5g-55 

999731 

-07 

546691 

59-62 

453309 

59 

2 

54qqQ5 

69-06 

999726 

'07 

•08 

550268 

59-14 

449782 

58 

3 

553539 

58-58 

999722 

553817 

58-66 

446183 

57 

4 

557054 

58-11 

999717 

-08 

1  557336 

58-10 

442664 

56 

55 

5 

56o54o 

67-66 

999713 

-08 

560828 

'  57-73 

489172 

430709 

6 

563999 

57-19 

999708 

-08 

564291 

57-27 

54 

n 

567431 

56-74 

999704 

-08 

567727 

56-82 

482273 

53 

8 

570836 

56-3o 

999699 

-08 

571 187 

56-38 

428863 

52 

9 

574214 

55-87 

999694 

999689 

-08 

674620 

55-95 

425480 

5i 

10 

577666 

55-44 

.08 

577877 

55-02 

422123 

5o 

II 

8*580892 

55-02 

q-ooo685 

-08 

8-581208 

55-10 

1 1 -418792 
415486 

49 

12 

584193 

54-60 

999680 

-08 

584614 

54-68 

48 

i3 

587469 

54- 19 

999675 

-08 

687796 

54-27 

4122o5 

47 

14 

590721 

53-79 

999670 

-08 

591001 

53-87 

408949 

46 

i5 

598948 

53-39 

999665 

-08 

594283 

53-47 

405717 

45 

i6 

6971 52 

53-00 

999660 

-08 

597492 

53-08 

402608 

44 

17 

6oo332 

52-61 

999655 

-08 

600677 

52-70 

399823 

43 

18 

*9 

608489 

606623 

52-23 

51-86 

999660 

999645 

-08 

-09 

6o3839 

606978 

52-32 

396161 

898022 

42 

4i 

20 

609784 

5i-49 

999640 

-09 

610094 

5i  -08 

389906 

4)0 

21 

8-612823 

5i  - 12 

q-090635 

-09 

8-613189 

5i  -21 

1 1 -38681 1 

22 

615891 

60-76 

999629 

-09 

616262 

5o-85 

383738 

38 

23 

618937 

5o-4i 

999624 

-09 

619313 

5o-5o 

380687 

37 

24 

621962 

5o-o6 

999619 

-09 

622343 

5o  - 15 

377657 

374648 

3o 

25 

624965 

49-72 

999614 

-09 

625352 

49-81 

35 

26 

627948 

49-38 

999608 

-09 

628340 

49-47 

871660 

34 

27 

28 

630911 

633854 

49-04 

48-71 

999603 

999097 

-09 

.09 

63i3o8 

634256 

49-18 

48-80 

368692 

36*744 

33 

32 

29 

686776 

48-39 

9995^2 

999686 

-09 

1  687184 

48-48 

362816 

3i 

3o 

689680 

48-06 

-09 

640093 

48-16 

359907 

3o 

3i 

8-642563 

47-75 

9-999581 

-09 

8-642982 

47-84 

11-357018 

^5 

32 

645428 

47-43 

999675 

-09 

645853 

47-53 

354147 

28 

33 

648274 

47-12 

999570 

-09 

648704 

47-22 

351296 

27 

34 

65i 102 

46-82 

999664 

-09 

65i537 

46-91 

348463 

26 

35 

65391 1 

46-62 

999558 

- 10 

654352 

46-61 

345648 

25 

36 

656702 

46-22 

999553 

- 10 

667149 

659928 

46 -3i 

34285i 

24 

3? 

65g475 

46-92 

999547 

- 10 

—46-02 

340072 

23 

38 

662280 

45-63 

999641 

-10 

662689 

45-73 

337311 

22 

39 

664968 

45-35 

999535 

- 10 

665433 

45-44 

334567 

21 

40 

667689 

45 -06 

999629 

- 10 

668160 

45-26 

331840 

20 

41 

8-670393 

44-79 

9-999624 

- 10 

8-670870 

44-88 

II  329180 

42 

678080 

44-5i 

999618 

- 10 

673563 

44-61 

826487 

18 

43 

675761 

44-24 

999612 

- 10 

676289 

44-34 

328761 

17 

44 

678405 

43-97 

999606 

- 10 

678900 

44-17 

321100 

16 

45 

68 1 043 

43-70 

999600 

- 10 

68 1 644 

43-80 

3 1 8456 

i5 

.46 

683665. 

43  -44 

9994q3 

- 10 

684172 

43  -  54 

315.828 

14 

47 

686272 

43-18 

999487 

- 10 

686784 

43-28 

3i32i6 

i3 

48 

688863 

42-92 

999481 

- 10 

689881 

43-o3  ' 

3io6ig 

12 

49 

691438 

42-67 

999475 

- 10 

691968 

42-77 

808087 

T  1 

5o 

698998 

42-42 

999469 

- 10 

694029 

42-52 

3o5471 

10 

51 

52 

8 • 696543 
699078 

42-17 

41-92 

9  -  999463 
999406 

- 1 1 

•  1 1 

8-697081 

699617 

42-28 

42 -o3 

II -302919 
3oo383 

53 

701589 

41  -68 

999460 

- 1 1 

702189 

41-79^ 

297861 

7 

54 

704090 

41-44 

999443 

-11 

704640 

41  -55 

295354 

6 

55 

706677 

41-21 

999437 

-  II 

707140 

41  -32 

292860 

5 

56 

709049 

40-97 

999431 

- 1 1 

769618 

41  -08 

200882 

4 

57 

7 1 1 507 

40-74 

999424 

- 1 1 

7 1 2o83 

40-85 

287917 

280465 

3 

58 

718952 

4o-5i 

999418. 

- 1 1 

714534 

40-62 

2 

1  59 

716383 

40-20 

999411 

- 1 1 

716972 

40-40 

288028 

I 

1  60 

718800 

40-06 

999404 

- 1 1 

719896 

40-17 

280604 

0 

L 

1 

Cosine 

D. 

Sine 

Co  tang. 

D. 

Tang. 

M. 

(87  DEflUKKsO 


{ 


/ 

SINES  AND  TANGENTS.  (3  DEGREES.) 


M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

0 

8-718800 

40-06 

9-999404 

-  II 

8-719396 

40-17 

1 1  -  280604 

60 

I 

721204 

39  •  84 

999898 

-  II 

721806 

39-96 

278194 

•  ^ 

2 

7235g5 

39-62 

999891 

- 1 1 

724204 

39-74 

2-]5-;g6 

58 

3 

725972 

39-41 

999884 

-  II 

726588 

39.52 

278412 

& 

4 

728337 

39  - 19 

999878 

-  II 

728969 

89.30 

271041 

56 

5 

730688 

88-98 

999871 

•11 

73i3i7 

89-09 

268688 

56 

6 

733027 

88-77 

999864 

'12 

733663 

88-89 

266887 

54 

7 

735354 

38-57 

999887 

- 12 

735996 

38-68 

264004 

53 

0 

737667 

38-36 

999350 

•  12 

738817 

38-48 

261683 

[52 

9 

739969 

38- 16 

999843 

■  12 

740626 

38-27 

259874 

5i 

10 

742269 

87-96 

999336 

- 12 

742922 

38-07 

267078 

5o 

II 

8-744536 

37-76 

9-999829 

-  12 

8-745207 

37.87 

11-254793 

49 

12 

746802 

37-06 

9998  2  2 

- 12 

747479 

37.68 

252521 

48 

i3 

749055 

87-87 

999810 

- 12 

749740 

37-49 

2'5o26o 

47 

i4j 

701297 

87-17 

999808 

-12 

751989 

37.29 

24801 1 

46 

i5 

753528 

36-98 

999801 

•  12 

754227 
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288190 
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288964 

289600 
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295918 

296089 
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3o3364 
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10-76 

10-74 

10-72 

10-71 

10-69 
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10-28 
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10-25 
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9-96 

9-94 

9.98 

9.91 
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991848 
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091799 
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99045? 
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9585o3 

•97 

661710 

5.55 

338290 

21 

40 

620488 

4*58 

968445 

•97 

662043 

5*55 

337967 

20 

41 

9*620763 

4*58 

9*968387 

•97 

9*662876 

5*55 

10*337624 

19 

42 

621088 

4*57 

968829 

•97 

662709 

5  *  54 

337291 

18 

43 

62i3i3 

4*57 

968271 

•97 

668042 

5*54 

336968 

17 

4^4 

621687 

4-57 

968213 

•97 

663376 

5*54 

.  336625 

16 

45 

621861 

4*56 

968154 

•97 

668707 

5*54 

336293 

i5 

46 

622135 

4*56 

968096 

•97 

664089 

5*53 

335961 

i4 

47 

622409 

4*56 

968038 

•97 

664871 

5*53 

335629 

i3 

48 

622682 

4*55 

967979 

•97 

664708 

5.53 

335297 

12 

49 

622956 

4*55 

967921 

•97 

665o35 

5*53 

334966 

II 

5o 

628229 

4*55 

967063 

•97 

665366 

5*62 

334634 

10 

9*623502 

4*54 

9*967804 

•97 

9*666697 

5*52 

io*3343o3 

9 

62 

623774 

4-54 

967746 
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666029 

5*52 

333971 

8 

53 

624047 

4*54 

967687 

*98 

666360 

5*5i 

333640 

7 

54 

624819 

4*53 

967628 

.98 

666691 

5*5i 

333309 

6 

55 

624591 

4*53 

967670 

.98 

667021 

5*5i 

332979 

5 

56 

624863 

4*  53 

967611 

.98 

667862 

5*5i 

332648 

4 

57 

625i35 

4*52 

967462 

*98 

667682 

5*5o 

332818 

3 

58 

620406 

4*52 

967398 
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5*5o 

331987 

2 

59 

626677 

4-52 

967336 
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1 

60 
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0 

9*625948 

4*  5i 

9*967276 

*98 

9*668678 

5*5o 

io*33i327 

60 

I 

626219 

4*5i 

907217 

*98 

669002 

5*49 

330998 

59 

1 

626490 

4*5i 

957168 

•  98 

669882 

5*49 

33o668 

58 

3 

626760 

4*5o 

957099 

•  98 

669661 

5*49 

33o339 

57 

4 

627080 

4*5o 

967040 

*98 

669991 

5*48 

330009 

56 

5 

627800 

4*5o 

956981 

•  98 

670020 

5*48 

829689 

55 

6 

627670 

4*49 

956921 

•99 

670649 

5*48 

329351 

54 

7 

62784.0 

4*49 

956862 

•99 

670977 

5*48 

329028 

53 

d 

628109 

4*49 

956803 

•99 

671806 

5*47 

828694 

5; 

9 

628378 

4*48 

956744 

•99 

671634 

5*47 

328366 

5i 

lij 

628647 

4-48 

956684 

•99 

671963 

5*47 

328087 

5o 

II 

9  628916 

4-47 

9*956625. 

•99 

9*672291 

5*47 

10*327709 

49 

12 

629185 

4-47 

956566 

•99 

672619 

5*46 

327381 

48 

i3 

629453 

4-47 

9565o6 

•99 

672947 

5*46 

327053 

47 

i4 

629791 

4-46 

q56447 

•99 

678274 

5  *  46 

326726 

46 

i5 

629989 

.4*46 

956387 

•99 

678602 

5*46  ' 

326.398 

45 

i6 

680257 

4*46 

956827 

•99 

678929 

5*45 

326071 

44 

n 

680624 

4*46 

966268 

•99 

674267 

5*45 

326743 

43 

i8 

630792 

4*45 

966208 

1  *00 

674584 

5*45 

326416 

42 

19 

63 1 069 

4-45 

966148 

1*00 

674910 

5*44 

326090 

41 

20 

631826 

4'45 

956089 

1*00 

676287 

5*44 

\_,3 24768 

40 

21 

9' 631593 

4*44 

9*966029 

1*00 

9*676664 

5*44 

10*324486 

39 

22 

631850 

4*44 

955969 

1*00 

676890 

5*44 

324110 

38 

23 

632125 

4*44 

966909 

1*00 

676216 

5  *  43 

828784 

37 

24 

632392 

4*43 

966849 

1*00 

676543 

5*43 

823467 

36 

25 

632658 

4*43 

955789 

1*00 

676869 

5  *43 

323i3i 

35 

26 

682928 

4*43 

955729 

1*00 

677194 

5*43 

322806 

34 

27 

633189 

4-42 

955669 

I  *00 

677620 

5*42 

322480 

33 

28 

633454 

4*42 

966609 

I  *00 

677846 

5*42 

322164 

32 

29 

633719 

4*42 

955548 

1*00 

678171 

5*42 

321829 

3i 

3o 

633984 

4*41 

955488 

I  *00 

678496 

5*42 

32i5o4 

3o 

3i 

9*634249 

4*41 

9*955428 

1  *01 

9*678821 

5*41 

1,0*321179 

29 

32 

634614 

4  "40 

955368 

I  *01 

679146 

5*41 

^  320854 

28 

33 

634778 

4*40 

955307 

I  *01 

679471 

5*41 

320529 

27 

34 

635042 

4*40 

966247 

I  *01 

679795 

5*4i 

320200 

26 

35 

635306 

4*89 

955186 

I  *01 

680120 

5*40 

319880 

25 

36 

635570 

4*89 

955126 

1*01 

680444 

5*40 

319556 

24 

37 

635834 

4-39 

955o65 

1  *01 

680768 

5*40 

319282 

23 

38 

636097 

4*38 

955006 

I  *01 

681092 

5*40 

318908 

22 

39 

636360 

4*38 

964944 

1*01 

681416 

5*39 

3 1 8584 

21 

40 

636623 

4*38 

964883 

1*01 

681740 

5*39 

318260 

20 

4i 

9*636886 

4*37 

9*964828 

1*01 

9*682063 

5*39 

10*317987 

19 

42 

687148 

4*37 

964762 

I  *01 

682887 

5*39 

317613 

18 

43 

63741 1 

4*37 

964701 

1*01 

682710 

5*38 

317290 

17 

44 

637678 

4-37 

964640 

1*01 

683o33 

5*38 

316967 

16 

45 

637935 

4-36 

964679 

1*01 

683356 

5*38 

316644 

i5 

46 

638197 

4*36 

954518 

I  *02 

688679 

5*38 

3i632i 

14 

47 

638458 

4*36 

964467 

1  *02 

684001 

5*37 

316999 

i3 

48 

638720 

4*35 

954896 

I  *02 

684324 

5*37 

316676 

1  12 

49 

6.38981 

4*35 

964335 

I  *02 

684646 

5*37 

3i5354 

11 

5o 

639242 

4*  35 

964274 

I  *02 

684968 

5*37 

3i5o32 

10 

5i 

9*689603 

4-34 

9*964213 

1  *02 

9*686290 

5*36 

10*814710 

9 

52 

639764 

4*34 

954162 

I  *02 

6856i2 

5*36 

3 14388 

0 

53 

640024 

4*34 

964090 

1*02 

686984 

5*36 

3 1 4066 

.  7 

54 

640284 

4*33 

964029 

1*02 

686255 

5*36 

318745 

6 

55 

640644 

4*33 

953968 

1*02 

686677 

5*35 

3i3423 

5 

56 

640804 

4*33 

953906 

1*02 

686898 

5*35 

3i3io2 

4 

57 

641064 

4*32 

953045 

1*02 

687219 

5*35 

812781 

3 

58 

641824 

4*32 

953783 

I  *02 

687640 

5*35 

3 1 2460 

2 

59 

641684 

4*32 

968722 

I  *o3 

687861 

5*34 

3i2’39 

I 

60 

641842 

4*3i 

953660 

I  *o3 

688182 

5*34 
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(26  DEGREES.)  A  TABLE  OF  LOGARITHMIC 


M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

■  ■ 

0 

9-641842 

4-3i 

9-953660 

I  -o3 

9-688182 

5.34 

io-3i 1818 

60  ' 

1 

642101 

4-3i 

953599 

I  -o3 

688602 

5.34 

811498 

59 

2 

642860 

4-3i 

953537 

I  -o3 

688823 

5-34 

311177 

58 

3 

642618 

4-3o 

953475 

I  -03 

689143 

5-33 

310867 

57 

4 

642877 

4-3o 

953413 

I  -o3 

689463 

5-33 

3io537 

56 

5 

643 1 35 

4*3o 

953352 

I  -o3 

689783 

5-33 

310217 

55 

6 

643393 

4-3o 

968290 

I  -03 

690108 

5-33 

309897 

54 

7 

643650 

4-29 

968228 

I  -03 

690428 

5-33 

809677 

53 

8 

648908 

4-29 

953166 

I  -o3 

690742 

5-32 

809268 

62 

9 

644165 

4-29 

953104 

I  -o3 

691062 

5-32 

308938 

5i 

10 

644423 

4-28 

968042 

I  -o3 

691881 

5-32 

308619 

5o 

II 

9 • 644680 

4-28 

9-962980 

1-04 

9-691700 

5-3i 

10 -308800 

49 

12 

644986 

4-28 

962918 

1-04 

692019 

5-3i 

807981 

48 

i3 

646193 

4-27 

962855 

I  -04 

692338 

5-3i 

807662 

47 

U 

645450 

4-27 

962798 

I  -04 

692666 

5-3i 

307344 

'46 

i5 

645706 

4-27 

952701 

1-04 

692976 

5-3i 

807026 

46 

i6 

646962 

4-26 

962669 

I  -04 

693298 

5-3o 

806707 

44 

n 

646218 

4-26 

962606 

I  -04 

698612 

5-3o 

806088 

43 

iS 

646474 

4-26 

962644 

1-04 

698980 

5-3o 

806070 

42 

646729 

4-25 

962481 

I  -04 

694248 

5-3o 

306762 

41 

20 

646984 

4-25 

962419 

1-04 

694666 

6-29 

806434 

40 

21 

9-647240 

4-25 

9-962356 

1-04 

9-694883 

6-29 

io-3o5i 17 

39 

22 

647494 

4-24 

962294 

I  -04 

696201 

6-29 

804799 

38 

23 

647749 

4-24 

962231 

1-04 

696618 

6-29 

804482 

3? 

24 

648004 

4-24 

962168 

I  -o5 

696886 

6-29 

804164 

36 

25 

648258 

4-24 

962106 

I  -o5 

6961 63 

5-28 

808847 

35 

26 

648612 

4-23 

962048 

I  -o5 

696470 

5-28 

3o353o 

34 

27 

648766 

4*23 

961980 

I  -o5 

696787 

5.28 

3o32i3 

33 

28 

649020 

4-23 

951917 

I  -06 

697108 

5-28 

802897 

32 

29 

649274 

4-22 

951854 

I  -o5 

697420 

5-27 

302680 

3i 

3o 

649627 

4-22 

961791 

I  -06 

697786 

5-27 

802264 

3o 

3i 

9-649781 

4-22 

9-961728 

I  -06 

9-698068 

5-27  . 

10.301947 

29 

32 

65oo34 

4-22 

961665 

I  -06 

698869 

5-27 

,  3oi63i 

28 

33 

660287 

4-21 

961602 

I  -06 

698686 

6-26 

3oi3i5 

27 

34 

65o539 

4-21 

961539 

I  -o5 

699001 

5-26 

800999 

26 

35 

660792 

4-21 

961476 

I  -06 

6998 1 6 

5-26 

800684 

26 

36 

65 1 044 

4-20 

961412 

I  -o5 

699682 

5-26 

3oo368 

24 

37 

661297 

4-20 

961349 

1-06 

699947 

6-26 

3ooo53 

28 

38 

65 1 549 

4-20 

961280 

I  -06 

700263 

5-25 

299787 

22 

39 

65 1 800 

4-19 

961222 

I  -06 

700678 

6-26 

299422 

21 

40 

662062 

4-19 

961159 

I  -06 

700898 

6-26 

299107 

20 

4i 

9-6523o4 

4-19 

9-961096 

1-06 

9-701208 

5-24 

10-298792 

19 

42 

652555 

4-i8 

951002 

I  -06 

701623 

5-24 

298477 

18 

43 

662806 

4- 18 

960968 

I  -06 

701887 

5-24 

298163 

17 

44 

653o57 

4- 18 

960905 

I  -06 

702162 

5-24 

297848 

16 

45 

6533o8 

4- 18 

960841 

I  -06 

702466 

5-24 

297684 

i5 

46 

653558 

•  4-17 

960778 

I  -06 

702780 

5-23 

297220 

^4^ 

47 

6538o8 

4-17 

960714 

I  -06 

708096 

5-23 

206906 

i3 

48 

'  664069 

4-17 

g5oo5o 

I  -06 

708409 

5-23 

290091 

12 

49 

664809 

4- 16 

960686 

I  -06 

708723 

5-23 

296277 

II 

5o 

654558 

4- 16 

960622 

1-07 

704086 

5-22 

296964 

10 

5i 

9  654808 

4*  16 

9-960468 

1-07 

9-704860 

5-22 

10-295660 

9 

52 

655o58 

4"  16 

960894 

1-07 

704663 

5-22 

296337 

0 

53 

655307 

4- 15 

960330 

1-07 

704977 

5-22 

296023 

7 

54 

655556 

4- 15 

960266 

I  *07 

706290 

5-22 

294710 

6 

55 

6558o5 

4*i5 

960202 

1-07 

706608 

5-21 

294807 

5 

56 

666064 

4-14 

960138 

1-07 

706916 

5-21 

294084 

4 

57 

656302 

4-i4 

960074 

I  -07 

706228 

5-21 

298772 

3 

58 

65655i 

4-14 

960010 

1-07 

706641 

5-21 

298469 

3 

59 

666799 

4*  i3 

949945 

1-07 

706864 

5-21 

293146 

I 

60 

667047 

4*  i3 

949881 

I  -07 

707166 

5-20 

292834 
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M. 

Sino 

D. 

Cosine 

D 

Tang. 

D. 

Cotang. 

o 

I 

a 

3 

4 

5 

6 

1 

9 

10 

11 

12 

13 

14 

15 

16 

*7 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

3^ 

31 

32 

33 

34 

35 

36 

II 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

S 

i  5i 

52 

53 

54 

55 
!  56 

5^ 

S 

9.657047 

657295 
657542 
657790 
658o37 
658284 
65853 1 
658778 
659023 
659271 
659517 

9-659763 

660009 

660253 

66o5oi 

660746 

660991 

661286 

661481 

661726 

661970 

9-662214 

662459 

662703 

662946 

668190 

663433 

668677 

668920 

664163 

664406 

9  -  664648 
664891 
665i33 
665375 
665617 
665859 
666100 
666342 
666583 

666824 

9.667065 

667805 

667546 

667786 

668027 

668267 

6685o6 

668746 

668986 

669225 

0-669464 

669708 

669942 

670181 

670419 

670658 

670896 

671872 

67160c 

4'  i3 

4*  i3 
4-12  1 

4*12 
4-12 

4- 12 

4- 1 1 

4*  1 1 

4’  1 1 

4’  10 

4"  10 

4*  10 
4-09 
4’09 
4*09 
4*09 
4-o8 
4’o8 
4-o8 
4’07 

4-07 

4-07 

4*07 

4’o6 

4' 06 

4 ‘06 
.  4-o5 
4'o5 
4'o5 
4'o5 
4*o4 

4*o4 

4'o4 

4’o3 

4*o3 

4’o3 

4*02 

4’02 

4’02 

4-02 

4’oi 

4-0I 

4 '01 
4'oi 
4*00 
4*00 
4'oo 
3'99 
^•99 

3.99 

3.99 

3-98 

3*98 

3-98 

3.97 

3<97 

3  97 
3-97 

3.96 

3-96 

3-96 

9.949881 

949816 

949762 

949688 

949628 

949558 

949494 

949429 

949364 

949800 

949235 

9.949170 

949105 

949040 

948975 

948910 

948845 

948780 

948716 

948650 

948584 

9- 948619 
94845^ 

948388 

948828 

948267 

948192 

948126 

948060 

947995 

947929 

9.947863 

947797 

947731 

947663 

947600 

947533 

947467 

947401 

947335 

947269 

9-947208 

947136 
947070 
947004 
946987 
946871 
946804 
946738 
94667 I 
946604 

9-946538 

94647 I 
946404 
946337 

946270 

946203 

946186 

946069 

946002 

945935 

1-07 

I  -07 

I  -07 

I  -08 

1-08 

I  -08 
1-08 
1-08 
1-08 

I  -08 
i'o8 

I  -08 

I  -08 

I  -08 

I  -08 

I  -08  j 
1 .08 

I  -09 
1-09 

I  -09 

1 .09 

1 .09 
1-09 
1-09 

1 .09 

I  -og 

I -09 

1  -09 

I  -  og 

I  •  10 

I  - 10 

I  - 10 

I  -  IC 

I  .  10 

E  -  10 

I  -  10 

I  -  TO 

I  •  10 

I  -  10 

t  - 10 

I  -  10 

I  -  10 

I  - 11 

1-11 

1  •  1 1 

I  •  1 1 

1- 11 

I  -II 

I-  II 

I  •  II 

I-II 

III 

I-II 

I-Il 

I-II 

I  -12 

I  - 12 
I-I2 

I  •  12 

1-12 

I  -  12 

9.707166 

707478 

707790 

708102 

708414 

708726 

709087 

709849 

709660 

709971 

710282 

9.710598 

710904 

711215 

71 i525 
711886 

712146 

712456 

712766 

718076 

713386 

9.713696 

714005 

714314 

714624 

714933 

715242 

7i555i 

715860 

716168 

716477 

9.716785 

717093 

717401 

717709 

718017 

718325 

718633 

718940 

719248 

719555 

9.719862 

720169 

720476 

720783 

721089 

721896 

721702 

722009 

7223i5 

722621 

9.722927 

728282 

723538 

728844 

7241/9 

724454 

725369 

725674 

5-20  I 

5-20 

5-20 

5-20 

5.19 

5-ig 

5.19 

5-19 

5.19 

5- 18 
5.18 

5- 18 

5-18 

5- 18 
5.17 
5-17 
5-17 
5.17 
5.16 

5- 16 

5- 16 

5.16 

5.16 

5.i5 

5i5 

5.i5 

5-15 

5.14 

5-i4 

5.14 

5.14 

5-i4 

5-13 

5-13 

5.i3 

5.i3 

5-i3 

5-12 

5-12 

5.12 
5., 12 

5-12 
5- 1 1 
5-11 
5-  II 
5-11 
5-11 
5- 10 
5  10 
5- 10 
5-10 

5- 10 
5-09 
5-09 
5-09 
5-09 
5-09 
5.08 
5 -08 
5 -08 
5-oS 

0-292884 

292622 

292210 

291898 

291586 

291274 

290963 

290661 

290840 

290029 

289718 

10-289407 

289096 

288785 

288475 

288164 

287854 

287644 

287234 

286924 

286614 

10-286804 

286996 

285686 

286876 

286067 

284768 

284449 

284140 

283832 

283523 

10- 288215 
282907 
282099 
282291 
281983 
281670 
281867 
281060 
280762 
280445 

10-280188 

279881 

279624 
279217 
27891 i 

278604 

278298 

277991 

277680 

277879 

10-277073 
276768 
276462 
276166 
i  275861 
275546 
276241 
274935 
274681 
274826 

60 

57 

56 

55 

54 

53 

52 

5i 

5o 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

36 

35 

34 

33 

32 

3i 

3o 

20 

20 

27 

26 

25 

24 

23 

22 

21 

20 

IQ 

18 

17 

16 

i5 

1  i4 

1  i3 
12 

11 

IC 

/ 

6 

5 

4 

3 

a 

1 

0 

Cosine 

D. 

Sine 

D. 

D. 

Tang. 
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(28  DEGREES.)  A  TABLE  OF  LOGARITHMIC 


M. 

Sine 

D. 

Cosine 

D. 

Tang. 

1  D. 

Cotung. 

0 

9*671509 

3*96 

9*945935 

945868 

1*12 

9*726674 

5*08 

10*274326 

60 

I 

671847 

3*95 

I  *  12 

726979 

1  5*08 

274021 

5q 

2 

672084 

3*95 

945800 

1*12 

726284 

i  5*07 

278716 

58 

3 

672321 

3*95 

946733 

1*12 

726688 

i 

273412 

57 

4 

672558 

3*95 

945666 

I  *  12 

726892 

1  5*07 

278108 

56 

5 

672795 

3*94 

945598 

945531 

1*12 

727197 

1  5*07 

272808 

55 

6 

678032 

3*94 

1*12 

727601 

1  5*07 

272499 

54 

7 

673268 

3*94 

945464 

I  *  l3 

727806 

1  5*06 

27219^) 

!  53 

8 

673505 

3*94 

945396 

I  *  l3 

728109 

:  5*06 

2-71891 

52 

9 

678741 

3*93 

945328 

I  *  l3 

728412 

5*06 

271688 

5i 

lO 

673977 

3*93 

946261 

I  *  l3 

728716 

5*06 

271284 

5o 

II 

9.674213 

3*93 

9*946193 

I  *  l3 

9*729020 

5  *06 

30*270980 

4q 

12 

674448 

3*92 

945i25 

1  *  i3 

729823 

!  5*o5 

270677 

1  48 

i3 

674684 

3*92 

945o58 

I  *  i3 

729626 

i 

270874 

!  47 

14 

15 

674919 

675i5d 

3*92 

3*92 

944990 

944922 

944864 

I  *  i3 

1  *  i3 

729929 

780233 

5*o5 

5*o5 

270071 

269767 

46 

45 

i6 

675390 

391 

I  *  i3 

780635 

5*o5 

269465 

44 

'I 

675624 

3*91 

9447  8^) 

I  *  i3 

780888 

6*04 

269162 

43 

i8 

676859 

3*91 

944718 

I  *  i3 

781141 

5  04 

i  268869 

42 

'9 

676094 

3*91 

944660 

i  •  i3 

781444 

5*04 

i  268556 

41 

20 

676828 

3*90 

944682 

1*14 

781746 

1  5*04 

,  268254 

40 

21 

9*676562 

3*90 

9*944614 

1*14 

5  732048 

5*04 

10*267962 

39 

22 

676796 

3*90 

944446 

1  *  14 

•  73235i 

5*o3 

267649 

38 

23 

677080 

3*90 

944377 

I  *  14 

732653 

5*o3 

267847 

37 

24 

677264 

3*89 

944309 

I  *  14 

782955 

5*o3 

267046 

36 

25 

677498 

3*89 

944241 

1*14 

733267 

733558 

5*o3 

266743 

35 

26 

677781 

3*89 

944172 

I  *  14 

5*o3 

266442 

34 

27 

677964 

3*88 

944104 

I  *  14 

733860 

5*02 

266140 

33 

28 

678197 

3*88 

944036 

1*14 

734162 

5*02 

265838 

32 

29 

678430 

3*88 

943967 

I  *  14 

734463 

5*02 

265537 

3i 

3o 

678663 

3*88 

943899 

I  *  14 

734764 

5*02 

265236 

3o 

3i 

9*678895 

3*87 

9 *943830 

I  *  14 

9 •736066 

5*02 

10*264934 

29 

32 

679128 

3*87 

943761 

I  *  14 

735367 

5*02 

264633 

28 

33 

679860 

3*87 

943693 

I  *  i5 

735668 

5*01 

264332 

27 

34 

679592 

3*87 

943624 

943555 

1  *  i5 

736969 

5*01 

264081 

26 

35 

679824 

68oo56 

3*86 

I  *  i5 

736269 

5*01 

263785 

25 

35 

3*86 

943486 

I  *  i5 

736570 

5*01 

268480 

24 

37 

680288 

3*86 

943417 

I  •  i5 

736871 

5*01 

268129 

23 

38 

68o5i9 

3*85 

943348 

1  *  i5 

737171 

5*00 

262829 

22 

39 

680760 

3*85 

943279 

1  *  i5 

787471 

5*00 

262629 

21 

40 

680982 

3*85 

943210 

I  *  i5 

737771 

5*00 

262229 

20 

4i 

9*68i2i3 

3*85 

9*943141 

I  *  i5 

9 -73807 1 

5*00 

10*261929 

10 

42 

681443 

3  *  84 

943072 

I  *  i5 

738371 

5*00 

261629 

18 

43 

681674 

3*84 

943003 

I  *  i5 

738671 

4*99 

261829 

*7 

44 

681905 

3*84 

942934 

I  *  i5 

788971 

4*99 

261029 

16 

4^ 

682135 

3*84 

942864 

I  *  i5 

739271 

4*99 

260729 

i5  i 

46 

682365 

3*83 

942795  1 

1*16 

739570 

4*99 

260430 

14 

47 

6^230^  I 

3*83 

942726 

I  *  16 

789870 

4*99 

260180 

i3 

48 

682825  1 

3*83 

942656 

1*16 

740169 

4-95 

269831  1 

12  j 

49 

683o55  ; 

3*83 

942687 

1*16 

740468 

4*98 

269532  j 

11  1 

5o 

683284  ; 

'  3*82 

942617^ 

1*16 

740767 

4*98 

269233 

10  1 

5i 

9 *6835 14  ! 

3*82 

9*942448 

I  *  16 

9*741066 

4*98 

10*268934 

9  i 

52 

688743 

3*82 

942878 

I  *  16. 

74i365 

4*98 

258635 

8  ; 

53 

688972 

3*82 

942808 

i*i6‘ 

741664 

4*98 

258336 

7  i 

54 

684201 

3*81 

942289 

1*16 

741962 

4-97 

268088 

55 

684480 

3*81 

942169 

I  *  16 

742261 

4*97 

267789 

5  i 

55 

684658 

3*81 

942099 

1*16 

742669 

4*97 

267441 

4  ' 

ii 

684887 

3*80 

942029 

1  *  16 

742868  i 

4*97 

267142 

3  . 

58 

59 

685ii5 

3*80 

941969 

1  *  16 

7481 56  i 

4-97 

266844 

2  i 

685343 

3*80 

941889 

1*17 

743464 

4-97 

266546  1 

«  i 

60 

685071 

1 

3*80 

« 

941819  j 

1*17 

743762 

4.96 

266248  1 

“  i 

Coftine 

D. 

Sine  i 

D.  1 

Cotang,  i 

D. 

AL  1 
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M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

1 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

ll 

29 

30 

31 

32 

33 

34 

35 

36 

ll 

3g 

40 

41 

42 

43 

44 

45 

46 

47 

48 

51 

52 

53 

54 

55 

56 

57 

58 
09 
60 

9*685571 

685799 

686027 

686254 

686482 

686709 

686986 

687163 

687389 

687616 

687843 

9 • 688069 
688295 
688521 
688747 
688972 
689198 
689423 
689648 
689873 
690098 

9*690323 

690648 

690772 

690996 

691220 

691444 

691668 
691892 
6921 1 5 

692339 

9*692662 

692785 

698008 

698231 

693453 

698676 

698898 

694120 

694342 

694664 

9*694786 

696007 

696229 

696460 

696671 

696892 

696113 

696334 

696554 

696776 

9*696996 

697216 

697435 

697664 

S97874 

690094 
6983 1 3 

698532 

698701 

698970 

3*80 

3*79 

3*79 

3*79 

3*79 

3*78 

3*78 

3*78 

3*78 

3*77 

3*77 

3*77 

3*77 

3*76 

3*76 

3*76 

3*76 

3*75 

3*75 

3*75 

3*75 

3*74 

3*74 

3*74 

3*74 

3*73 

3*73 

3.73 

3*73 

3*72 

3*72 

3*72 

3*71 

3.71 

3.71 

3*71 

3*70 

3*70 

3*70' 

3*70 

3*69 

3*69 

3*69 

3.69 

3*68 

3*68 

3*68 

3-68 

3*67 

3*67 

3*67 

3*67 

3*66 

3*66 

3*66 

3*66 

3*65 

3*65 

3-65 

3*65 

3*64 

9*941819 

941749 

941679 

941609 

-941539 

941469 

941898 

941828 

941268 

941187 

941117 

9*941046 

940976 

940906 

940834 
940763 
940693 
940622 
94055 1 
940480 
940409 

9*94o338. 
940267 
940196 
940126 
940064 
989982 
98901 1 
989840 
989768 
939697 

9*939625 

989554 

989482 

989410 

939889 

989267 

989195 

989123 

989002 

988980 

9*988908 

938836 

988768 

988691 

988619 

988547 

938476 

988402 

938330 

988258 

9*938i85 

988113 

988040 

987967 

987895 

987822 

987749 

987676 

937604 

987531 

1.17 

1*17 

1*17 

I  *  17 

I  *  17 
1*17 
1*17 
1*17 

I  *  17 
1*17 

I  *  17 

I  *  18 
1*18 
1*18 

I  *  18 

I  *  18 
i*i8 

1*18 

1*18 

1*18 

i*i8 

1*18 
^  1*18 
i*i8 
1*19 
1*19 
1*19 
1*19 
1*19 

I  *  19 
1*19 

1*19 

I  *  19 
1*19 
i*ig 
1*19 
1*20 

I  *20 

I  •  20 

I  *20 

1*20 

1*20 

1*20 

I  *20 

I  •  20 

I  *  20 

I  *20 

I  *  20 

1-21 

1*21 

1*21 

1*21 

1*21 

1*21 

I  *21 

1*21 

1*21 

1*21 

I  *21 

1*21 

1*21 

9*748762 
7440 5o 
744348 
744645 

744943 

746240 

745538 
745835 
746 1 3  2 
746429 
746726 

9*747023 

747819 

747616 

747918 

748209 

748600 

748801 

749097 

749808 

749689 

9  *  749985 
700281 
750076 
700872 
701 167 
761462 
761757 
752062 
782347 
762642 

9*762987 

768231 

753026 

753820 

754115 

784 ioo 

704703 

754997 

706291 

755585 

9*766878 

706172 

766465 

756769 

757002 

787845 

757688 

787981 

768224 

768.^17 

9*758810 

769102 

759895 

769687 

789979 

760272 

760064 

760866 

761148 

761439 

4*96 

4.96 

4.96 

4*96 

4.96 

4.96  ' 

4.98 

4-98 

4-98 

4-98 

4-98 

4-94 

4-94 

4-94 

4-94 

4.94 

4.98 

4.98 

4.93 

4-98 

4.98 

4*98 

4-92 

4-92 

4*92 

4*92 

4-92 

4*92 

4*91 

4.91 

4.91 

4-91 

4.91 

4*91 

4.90 

4.90 

4.90 

4.90 

4.90 

4.90 

4*89 

4.89 

4-891 

4.89 

4.89 

4.89 

4*88 

4-88 

4-88 

4.88 

4*88 

4.88 

4.87 

4.87 

4.87 

4-87 

4*87 

4*87 

4.86 

4*86 

4*86 

10*266248 
j  255950 

I  260652 

1  255355 

255o57 
264760 
264462 
'  264165 
253868 
253571 
253274 

10*262977 

252681 

252384 

262087 

261791 

261495 
25i 199 
260903 
260607 
25o3i I 

10*  25ooi5 

249719 

249424 

'249128 

248833 

248538 

248243 

247948 

247653 

247358 

10*247063 

246769 

246474 

246180 

245885 

245591 

245297 

245oo3 

244709 

244416 

10*244122 

243828 

243535 

243241 

242948 

242655 

242862 

242069 

241776 

241483 

10*241 190 
240898 
240606 
24o3i3 
240021 
289728 
289436 
239144 

238852 

238561 

60 

5 

55 

54 

53 

52  1 
5i  * 
5o  j 

49 

46 

47 

46 

45 

44  1 

43  j 
42 

4i 

40 

39 

38 

37 

36 

35 

34 

33 

32 

3i 

3o 

» 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

19 

18 

17 

16 

i5 

14 

i3 

12 

1 1 

to 

9 

8 

7 

6 

5 

4 

3 

2 

I 

0 

Cosine 

D. 

Sine 

D. 

Cotniig. 

D. 

M. 
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M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

— 

0 

1 

3 

3 

4 

5 

6 

7 

8 

9  1 
.0| 

1 1 

12 

13 

14 

15 

16 

*9 

20 

21 

22 

23 

24 

25 

26 

u 

29 

30 

31 

32 

33 

34 

35 
'  36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

n 

5g 

60 

9*698970 

699189 

699407 

699626 

699844 

700062 

700280 

700498 

700716 

700933 

70ii5i 

9.701368 
70i585 
701802 
702019 
702236  ; 
702402 
702669 
702885 
708101 

703317 

9.703533 

708749 

708964 

704179 

704896 

704610 

704826 

706040 

706254 

706469 

9.705683 
706898 
7061 1 2 
706326 
706539 
706753 
706967 
707180 
707898 
707606 

9.707819 

708082 

708245 

708458 

708670 

708882 

709094 

709806 

709018 

709780 

9.700941 

710153 

710864 

710575 

710786 

710997 

71 1208 

711419 

711629 

711839 

3.64 

3.64 

3.64 

3-64 

3-63 

3.63 

3-63 

3-63 

3.63 

3.62 

3.62 

3.62 

3-62 

3-61 

3>6i 

3-61 

3.61 

3.60 

3.60 

3.60 

3.60 

3.59 

3.59 

3.59 

3.59 

3.5q 

3.58 

3.58 

3.58 

3-58 

3.57 

3.57 

3.57 

3.57 

3.56 

3.56 

3.56 

3.56 

3.55 

3.55 

3.55 

'  3.55 
3.54 
'  3.54 
3.54 
!  3.54 
i  3.53 

1  3.53 
3.53 
3.53 
3.53 

3.52 

3*52 

3-52 

1  3.52 

1  3.51 
i  3.51 
!  3.51 
;  3.51 
3.50 
j  3-50 

9.987531  1 
987468  I 
987386 
987312 
937288 
987165 
937092 
987019 
936946 
936872 
986799 

9.986725 

986652 

986678  i 
9365o5 
98643 1  j 
986357  j 
986284 
986210  ! 

936186  I 

986062 

9.935988 

935914 

935840 

986766 

935692 

935618 

935543 

^35469 

935396 

935320 

9.935246 

935171 

935097 

935022 

984948 

934873 

984798 

984728 

984649 

934674 

9 • 984499 
984424 
984849 
984274 
934199 

934128 

934048 

933973 

.933898 

933822 

9.933747 

933671 

933596 

933520 

933445 

933369 

933298 

933217 

933141 

933066 

1.21 

1*22 

1*22 

1*22 

1*22 

1*22 

1*22 

1*22 

1*22 

1*22 

1*22 

1*22 

1*23 

1*23 

1 .23 

1 .23 
1*23 

1 .23 
1*23 

1 . 23 
1*23 

1*23 

1 .23 
1*23 
1*24 
1*24 
1*24 

1.24 
1*24 
1.24 
1.24 

1.24 

1 .24 
1.24 

1*24 

1.24 

1.24 

1*25 
1*25 
1*25 
^  .25 

1*25 

1*25 

1 . 25 
1*25 
1*25 
1*25 
1*25 
1*25 

1.26 
1.26 

1 .26 
1.26 
1 . 26 
1.26 
1.26 
1.26 
1 .26 
1 .26 
1 .26 
1 . 26 

9.761439 

761781 

762028 

762814 

762606 

762897 

768188 

•■\b3A~ic) 

768770 

764061 

764352 

9  764643 

764933 

766224 

765514 

7658o5 

766095 

’]66385 

766676 

766965 

767255 

9.767545 

767834 

768124 

768418 

768703 

768992 

769281 

769670 

769860 

770148 

9.770437 

770726 

771016 

77i3o3 

771592 

771880 

772168 

772467 

772745 

778033 

9.773321 

778608 

778896 

1  774184 

774471 
774769 

776046 

775333 

776621 

776908 

9.776195 

776482 

776769 

777053 

777842 

777628 

777916 

778201 

778487 

778774 

f 

_ _ _ _  1 

0. 238561 
288269 
287977 
287686 

287894 
287103 
236812 
236521  i 
23623o  1 

235939 

235648 

10.235357 

235067 

284776 

284486 

28/5195 

233906 

2336i5 

233325 

233o35 

232745 

10.282455  1 

282166  j 
281876  j 
231687  1 
231297  j 
281008 
280719 
280480 
280140 

22q852 

10.229563 

229274 

228985 

228697 

228408 

228120 

227882 

227643 

227265 

226967 

10.226679 

226892 

226104 

225816 

225529 

926241 

224964 

224667 

1  224379 

224092 

io.2238o5 

1  2235i8 

223281 
222945 
222658 
222872 
222085 
221799 
221612 
221226 

60 

57 

56 

55 

54 

53 

62 

5i  * 
5o 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

36 

35 

34 

33 

32 

3i 

3o 

29 

28 

27 

26 

25 

24 

23 

1  22 

21 

20 

i  1^ 

1  17 

I  16 
’  i5 
i  i4 

!  1 

1  12 

1 

10 

? 

7 

1  6 

5 

4 

3 

2 

I 

0 

Cosine 

1  D. 

Sine 

D. 

Cotang. 

D. 

Tang. 

!  M. 
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M. 

Sine 

D.  1 

1 

Cosine 

D. 

Tang. 

D. 

Cotang. 

o 

9-71 1889 

3-5o 

9-933066 

1-26 

9-778774 

4-77 

[0-221226 

60 

1 

7I2o5o 

3-5o 

932990 

1-27 

779060 

4-77 

220940 

2 

712260 

3-5o 

982914 

1-27 

779846 

4-76 

220654 

58 

3 

712469 

3-49 

982838 

1-27 

779682 

4-76 

22o368 

57 

4 

712679 

3-49 

982762 

I-27 

779918 

4.76 

220082 

56 

5 

712889 

3-49 

982685 

1-27 

780208 

4-76 

219797 

55 

6 

713098 

3-49 

982609 

1-27 

780489 

4-76 

219611 

54 

7 

7i33o8 

3-49 

982533 

1-27 

780775 

4-76 

219226 

53 

S 

7i35i7 

3-48 

982457 

1-2-7 

781060 

4-76 

218940 

62 

9 

718726 

3-48 

982380 

1-27 

781846 

4-75 

218664 

5i 

10 

718935 

3-48 

982804 

1-27 

781631 

4-76 

218369 

5o 

II 

9-714144 

3-48 

9-982228 

1*27 

9-781916 

4-75 

10-218084 

49 

12 

714352 

3-47 

932161 

1-27 

782201 

4-75 

217799 

48 

i3 

714561 

3-47 

932076 

1-28 

-782486 

4-75 

217614 

14 

714769 

3-47 

'  931998 

1-28 

-782771 

4-75 

217229 

46 

i5 

71497^ 

3-47 

981921 

1-28 

783o56 

4-75 

216944 

45 

i6 

716186 

3-47 

93 1 845 

I  -28 

-783341 

4-75 

216669 

44 

17 

715394 

3-46 

981768 

1-28 

788626 

4-74 

216374 

43 

i8 

716602 

3  -  46 

981691 

1-28 

-783910 

4-74 

216090 

42 

19 

716809 

3  -  46 

981614 

1-28 

-784195 

4-74 

216806 

4i 

*  20 

716017 

3-46 

931537 

1-28 

784479 

4-74 

216621 

40 

21 

9-716224 

3  -  45 

9-981460 

I  -28 

9-784764 

4-74 

10- 216236 

39 

22 

716432 

3  -  45 

93 1 383 

1-28 

-786048 

4-74 

214952 

38 

23 

716689 

3-45 

93i3o6 

1-28 

-785332 

4-73 

214668 

37 

24 

716846 

3-45 

981229 

1-29 

786616 

4-73 

214384 

36 

25 

717053 

3  -  45 

981 i5* 

1-29 

786900 

4-73 

214100 

35 

26 

717269 

3-44 

931076  1 

1-29 

-786184 

4-78 

2i38i6 

34 

27 

7 1 7466 

3-44 

980998 

1-29 

-786468 

4-73 

2i3532 

33 

28 

717673 

3-44 

980921 

1-29 

786762 

4-73 

218248 

32 

29 

717879 

3-44 

980843 

1-29 

-787036 

4-73 

212964 

3i 

3o 

718085 

3-43 

980766 

1-29 

787319 

4-72 

212681 

3o 

3i 

9-718291 

3  -  43 

9-980688 

1-29 

9-787603 

4-72 

10-212897 

29 

32 

718497 

3-43 

980611 

1-29 

787886 

4-72 

212114 

28 

33 

718703 

3  -43 

93o533 

1-29 

-788170 

4-72 

2ii83o 

27 

34 

718009 

3-43 

980456 

1-29 

788453 

4-72 

2 1 1 647 

26 

35 

7191 i4 

3-42 

930878 

1-29 

788786 

4-72 

211264 

26 

36 

719820 

3  -42 

980800 

I  -3o 

-789019 

4-72 

210981 

24 

37 

719625 

3-42 

980228 

I  -3o 

-789802 

4-71 

210698 

23 

3^ 

719730 

3-42 

980145 

I  -3o 

789686 

4-71 

2io4i5 

22 

39 

719935 

3-41 

980067 

I  -3o 

789868 

4-71 

210182 

21 

4o 

720140 

3  -4i 

929989 

i-3o 

790161 

4-71 

209849 

20 

4i 

9-720345 

3-41 

9-9299” 

1  -30 

9-790433 

4-71 

10-209567 

10 

42 

720649 

3-41 

929833 

I  -3o 

790716 

4-71 

209284 

18 

43 

720754 

3 -40 

929755 

I  *30 

790999 

4-71 

209001 

17 

44 

720968 

3-40 

929677 

I  -3o 

791281 

4-71 

208719 

16 

45 

721162 

3-40 

929699 

I  -3o 

791663 

4-70 

208437 

i5 

46 

72i366 

3 -40 

929621 

I  -3o 

791846 

4-70 

208164 

i4 

47 

721670 

3 -40 

929442 

I  -  30 

792128 

4-70 

207872 

i3 

48 

721774 

3.39 

929864 

I  -3i 

792410 

4-70 

207690 

12 

49 

721978 

3-39 

929286 

I  -3i 

792692 

4-70 

207308 

11 

5o 

722181 

3-39 

929207 

I  -3i 

792974 

4-70 

207026 

10 

5i 

9-722385 

3-39 

9-929129 

1  -3i 

9-798266 

4-70 

10  206744 

9 

52 

722688 

3-39 

929060 

i-3i 

793538 

4-69 

206462 

8 

53 

722791 

3-38 

928972 

1  -3i 

798819 

4-69 

206181 

.  7 

54 

722994 

3-38 

928898 

I  -3i 

794101 

4-69 

200899 

6 

55 

728197 

1  3-38 

928816 

i*3i 

794383 

4-69 

206617 

5 

56 

723400 

3-38 

928736 

I  -3i 

794664 

4-69 

2o533’6 

4 

57 

728608 

3-37 

928667 

i-3'i 

794945 

4-69 

2o5o55 

3 

58 

1  728806 

3-37 

928678 

i-3i 

796227 

4-69 

204773 

2 

59 

724007 

3-37 

928499 

1  -31 

796608 

4-68 

204492 

I 

60 

724210 

3-37 

928420 

1  -3i 

796789 

4-68 

20421 1 

0 

Cosine 

D. 

Sine 

D. 

Cotang. 

D. 

Tang. 
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(32  DEGREES.)  A  TABLE  OF  LOGARll'HMIC 


M.  1 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

~l 

9  724210 

3*37 

9  928420 

1*82 

9*795789 

4*68 

10*204211 

60 

I  1 

724412 

3*37 

928842 

1*82 

796070 

4*68 

208980 

2 

724614 

3*36 

928268 

1*82 

796361 

4*68 

203640 

58 

3 

724816 

3*36 

928188 

1  *82 

796682 

4*68 

203368 

57 

4 

726017 

3*36 

928104 

I  *82 

796913 

4*68 

208087 

-56 

5 

726219 

3*36 

928026 

I  *82 

797194 

4*68 

202806 

55 

6 

726420 

726622 

3*35 

3*35 

927946 

927067 

1*82 

1*82 

797475 

797755 

4*68 

4*68 

202525 

202245 

54 

53 

726823 

3*35 

927787 

1*82 

798086 

4*67 

201964 

52 

726024 

3*35 

927708 

1*32 

798816 

4-67 

201684 

5i 

10 

726225 

3*35 

927629 

I  *32 

798696 

4*67 

201404 

5o 

1 1 

9*726426 

3*34 

9*927549 

1*82 

9*798877 

4*67 

10*201123 

49 

12 

726626 

3*34 

927470 

1*33 

799167 

4*67 

200843 

48 

i3 

726827 

3*34 

927890 

1*33 

799437 

4*67 

200563 

47 

i4 

727027 

3*34 

927810 

‘  1*33 

799717 

4-67 

200283 

46 

i5 

727228 

3.34 

927281 

1*33 

799997 

4*66 

2oooo3 

45 

i6 

727428 

3*33 

927161 

1*33 

800277 

4*66 

199723 

44 

17 

727628 

3*33 

927071 

1*33 

800557 

4*66' 

199443 

43 

i8 

727828 

3.33 

926991 

1*33 

800836 

4*66 

199164 

198884 

42 

19 

728027 

3*33 

926911 

1*33 

801 1 16 

4*66 

41 

20 

728227 

3*33 

926081 

1*33 

801896 

4*66 

198604 

40 

21 

728427 

3*32 

9  926761 

1*33 

9*801675 

4-66 

10*198825 

39 

22 

728626 

.3*32 

926671 

1*33 

801965 

4*66 

198045 

38 

23 

728826 

3*32 

926691 

1*33 

802234 

4*65 

197766 

37 

24 

729024 

3*32 

92661 1 

1*34 

8op5i3 

4*65 

197487 

36 

25 

729223 

3*31 

926431 

1*34 

&02792 

4*65 

197208 

35 

26 

729422 

3*31 

926351 

1*34 

808072 

4*65 

196928 

34 

27 

729621 

3*31 

926270 

1  *34 

803361 

4*65 

196649 

33 

28 

729820 

3*3i 

926190 

I  *34 

808680 

4*65 

196870 

32 

29 

780018 

3*3o 

926110 

1*34 

808908 

4*65 

196092 

3i 

3o 

780216 

3*3o 

926029 

I  *34 

804187 

4*65 

196813 

3o 

3i 

m*73o4i5 

3*3o 

9*925949 

926868 

1-^4 

9 • 804466 

4-64  . 

.10*195534 

20 

32 

73o6i3 

3*3o 

1-^4 

8-4745 

4-64'^ 

195255 

28 

33 

780811 

3*3o 

926788 

1  -34 

806028 

4-64 

194977 

27 

34 

781009 

3*29 

926707 

1  *34 

?o53o2 

4*64 

194698 

26 

35 

781206 

3*29 

925626 

I  *34 

8o558o 

4*64 

194420 

25 

36 

781404 

3*29 

925545 

I  *35 

805869 

4*64 

194141 

24 

37 

781602 

3  •  29 

926465 

I  *35 

806187 

4*64 

198863 

23 

38 

781799 

3  •  29 

925384 

1-35 

806416 

4*63 

193585 

22 

39 

781996 

3*28 

9253o3 

I  -35 

806698 

4*63 

193307 

21 

40 

782198 

3*28 

926222 

1*35 

806971 

4*63 

198029 

20 

41 

9*732890 

3*28 

9-925141 

1*35 

9*807249 

4*63 

10* 192761 

19 

42 

782587 

3.28 

925060 

1*35 

807627 

4*63 

192173 

18 

43 

782784 

3*28 

924979 

1-35 

807806 

4*63  * 

192195 

17 

44 

782980 

3*27 

924897 

1  *35 

808083 

4*63 

191917 

16 

46 

788177 

3*27 

924816 

1*35 

8o836i 

4*63 

191639 

i5 

4^' 

788873 

3*27 

924735 

1*36 

808688 

4*62 

191362 

14 

47 

733569 

3*27 

924654 

1*36 

808916 

4*62 

191084 

i3 

48 

788766 

3*27 

924672 

1-36 

809198 

4*62 

190807 

12 

49 

788961 

3  •  26 

924491 

1*36 

809471 

4*62 

190629 

1 1 

5o 

784157 

3*26 

924409 

1*36 

809748 

4*62 

190262 

10 

5i 

9*784353 

3*26 

9*924328 

1*36 

9*810026 

4*62 

10*189976 

9 

52 

784649 

3*26 

924246 

1*36 

8io3o2 

4*62 

189698 

8 

53 

784744 

3*25 

924164 

1*36 

810680 

4*62 

189420 

7 

54 

784989 

3*25 

924083 

1*36 

810867 

4' 62 

189143 

6 

55 

735i35 

3*25 

924001 

1*36 

811184 

4*61 

188866 

5 

56 

73533c< 

3-25 

928919 

1-36 

811410 

4*61 

i885qo 

4 

57 

736525 

j  3*25 

928887 

1*36 

81 1687 

4*61 

i883i3 

3 

58 

735719 

786914 

!  3*24 

928755 

1*37 

81 1964 

4*61 

i88o36 

2 

59 

1  3*24  - 

923678 

1*37 

812241 

4*61 

187769 

18748^ 

« 

60 

736109 

i  3*24 

923591 

1*37 

812617 

4*6i 

0 

Cosi:?e 

1  D. 

Sine 

D. 

Cotang. 

D. 

Tang.  . 

M. 
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M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

0 

9*736109 

3*24 

9*923591 

1*37 

9*812517 

4*6i 

10* 187482 

60 

I 

7363o3 

3*24 

928609 

1*37 

812794 

4*6i 

187206 

5q 

2 

786498 

3*24 

928427 

1*37 

818070 

4*61 

186980 

58 

3 

736692 

736886 

3*23 

928845 

1*37 

818847 

4*6o 

186653 

57 

4 

3*23 

928268 

1*87 

818623 

4*60 

186877 

56 

5 

787080 

3*23 

928181 

1*87 

818899 

814170 

4*60 

186101 

55 

6 

787274 

3*23 

928098 

1*37 

4*60 

186825 

54 

7 

737467 

3*23 

928016 

1*87 

814462 

4*60 

185548 

53 

787661 

3*22 

922988 

1*87 

814728 

4*60 

186272 

52 

9' 

737855 

3*22 

922801 

1*87 

8i5oo4 

4*60 

184996 

5i 

10 

738048 

3*22 

922768 

1*38 

816279 

4*60 

184721 

5© 

II 

9*738241 

3*22 

9*922686 

1*38 

9*8i5555 

4*69 

10*184445 

40 

12 

788434 

3*22 

922608 

1*38 

8i583i 

4*69 

184169 

48 

i3 

738627 

8*21 

922620 

1*38 

816107 

4*69 

188898 

47 

14 

788820 

3*21 

922438 

1*38 

816882 

4*69 

188618 

46 

i5 

789013 

3*21 

922355 

1*38 

8i6658 

4*59 

188842 

45 

16 

789206 

3*21 

922272 

1*38 

'  816983 

4*69 

188067 

44 

17 

789898 

3*21 

922189 

1*38 

817209 

4*69 

182791 

43 

18 

789590 

789788 

3*20 

922106 

1*38 

817484 

4*69 

182616 

42 

19 

3*20 

922023 

1*38 

817759 

8i8o35 

4*5o 

182241 

4i 

20 

789975 

3*20 

921940 

1*38 

4*58 

181965 

40 

/ 

21 

9*740167 

3*20 

9*921867 

I  *89 

9*818810 

4*58 

10*181690 

39 

22 

740869 

3*20 

921774 

I  *89 

8i8585 

4*58 

i8i4i5 

38 

23 

74o55o 

3*  19 

921691 

1*89 

818860 

4*58 

181140 

37 

24 

740742 

3*19 

921607 

I  *89 

819135 

4*58 

i8o865 

36 

25 

740984 

3*19 

921624 

I  *89 

819410 

4*58 

180690 

35 

26 

741125 

3*19 

921441 

I  *89 

819684 

4*58 

180816 

34 

27 

741816 

3  •  19 

921357 

I  *89 

819969 

4*58 

180041 

33 

28 

741 5o8 

3*18 

921274 

I  *89 

820284 

4*58 

179766 

32 

29 

741699 

3*18 

921190 

I  *89 

82o5o8 

4*67 

179492 

3i 

3o 

741889 

3*18 

921107 

1*39 

820788 

4.57 

179217 

3o 

3i 

9*742080 

3*18 

9*921023 

I  *89 

9*821067 

4.67 

10* 178943 

29 

32 

742271 

3*18 

920989 

I  *40 

821882 

4.57 

178668 

28 

33 

742462 

3*17 

920856 

I  *40 

821606 

4*67 

178894 

27 

34 

742652 

3*17 

920772 

I  *40 

821880 

4.57 

178120 

26 

35 

742842 

3*17 

930688 

I  *40 

822164 

4.57 

177846 

25 

36 

748033 

3*17 

920604 

1  *40 

822429 
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9*776269 

2 

83 

9-904147 

1*57 

9*872112 

4*39 

10*127888 

19 

42 

776429 

2 

82 

904053 

1*57 

872876 

4*39 

127624 

18 

43 

776698 

2 

82 

903969 

1*5- 

872640 

4*39 

127860 

17 

44 

776768 

2 

82 

908864 

1*57 

872903 

4*39 

127097 

16 

45 

776987 

2 

82 

908770 

1*57 

878167 

4*39 

126833 

i5 

46 

777106 

2 

82 

908676 

1*57 

878480 

4.39 

126670 

14 

47 

777275 

2 

81 

9o358i 

1*57 

878694 

4*39 

126806 

i3 

48 

777444 

2 

81 

903487 

1-57 

878907 

4*89 

1 26043 

12 

49 

777618 

2 

81 

908892 

1*58 

874220 

4*39 

126780 

1 1 

5o 

777781 

2 

81 

908298 

1*58 

.  874484 

4*89 

126616 

10 

5i 

9*777960 

2 

81 

9*908208 

1*58 

9*874747 

4.39 

10*125253 

9 

52 

7781 19 

2 

81 

908108 

1*58 

876010 

4*3o 

1 24990 

8 

53 

778287 

2 

80 

908014 

1*58 

876278 

4*38 

124727 

• 

54 

778465 

2 

80 

902919 

I  *58 

875536 

4*38 

1 24464 

6 

55 

778624 

2 

80 

902824 

:.58 

876800 

4*38 

124200 

5 

56 

778792 

2 

80 

902729 

1*58 

876063 

4*38 

123987 

4 

57 

778960 

2 

80 

902634 

1*58 

876326 

4*38 

128674 

3 

58 

779128 

2 

80 

902689 

1  *59 

816689 

4*38 

123411 

2 

59 

779295 

2 

79 

902444 

1*59 

876861 

4*38 

128149 

I 

60 

779463 

2 

79 

902849 

1*69 

677114 

4*38 

122886 

0 

Cosine 

D. 

Sine 

D. 

Cotang. 

D. 

Tang. 

M. 

(53  DEGREES.) 


SI]^  AKD  TANGENl’S.  (37  DEGREES.; 
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M. 

Sine 

D. 

Cosine 

If 

D. 

Tang. 

D. 

Cotang.  1 

0 

9-779463 

:2-79 

9-902849 

1-59 

9-877114 

4-38 

10-122886 

I 

779681 

2-79 

902253 

1-69 

877877 

4"  38 

122623 

2 

779798 

2-79 

902158 

1-69 

877640 

4-38 

122860 

3 

779966 

2-79 

902063 

1-69 

877903 

4-38 

122097 

4 

780133 

2-79 

901967 

I  -69 

878165 

4-38 

121836  ' 

5 

780800 

2-78 

901872 

1-69 

878428 

4-38 

121672 

6 

780467 

2-78 

901776 

1-69 

878691 

4-38 

i2i3o9 

2 

780684 

2-78 

901681 

I  -69 

878953 

4-37 

121047 

8 

780801 

2-78 

90i585 

1-69 

879216 

4-37 

120784 

9 

780968 

2-78 

901490 

1-69 

879478 

4-87 

120622 

10 

781134 

2-78 

901894 

I  -60 

879741 

4-37 

120269 

11 

9-781301 

2-77 

9-901298 

I  -60 

g-88ooo3 

4-37 

10-119997 

12 

781468 

2-77 

901202 

1-60 

880265 

4*37 

119735 

i3 

781634 

2-77 

901 106 

1-60 

880528 

4-37 

119472 

14 

781800 

2-77 

901010 

I  -60 

880790 

4-37 

119210 

1 1 8948 

i5 

781966 

2-77 

900914 

900818 

I  -60 

88io52 

4*37 

16 

782182 

2-77 

I  -60 

88i3i4 

4-37 

1 1 8686 

n 

782298 

2-76 

900722 

I  -60 

881576 

4-37 

118424 

18 

782464 

2-76 

900626 

I  -60 

881889 

4-37 

Ii8i6i 

19 

782680 

2-76 

900629 

1-60 

8S2101 

4-37 

117899 

20 

782796 

2-76 

900433 

1-61 

882363 

4-36 

117637 

21 

9-782961 

2-76 

9-900837 

I  -61 

9-882625 

4*  36 

10-117376 

22 

788127 

2-76 

900240 

I  -61 

882887 

4*36 

117113 

23 

788292 

2-75 

900144 

1  -61 

888148 

4-36 

116862 

24 

788458 

2-75 

900047 

I  -61 

883410 

4-36 

116690 

25 

788628 

2-75 

I  -61 

888672 

4-36 

116828 

26 

788788 

2-75 

I  -61 

888934 

4-36 

116066 

27 

788953 

2-75 

899757 

I  -61 

884196 

884467 

4-36 

1 1 58o4 

28 

784118 

2-75 

899660 

I  -61 

4’  36 

115543 

29 

784282 

2-74 

899664 

I  -61 

884719 

4"  36 

116281 

3o 

784447 

2-74 

899467 

I  -62 

884980 

4-36 

ii5o20 

3i 

9-784612 

2-74 

9-899870 

1-62 

9-885242 

4-36 

10-114758 

32 

784776 

2-74 

899278 

1-62 

8855o3 

4-36 

114497 

33 

784941 

2-74 

899176 

I  -62 

885765 

*4-36 

114235 

34 

35 

785io5 

786269 

2-74 

2-73 

899078 

898981 

1-62 

I  -62 

886026 

886288 

4-36 

4-36 

118974 

113712 

36 

785433 

2-73 

898884 

I  -62 

886549 

4-35 

ii345i 

37 

785597 

2-73 

898787 

I  -62 

886810 

4-35 

113190 

38 

■  786761 

2-73 

898689 

I  -62 

887072 

4-35 

112928 

39 

786925 

2-73 

898692 

I  -62 

887333 

4-35 

1 1 2667 

40 

786089 

2-73 

898494 

1-63 

887694 

4-35 

1 1 2406 

41 

9-786262 

2-72 

9-898897 

1-63 

9-887855 

4-35 

10-112145 

42 

7864 1 6 

2-72 

898299 

1-63 

888116 

4-35 

111884 

43 

786679 

2-72 

89820a 

1-63 

888877 

4-35 

111623 

44 

786742 

2-72 

898104 

1-63 

888689 

4-35 

iii36i 

45 

786906 

2-72 

898006 

63 

888900 

4-35 

1 1 1 1 00 

46 

787069 

2-72 

897908 

1-63 

889160 

4-35 

1 10840 
110579 

47 

787282 

2-71 

897810 

I  -63 

889421 

4-35 

48 

787896 

2-71 

897712 

1-63 

889682 

4-35 

iio3i8 

49 

787557 

2-71 

897614 

1-63 

889943 

4-35 

110067 

5o 

787720 

2-71 

897616 

1-63 

890204 

4-34 

109796 

5i 

9-787883 

2-71 

9-897418 

I  -64 

9 • 890465 

4-34 

10- 109535 

52 

788045 

2-71 

897320 

I  -64 

890725 

4-34 

109276 

53 

788208 

2-71 

897222 

1-64 

890986 

4-34 

109014 

54 

788870 

2-70 

897123 

I  -64 

891247 

4 '34 

108753 

55 

788532 

2-70 

897026 

I  -64 

891507 

4-34 

io84g3 

108262 

56 

788694 

783856 

2-70 

896926 

1-64 

891768 

4*34 

2-70 

896828 

1-64 

892028 

4*34 

107972 

58 

789018 

2-70 

896729 

1-64 

892289 

4’34 

107711 

59 

789180 

2-70 

896631 

I  -64 

892649 

4-34 

107461 

60 

789342 

2-69 

896532 

1 

1  -64 

892810 

4-34 

107 190 

■Cosine 

D. 

Sine 

D. 

Cotang. 

D. 

Taug. 

6o 

50 

58 

5? 

56 

55 

54 

53 

52 

51 
5o 

40 
48 
47 
46 
45 
44 
43 
42 

41 

40 

So 

38 

3? 

36 

35 

34 

33 

32 

3i 

3o 

20 

20 

27 

26 

25 

24 

23 

22 

21 

20 

i5 

14 

i3 

12 

II 

10 


7 

6 

5 

4 

3 

2 

1 

0 


M. 
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(38  DEGREES.)  A  TiBIE  OF  LOGARITHMIC 


M.  ■ 

Sine 

D. 

Cosine 

D. 

Tang. 

D.  1 

Cotang. 

60 

57 

56 

55 

54 

53 

52 

5i 

5o 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

U 

35 

34 

33 

32 

3i 

3o 

27 

26 

25 

24 

23 

22 

21 

20 

19 

18 

17 

16 

i5 

14 

i3 

12 

11 

10 

7 

6 

5 

4 

3 

2 

1 

o 

I 

?. 

3 

4 

5 

6 

3 

9 

10 

11 

12 

13 

14 

15 

16 

I? 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

3? 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

u 

n 

51 

52 

53 

54 

65 

66 
67 
58 

6? 

9*789342 

789604 

789665 

789827 

789988 

790149 

790810 

790471 

790682 

790793 

790964 

9*791 1 i5 
791275 
791436 
791596 
791767 
791917 
792077 
792287 
792897 
792667 

9.792116 

792876 

798035 

793195 

793354 

793514 

798678 

798832 

798991 

794160 

9.794308 

794467 

794626 

794784 

794942 

796101 

795269 

795417 

796576 

796733 

9.796891 

796049 

796206 

796864 

796621 

796679 

796836 

796993 

797160 

797807 

9.797464 

797621 

797777 

791984 

798091 

798247 

798408 

798660 

798716 

798872 

2*69 

2*69 

2.69 

2.69 

2.69 

2*69 

2.68 

2.68 

2*68 

2.68 

2-68 

2.68 

2.6i 

2*67 

2*67 

2*67 

2-67 

2*67 

2*66 

2*66 

2*66 

2*66 

2*66 

2*66 

2*65 

2*65 

2*65 

2-65 

2*65 

2*65 

2*64 

2*64 
2*64 
2*64 
2*64 
2*64 
2*64 
2*63 
'  2*63 
2*63 
2-63 

2-63 
2*63 
2*63 
2*62 
2*62 
2*62 
2*62 
,2-62 
2-61  , 
2*61 

2*61 

2*61 

2*61 

2*61 

2*61 

2*6i 

2*60 

2*6o 

2*60 

2*5o 

9.896682 

896433 

896335 

896286 

896187 

896088 

895989 

896840 

896741 

895641 

895542 

9.896448 

895343 

896244 

893145 

896046 

894945 

894046 

894746 

894646 

894646 

9 • 894446 
894346 
894246 
894 I 46 
894046 
898946 
898846 
898746 
893645 
898644 

9.898444 

893343 

898243 

898142 

898041 

892940 

892889 

892789 

892638 

892536 

9.892435 

892334 

892233 

892182 

892080 

891929 

891827 

891726 

891624 

891623 

9.891421 
891319 
891217 
891 1 i5 
891018 
89091 1 
890809 
890707 
8qo6o5 
890608 

1.64 

1 .65 

1 .65 

1 .65 
1.65 

1 .65 

1 .65 

1 .65 
1.65 

1 .65 

1  *65 

I  *66 

1.66 

1.66 

I  *66 

I  *66 

I  *66 

1  *66 

I  *66 

1  *66 

1  *66 

1*67 

1 .67 

I  *67 

I  ‘67 

I  *67 
1.67 

I  *67 

I  *67 
1*67 

I  *67 

1  *68 

I  *68 
1*68 

1  *68 
1*68 

I  *68 

1  *68 

I  *68 
1*68 

I  *68 

I  *69 

I  *69 

I  *69 

1 .69 

1 .69 

1 .69 

I  *69 

1  *69 
1*69 
1*70 

I  *70 

I  *70 
1*70 
1*70 
1*70 
1*70 
1*70 
1*70 
;  i-7<i 

1.70 

9.892810 

898070 

893331 

893591 

893851 

894111 

894871 

894632 

894892 

895132 

896412 

9.896672 

893982 

896192 

896462 

8967 1 2 
896971 
897281 

897491 

897761 

898010 

9.898270 

898530 

898789 

899049 

899808 

899668 

899827 

900086 

900846 

900606 

9 . 900864 
901124 
901883 
901642 
901901 
902 1 60 
902419 

962670 

902938 

908197 

9.908455 

908714 

908978 

904262 

904491 

904730 

906008 

906267 

906626 

906784 

9.906043 
906802 
906660 
906819 
907077 
907336 
907694 
907832 
9081 1 1 
908869 

4*34 

4.34 

4  •  34 

4*84 

4*84 

4.34 

4*84 

4*33 

4-33 

4-33 

4-33 

4*33 

4*33 

4-33 

4*33 

4*33 

4*33 

4*33 

4*33 

4*33 

4  *  33 

4*33 

4*33 

4.33 

4*32 

4*32 

4*32 

4*32 

4*32 

4*32 

4*32 

4*32 

4.32 

4*32 

4*82 

4*32 

4*32 

4*32 

4*32 

4*32 

4.31 

4.31 

4*3i 

4*3i 

4*3i 

4  *3 1 
4.31 

4*  3 1 
4*3i 
4*3i 
4*3i 

4*  3 1 

4*  3 1 
4.31 
4*3i 
4*3i 
4*3i 
4.31 
4*3i 
4.30 
4*3o 

0-107190 

106980 

1 06669 
106409 
106149 
105889 
106629 
io5368 
io5io8 
104848 
104588 

10* 104828 

1 04068 
io38o8 
103548 

108288 

108029 

102769 

102609 

102249 

101990 

10-101730 

101470 

101211 

100961 

ioo6cJ 

1004.* 

1001 [3 
099914 
099664 

099896 

10*09  >i36 
09  ^876 
0986 1 7 
098358 
09S099 
097840 
097681 
097821 
097062 
096808 

10-096545 

096286 

096027 

096768 

095509 

096260 

094992 

094783 

094474 

094216 

10-098957 

098698 

093440 
093 1 8 1 
092928 

092664 

092406 
092 148 
091889 
091681 

1 - 

i 

1 

Coelne 

D. 

Sine  1  D. 

Cotang. 

D.  (  Tarig.  M.  i 

(51  DEGREfiS.) 
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M. 


Sine 


9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

3? 

31 

32 

33 

34 

35 

36 
3? 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

ii 

51 

52 

53 

54 

55 

56 

5^ 

5q 

60 


79933. 

79949 


8oi5ii 


801973 

9-802128 

802282 

802436 

802589 

802743 

802897 

8o3o5o 

803204 

803357 

8o35ii 

9-803664 

803817 

803970 

804123 

804276 

804428 

804581 

804734 

804886 

8o5o39 

9-805191 
805343 
805495 
805647 
806799 
805961 
806 I o3 
806264 
806406 
806667 

9-806709 

806860 

807011 

807163 

807314 

807465 

807616 

807766 

807917 

808067 


vJosme 


D. 

]  Cosine 

D. 

Tang, 

D. 

Cotaixg. 

2  2-60 

9-890603 

1-70 

9-908369 

4*  3o 

xo-09x63x 

60 

8  2-60 

890400 

1-71 

908628 

4*3o 

09x872 

59 

4  2  -60 

890298 

1-71 

908886 

4*3o 

09XXX4 

58 

9  2-69 

890195 

X-7X 

909x44 

4*3o 

090856 

5? 

j  2-69 

890093 

1-7X 

909402 

4*3o 

090698 

56 

I  2-69 

889990 

1-71 

909660 

4*3o 

090840 

55 

j  2-69 

889888 

1-7X 

9099  X  8 

4*3o 

090082 

54 

2  2-69 

889785 

1-7X 

910x77 

4*3o 

089823 

53 

7  2-69 

889682 

I  -71 

9x0435 

4*3o 

089665 

52 

2  2-58 

889679 

I  -71 

9  X  0693 

4*3o 

089807 

5i 

2-58 

889477 

1-71 

9x0951 

4*3o 

089049 

5o 

2-58 

9-889874 

I  -72 

9-9XX209 

4*3o 

X0-08879X 

4o 

2-58 

889271 

1-72 

911467 

,4*3o 

088533 

48 

2-58 

889168 

I  -72 

911724 

4*3o 

088276 

47 

2-58 

889064 

I  -72 

9x1982 

4*3o 

0880x8 

46 

2-58 

888961 

I  -72 

9x2240 

4*3o 

087760 

45 

2-67 

888858 

1-72 

9x2498 

4*3o 

087602 

44 

2-57 

888755 

1-72 

9x2756 

4*3o 

087244 

43 

2-67 

88865r 

1-72 

9x3ox4 

4*29 

086986 

42 

2-67 

888648 

1-72 

9x8271 

4*29 

086729 

41 

2-57 

888444 

1-73 

9x3529 

4*29 

086471  ■ 

40 

2-67 

9-888341 

1-73 

9*9x3787 

4*29 

io-o862x3 

39 

2-56 

888237 

1-73 

9x4044 

4*29 

086966 

38 

2-56 

888x34 

1-73 

9x4802 

4*29 

086698 

3? 

2-56 

888o3o 

1-73 

9x4660 

4*29 

086440 

36 

2-56 

887926 

1-73 

9148x7 

4*29 

o85x83 

35 

2-56 

887822 

I  -73 

9x6076 

4*29 

084925 

34 

2-56 

887718 

1-73 

9x5332 

4*29 

084668 

33 

2-56 

887614 

1-73 

9x6690 

4*29 

0844x0 

32 

2-55 

887610 

1-73 

9x6847 

4*29 

084x53 

3i 

2-55 

887406 

1-74 

9x6x04 

4*29 

o838q6 

3o 

•  2-55 

9-887302 

1-74 

9*9x6362 

4*29 

10-083638 

29 

2-55 

887198 

1.74 

9x66x9 

4*29 

o8338x 

28 

2-55 

887093 

1-74 

9x6877 

4*29 

o83x23 

27 

2-55 

886989 

1-74 

917134 

4*29 

082866 

26 

2-54 

886885 

1-74 

9x7891 

4*29 

082609 

25 

2-54 

886780 

1-74 

9x7648 

4*29 

082352 

24 

2-54 

886676 

1-74 

9x7905 

4-29 

082095 

23 

2-54 

8865^1 

1-74 

9x8x63 

4*28 

08x837 

22 

2-54 

886466 

1-74 

9x8420 

4*28 

o8x58o 

21 

2-54 

886362 

1-75 

9x8677 

4-28 

o8x323 

20 

2-54 

9-886267 

1-75 

9*9x8934 

4*28 

io-o8xo66 

19 

2-53 

886162 

I  -76 

9X9X9X 

4*28 

080809 

18 

2-53 

886047 

1-75 

9x9448 

4*28 

o8o552 

17 

2-53 

886942 

1-75 

9x9705 

4*28 

080295 

16 

2-53 

885837 

1-75 

9x9962 

4*28 

o8oo38 

i5 

2-53 

886732 

I  -75 

9202x9 

4*28 

079781 

14 

2-53 

885627 

1-75 

920476 

4-28 

079624 

i3 

2-53 

885522 

1*75 

920733 

4*28 

079267 

12 

2-52 

885416 

I  -76 

920990 

4*28 

0790x0 

II 

2-52 

8853x1 

1-76 

921247 

4*28 

078753 

10 

2-52 

9-886205 

1-76 

9-92i5o3 

4*28 

0-078497 

0 

2-52 

886x00 

1-76 

921760 

4*28 

078240 

8 

2-52 

884994 

1-76 

9220x7 

4*28 

077983 

7 

2-52 

884889 

1-76 

922274 

4*28 

077726 

6 

2-52 

884783 

1-76 

922580 

4-28 

077470 

5 

2-5i 

884677 

1-76 

922787 

4*28 

0772x3 

4 

2-5i 

884572 

1-76 

928044 

4*28 

076956 

3 

2-5i 

884466 

1-76 

928800 

4*28 

076700 

2 

2-5i 

884360 

1-76 

923557 

4*27 

076443 

I 

2-5i 

884264 

1-77 

9238x3 

4*27 

076187 

0 

D. 

Sine 

D. 

Cotang. 

D.  1 

Tang. 
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M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

0 

I 

3 

3 

4 

5 

6 

9 

10 

11 

13 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

3? 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 
5i 

55 

56 

1? 

9 . 808067 
808218 
8o8368 
8o85i9 
808669 
808819 
808969 
8091 19 
809269 
809419 
809569 

9-809718 

809868 

810017 

810167 

8io3i6 

810465 

810614 

810763 

810912 

811061 

9-811210 
8ii358 
811 507 
8ii655 

811804 

81 1952 
812100 
812248 
812396 

812644 

9-812692 

812840 

812988 

8i3i35 

8i3283 

8i343o 

813578 

813725 

813872 

814019 

9-814166 
8i43i3 
814460 
814607 
814753 
814900 
816046 
816193 
815339 
81 5485 

9-8i563i 

816778 

816924 
816069 
j  816215 
8i636i 
816607 
816662 
!  816798 

816943 

2-5i 

2-5i 

2-5i 

2-5o 

2  -  5o 
2-5o 

2  -5o 

2 -50 
2-5o 
2*49 
2-49 

2-49 

2-49 

2-49 

2-40 

2-48 

2-48 

2-48 

2-48 

2-48 

2-48 

2-48 

2-47 

2-47 

2-47 

2-47 

2-47 

2-47 

2-47 

2-46 

2-46 

2-46 

2-46 

2-46 

2-46 

2-46 

2-45 

2-45 

2-45 

2-45 

2-45 

2-45 
2-45 
'  2-44 
2-44 
2-44 
2-44 
2*44 
2-44 
2-44 
2-43 

2-43 

2-43 

2-43 

2-43 

2-43 

2-43 

2-42 

2-42 

2-42 

2-42 

9-884264 

884148 

884042 

883936 

883829 

883723 

883617 

8835io 

883404 

883297 

883191 

9-883084 

882977 

882871 

882764 

882667 

88255o 

882443 

882336 

882229 

882121 

9-882014 
881907 
881799 
881692 
881 584 

881477 

881869 
881261 
881 i53 
88 1 046 

9-880938 
88o83o 
880722 
88061 3 
88o5o5 
880897 
880289 
880180 
880072 
87Q963 

<,•870865 
879"’ 46 
8796J7 
879629 
879420 

1  879811 

879202 

1  879093 

878984 
878875 

9-878766 

878666 

878647 

878438 

878828 

878219 

878109 

877999 

877890 

037700 

1-77 

1-77 

1-77 

1-77 

I'll 

I'll 

1-77 

I'll 

I'll 

1-78 

1-78 

1-78 
1-78  j 
1-78  ; 
I  -78  i 
1-78 
1-78 
1-78 

1-79 

1*79 

1*79 

1-79 

1-79 

1-79 

1-79 

1-79 

1-79 

1-79 

I  -80 

I  -80 

I  -80 

1  -80 

I  -80 

I  -80 

1  -80 

I  -80 

I  -80 
i-8i 
i-8i 
i-8i 
i-8i 

1.81 

1  -81 

I  -Si 
1-81 

1  -Si 

1  I  81 

1  1-82 

1  I  *82 

1  I  82 
‘  i-Si 

1  1-82 

1  1-83 

1-82 
1-82 

1  -82 
1-83 
1-83 
1-83 
1-83 
1-83 

9-9238i3 

924070 

924327 

92^583 

924840 

926096 

926352 

926609 

925865 

926122 

926878 

9-926684 

926890 

927147 

927408 

927669 

927915 

928171 

928427 

928683 

928940 

9-929196 
929452 
929708 
929964 
980220 
980475 
980731 
980987 
981243 
93 1 499 

9-931755 

982010 

982266 

982622 

932778 

933033 

988289 

^3540 

933800 

984066 

9-93431 1 
984667 
984828 
935078 

935333 

935589 

935844 

■936100 

936355 

986610 

j  >• 986866 

1  987121 

1  987376 

1  937683 

93  ;88'j 
98814^ 

988898 

93865S 

988908 

989163 

4-27 

4-27 

4-27 

4-27 

4*27 

4-27 

4-27 

4-27 

4-27 

4-27 

4-27 

4-27 

4-27 

4-27 

4-27 

4-27 

4-27 

4-27 

4-27 

4-27 

4*27 

4-27 

4*27 

4-27 

4-26 

4-26 

4-26 

4*26 

4-26 

4*26 

4-26 

4-26 

4*26 

4-26 

4-26 

4*26 

4-26 

4*26 

4‘  26 
4-26 
4-26 

4-26 

4-26 

4-26 

1  4-26 
4-26 
4*26 
4-26 
4-26 
4’  26 
4-26 

4-25 

4-25 

4-25 

4-25 

1  4-25 

'  4-25 

1  4-25 

1  4  25 

J  4-2^ 

-1 - — 
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60 

55 

54 

53 

52 

5i 

5o 

4q 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

35 

34 

33 

32 

3i 

3o 

20 

28 

27 

26 

25 

24 

23 

22 

21 

20 

19 

18 

17 

16 

i5 

i4 

i3 

12 

1 1 

10 

? 

7 

6 

5 

4 

3 

2 

I 

0 
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Sine 

D. 

Cotang. 
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M. 

Sino 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

0 

q. 816943 

2-42 

9.877780 

•  83 

9-939163 

4-25 

10-060887 

60 

1 

817088 

2-42 

877670 

1-83 

939418 

4-25 

o6o582 

59 

2 

817233 

2-42 

877660 

1-83 

989673 

4-25 

060827 

58 

3 

817379 

2-42 

877460 

1-83 

989928 

4-25 

060072 

57 

4 

817624 

2-41 

877840 

1-83 

940 1 83 

4-25 

059817 

56 

5 

817668 

2-41 

877280 

I  -84 

940488 

4-25 

059562 

55 

6 

817813 

2-41 

877120 

1-84 

940694 

4-25 

o5g3o6 

54 

7 

817968 

2-41 

87701c 

1-84 

940949 

4-25 

059051 

53 

8 

8i8io3 

2-41 

876899 

1-84 

941204 

4-25 

050796 

62 

9 

818247 

2-41 

876789 

1-84 

941468 

4-25 

068642 

^5i 

aO 

818892 

2-41 

876678 

I  -84 

941714 

4-25 

058286 

5o 

11 

9.8i8536 

2-40 

9-876568 

1-84 

9-941968 

4-25 

io.o58o32 

49 

12 

818681 

2-40 

876457 

1-84 

942223 

4  25 

067777 

48 

i3 

818825 

2-40 

876347 

1-84 

942478 

4-35 

057622 

47 

i4 

818969 

2-40 

876286 

<  1-85 

942733 

4-25 

057267 

46 

i5 

819113 

2-40 

876125 

1-85 

942988 

4-25 

057012 

45 

i6 

819267 

2-40 

876014 

1-85 

948243 

4-25 

006767 

44 

17 

819401 

2-40 

876904 

1-85 

943498 

4-25 

o565o2 

43 

i8 

819645 

2-89 

876798 

1-85 

948752 

4-25 

056248 

42 

19 

819689 

2-89 

875682 

1-85 

944007 

•  4-25 

006993 

41 

20 

819832 

2-89 

875571 

1-85 

944262 

4-25 

055788 

40 

21 

9.819976 

2-89 

9-875469 

1-85 

9-944617 

4-25 

10-055483 

39 

22 

820120 

2-89 

875348 

1-85 

944771 

4-24 

055229 

38 

23 

820263 

2-89 

875287 

1-85 

946026 

4-24 

004974 

87 

24 

820406 

2-89 

876126 

I  -86 

945281 

4-  24 

054719 

36 

25 

82o55o 

2-38 

876014 

I  -86 

945535 

4-24 

054460 

35 

26 

820693 

2-38 

874903 

I  -86 

946790 

4-24 

054210 

34 

820845 

2-38 

874791 

1  -86 

946045 

4-24 

053955 

33 

28 

820979 

2-38 

874600 

1-86 

946299 

4-24 

053701 

32 

29 

821122 

2-38 

874668 

I  -86 

946564 

4-24 

053446 

3i 

3o 

821265 

2-38 

874466 

1-86 

946808 

4.24 

053192 

3o 

3i 

9-821407 

2-38 

9-874344 

1-86 

9-947063 

4-24 

10-062930 

29 

32 

82i55o 

2-38 

874282 

1.87 

947818 

4-24 

062682 

28 

33 

821693 

2-87 

874121 

1-87 

947672 

4-24 

062428 

27 

34 

821833 

2-87 

874009 

1.87 

947826 

4-24 

062174 

26 

35 

821977 

2.37 

873896 

1-87 

948081 

4-24 

061919 

25 

36 

822120 

2-87 

873784 

1-87 

948336 

4-24 

001664 

24 

3? 

822262 

2-87 

878672 

1-87 

948690 

4-24 

o5i4io 

23 

38 

822404 

2-87 

873560 

1-87 

948844 

4-24 

o5i i56 

22 

39 

822646 

2-87 

878448 

1-87 

949099 

4-24 

060901 

21 

4o 

822688 

2-36 

873335 

1  -87 

949353 

4-24 

060647 

20 

4i 

9-822830 

2-36 

9-878223 

1*87 

9-949607 

4-24 

10.060393 

IQ 

42 

822972 

,  2-36 

8781 10 

1-88 

949862 

4-24 

o5oi38 

10 

43  ' 

823114 

2-36 

872998 

1-88 

9601 16 

4-24 

049884 

17 

44 

823255 

2-36 

872885 

I  -88 

960870 

4-24 

049680 

16 

45 

823397 

2-36 

872772 

1-88 

960626 

4-24 

049876 

i5 

46 

823539 

2-36 

8726D9 

1-88 

960879 

4-24 

049 1 2 1 

14 

47 

823680 

2-35 

872647 

1-88 

901 i33 

4-24 

048867 

i3 

48 

823821 

2-35 

872434 

1-83 

961388 

4-24 

0486 1 2 

12 

49 

823963 

2-35 

872821 

1-88 

961642 

4-24 

048358 

1 1 

5o 

824104 

2-35  , 

872208 

1-88 

951896 

4-24 

048104 

10 

5i 

9-824245 

2-35 

9-872096 

1-89 

9-952160 

4-24 

10-047860 

Q 

52 

824386 

2-35 

871981 

1-89 

962406 

4-24 

047695 

8 

53 

824627 

2-35 

871868 

1-89 

902659 

4-24 

047341 

7 

54 

824668 

2-34 

871755 

1-89 

952913 

4-24 

047087 

6 

55 

824808 

2-34 

871641 

1-89 

963167 

4-23 

046833 

5 

56 

824949 

2-34 

871628 

1-89 

903421 

4-23 

046579 

4 

U  • 

826090 

2-34 

871414 

1-89 

953676 

4-  23 

046825  1 

3 

58 

825280 

2-34 

871801 

1-89 

968929 

4-23 

04607 1  1 

2 

h 

825371 

2-34 

871187 

1-89 

954183 

4-23 

045817 

1 

60 

825511 

2-34 

871073 

I  -90 

964437 

4-23 

045563 

0 

Cosine 

D. 

Sine 

D. 

Cotang. 

D 

Tang. 
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M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

o 

9-8255i I 

2-84 

9-871073 

1 .90 

1  9-954437 

4*23 

10-045563 

60 

I 

82565i 

2-88 

870960 

1  -90 

1  954691 

4-23 

o453oo 

5d 

2 

825791 

2-33 

870846 

I  -90 

954945 

4-23 

o45o55 

58 

3 

8251931 

2-33 

870782 

I  -90 

955200 

4-23 

044800 

57 

4 

826071 

2-33 

870618 

1  -90 

955454 

4-23 

044546 

56 

5 

826211 

2-83 

870604 

I  -90 

955707 

4-23 

044293 

55 

6 

826351 

2-33 

870890 

I  -90 

955961 

4-23 

044089 

54 

7 

826491 

2-33 

870276 

1  -90 

966215 

4-23 

048785 

53 

8^ 

826631 

2-33 

870161 

1-90 

966469 

4-23 

043 53 I 

52 

9 

82b'"]0 

2-32 

870047 

1-91 

956720 

4-23 

048277 

5i 

10 

826910 

2-32 

869988 

*1-91 

966977 

4-23 

048028 

5o 

11 

9-827049 

2-32 

9-869818 

1-91 

9-957281 

4-23 

16 *042769 

49 

12 

827189 

2-32 

869704 

1-91 

967486 

4-23 

o425i5 

48 

827328 

2-32 

869689 

1-91 

967789 

4-23 

042261 

47 

14 

827467 

2-32 

869474 

1-91 

967998 

4-23 

042007 

46 

i5 

827606 

2-32 

869860 

I  -91 

958246 

4-28 

041754 

45 

i6 

'  827745 

2-32 

869245 

1  -91 

968600 

4-23 

o4i5oo 

44 

n 

827884 

2-3i 

869180 

1-91 

968764 

4-23 

041246 

43 

i8 

828023 

2-3i 

869015 

1  -92 

969008 

4-23 

040992 

42 

*9 

828162 

2-3i 

868900 

1  -92 

969262 

4-23 

040788 

4i 

20 

828301 

2-3i 

868785 

1  -92 

969516 

4-23 

040484 

40 

21 

9-828439 

2-3i 

9-868670 

I  -92 

9-969760 

4-23 

10-040281 

39 

22 

828578 

2-3i 

868555 

1  -92 

960028 

4-23 

089977 

38 

23 

828716 

2-3i 

868440 

1-92 

960277 

4-23 

089728 

3? 

24 

828855 

2-3o 

868824 

1-92 

960681 

4-23 

089469 

36 

25 

828993 

2-3o 

868209 

1  -92 

960784 

4-28 

089216 

35 

26 

829141 

2-3o 

868098 

I  -92 

961088 

4-28 

088962 

34 

829269 

2-3o 

867978 

1  -98 

961291 

4-28 

088709 

33 

28 

829407 

2  -3o 

867862 

I  -93 

961546 

4-23 

088455 

32 

29 

829545 

2-3o 

867747 

1  -93 

961799 

4-23 

088201 

3i 

3o 

829683 

2-3o 

867681 

1-93 

962052 

4-23 

087948 

3o 

3i 

9-829821 

2-29 

9-867615 

1-93 

9-962806 

4-23 

10-087694 

29 

32 

829969 

2-29 

867899 

1  -98 

■  962660 

4-23 

087440 

28 

33 

880097 

2  •  29 

867288 

1-98 

962818 

4-23 

087187 

27 

34 

880284 

2-29 

867167 

I  -98 

968067 

4-23 

086988 

26 

35 

880872 

2-29 

867061 

1  -98 

968820 

4-23 

086680 

25 

36 

83o5o9 

2-29 

866935 

I  -94 

963574 

4-23 

086426 

24 

37 

880646 

2-29 

866019 

I  -94 

968827 

4-23 

086173 

23 

38 

880784 

2  -  29 

866708 

I  -94 

964081 

4-23 

035919 

22 

39 

880921 

2-28 

866586 

I  -94 

/964335 

4-23 

o35665 

21 

40 

83io58 

2-28 

866470 

1-94 

964688 

4-22 

035412 

20 

41 

9-881195 

2-28 

9-866858 

I  -94 

9-964842 

4-22 

io-o35i58 

^9 

42 

83i332 

2-28 

866287 

I  -94 

966096 

4-22 

084906 

18 

43 

881469 

2-28 

866120 

I  -94 

966849 

4-22 

084651 

n 

44 

881606 

2-28 

866004 

I  -95 

965602 

4-22 

084898 

16 

45 

881742 

2-28 

865887 

1  -95 

966865 

4-22 
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